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PREFACE. 



Of the various Treatises on Elementary Geometry 
which have appeared during tlie present century, that 
of M. Legekdre stands preeminent. Its peculiar merits 
have won for it not only a European reputation, but 
have also caused it to be selected as the basis of many 
of the best works on the subject that have been pub- 
lished in this country. 

In the original Treatise of Legendre, the propositions 
are not enunciated in general terms, but by means of 
the diagrams employed in their demonstration. This 
departure from the method of Eitclid is much to be 
regretted. The propositions of Geoihetry are general 
truths, and ought to be stated in general terms, without 
reference to particular diagrams. In tlie following work, 
each proposition is first enunciated in general terms, and 
afterwards, with reference to a particular figure, that 
figure being taken to represent any one of the class to 
which it belongs. By this arrangement, the difficulty 
experienced by beginners in comprehending abstract truths, 
is lessened, without in any manner impairing the gener- 
ality of the truths evolved. 

The term soUdj used not only by Legendre, but by 
many other authors, to denote a limited portion of space, 
seems calculated to introduce the foreign idea of matter 



iy PREFACB. 

into a Bcience, which deals only with the abstract pro- 
perties and relations of figured space. The term volume^ 
has been introduced in its place, under the belief that 
it corresponds more exactly to the idea intended. Many 
other departures have been made from the original text, 
the value and utility of which have been made manifest 
in the practical tests to which the work has been sub- 
jected. > 

In, the present Edition, numerous changes hare been 
made, both in the Geometry and in the Trigonometry. The 
definitions have been carefully revised — ^the demonstrations 
have been harmonized, and, in many instances, abbreviated — 
the principal object being to simplify the subject as much as 
possible, without departing from the general plan. These 
changes are due to Professor Peck, of the Department of 
Pure Mathematics and Astronomy in Columbia College. For 
his aid, in giving to the work its present permanent form, I 
tender him my grateful acknowledgements. 

OHABLES DAYIES. 

OOLUMBIA CoUOOBy 

Vbw You, April, 1862. 
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INTRODUCTION. 

DEFINITIONS OF TEBH8. 

1. Q(TANTiTT is anything which can be increasedi dimin* 
Lshed, and measured. 

To measure a thing, is to find out how many times it 
contains some other thing of the same kind, taken as a stand* 
vd. The assumed standard is called the unii of measttre. 

2. In Geometry, there are four species of quantity, yiz.: 
Lno:s, StrBFACES, Volumes, and Angles* These are called, 
Oeometrical Magnitudes. 

Since the unit of measure of a quantity is of the same 
kind as th^ quantity measured, there are four kinds oi units 
of meas^.i-e, viz.: Units of Lengthy Units of Surface^ Units 
of Vo'rnyiey and Units of Angular Measure^ 

r . Oeometbt is that branch of Mathematics which treats 
r the properties, relations, and measurement of the Geo- 
metrical Magnitudes. 

4. In Geometry, the quantities considered are generally 
represented by means of the straight line and curye. Th( 
operations to be performed upon the quantities and the rela* 
tions between them, are indicated by signs, as in Analysis* 
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The following are the principal signs employed : 

The Sign of Addition^ + , called plus : 

Thus, A + £y indicates that J? is to be added to A, 

The Siffn of Subtraction^ — , called minus : 
Thus, A " Hj indicates that £ is to be subtracted 
from A. 

The Sign of Mvltipliccaiony X : 

Thus, A X jB^ indicates that ^ is to be multiplied 
by B. 

The Sign of Division^ -f- : 

Thus, A-^B^ or, -= , indicates that ^ is to be 
divided bj J5. 

The Exponential Sign : 

Thus, A^ , indicates that A is to be taken three times 
as a factor, or raised to the third power. 

The Radical Sign^ ^ : 

Thus, .y/A^ \pS^ indicate that the square root of -4, 
and the cube root of By are to be taken. 

. When a compound quantity is to be operated upon as a 
single quantity, its parts are connected by a vinculum or 
by a parenthesis : 

Thus, A -\- B X C, indicates that the sum of A and 

^ is to be multiplied by C ; and (-4 + JB) ^ C, indS- 

cates that the sum of A and B is to be divided by G. 

A number written before a quantity, shows how many 
times it is to be taken. 

Thus, 8(^ + J?), indicates that the sum of A and 1 
is to be taken three times. 

The Sign of Equality^ = : 

Thus, A =z B '\- Cy indicates that A is equal to tlie 
jam of B and (7. 
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The expression, A = H + Cj is called an equation. Tlie 
part on the left of the sign of equality, is called the first 
member / that on the right, the second member. 

The Sl^n of Inequalityy < : 

Thus, ,^3 < ^/5, indicates that the square root of A 
is less than the cube root of JB, The opening of the sign 
is towards the greater quantity. 

The sign^ .*• is used as an abbreviation of the word 
hence, or consequently. 

The symbols, 1°, 2**, etc., mean, 1st, 2d, etc. 

5. The general truths of Geometry are deduced by a 
course of logical reasoning, the premises being definitions and 
principles previously established. The course of reasoning 
employed in establishing any truth or principle, is called a 
demonstration, 

6. A Theorem is a truth requiring demonstration. 

7. An Axiom is a self-evident truth. 

8. A Problem is a question requiring a solution. 

9. A PosTtTLATE is a self-evident Problem. 

Theorems, Axioms, Problems, and Postulates, are all called 
Propositions. 

10 A Lemma is an auxiliary proposition. 

11. A CoKOLLARY ifl an obvious consequence of one or 
more propositions. 

12. A Scholium is a remark made upon one Or moro 
pro][)ositions, with reference to their connection, their use, 
theii extent, or their limitation. 
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13. An HrPOTTiESis is a snpposition made, either in the 
statement of a proposition, or in the coarse of a demonstra* 
tion. 

14. Magnitudes are equal to each other, when each con- 
fc\ins the same unit an equal number of times. 

15. Magnitudes are equal in dl their parts^ when they 
may be so placed li to coincide throughout their whole 
extent. 
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BOOK I. 

BLBMXNTABT PBIN0IPLS8. 
PEFINinONS. 

1. Geometby is that branch of Mathematics which treat! 
of the properties^ relations^ and measurements of the Qeo- 
metrical Magnitudes* 

2. A Poisrr is that which has position^ but not magni- 
tude. 

3. A Like is that which has length, bu^ neither breadth 
nor thickness. 

Lines are divided into two classes, straight and curved. 

4. A Stbaight Like is one which does not change its 
direction at any point. 

5. A CuBYED Like is. one which changes its direction at 
every point. 

When the sense is obYious, to avoid repetition, the word 
Kney alone, is sometimes used for straight line; and the 
word curvey alone, for curved line. 

6. A line made up of straight lines, not lying in the same 
direction, is called a broken line. 

7. A SuBPACB is that which has length and breadth 
without thickness. 
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Surfaces are divided into two classes, plane and curved 
surfaces, 

8. A Planb is a surface, such, that if any two of ite 
points be joined by a straight line, that line will lie wholly 
Li the surface. 

9. A CuBVED SuBFACB is a suiface which is neither a 
plane nor composed of planes. 

10. A Plane Angle is the amount of divergence of two 
straight lines lying in the same plane. 

Thus, the amount of divergence of the 
lines AB and ACj is an angle. The 
lines AI^ and AG are called sides^ and 
their common point A^ is called the ver- 
tex. An angle is designated by naming its sides, or 
times by simply naming its vertex ; thus, the above is 
the angle BACy or simply, the angle A. 

11. When one straight line meets 
another the two angles which they form 
are called adjacent angles. Thus, the 
angles ABD and DEC are adjacent. 

12. A Right Angle is formed by one 
straight line meeting another so as to 
make the adjacent angles equal. The first 
line is then said to be perpendiculfir to the second. 

13. An Oblique Angle is formed by 
one straight line meeting another so as 
to make the adjacent angles uneqv/ol. 



some- 
called 



B 



D 
■C 



Oblique angles are subdivided into two classes, a/mt€ 

angles^ and obtuse afigles. 

14. An Acute Angle b less than a 
right angle 
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15. An Obtuse Angle is greater than 
a right angle. 

16. Two straight lines are parallel^ 
when they lie in the same plane and can- 
not meet, how far soever, either way, both 

may be produced. They then have the same direction* 

17. A Plane Figure is a portion of a plane bounded 
by lines, either straight or curved. 

18. A Polygon is a plane figure bounded by straight 
lines. 

The bounding lines are called sides of the polygon. The 
broken line, made up of all the £ddes of the polygon, is called 
the perimeter of the polygon. The angles formed by the 
sides, are called angles of the polygon. 

19. Polygons are classified according to the number of 
their sides or angles. 

A Polygon of three sides is called a triangle ; one of 
four sides, a quadrilateral / one of five sides^a pentagon ; 
one of six sides, a hexagon ; one of seven sides, a hepta- 
gon / one of eight sides, an octagon / one of ten sides, a 
decagon ; one of twelve sides, a dodecagon^ &c. 

20. An Equilateral Polygon, is one whose sides are 
all equal. 

An Equiangular Polygon, is one whose ansrles are all 
equal. 

A Regular Polygon, is one which is both equilateral 
and equiangular. 

21. Two polygons are mutually equilateral^ when their 
sides, taken in the same order, are equal, each to each: that 
is, following their perimeters in the same direction, the first 
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Bide of the one is equal to the first side of the other^ the 
second side of the one, to the second side of the other, 
and so on. 

22. Two polygons are mutually equiangular^ when 
their angles, taken in the same order, are equal, each to 
each. 

23. A Diagonal of a polygon is a straight line joining 
the vertices of two angles, not consecutiye. 

24. A Base of a polygon is any one of its sides ' od 
which the polygon is supposed to stand. 

25. Triangles may be dasafied with reference either to 
their sides, or their angles. 

When classified with reference to their sides, there are 
two classes : scalene and Uaaceles. 

Ist. A ScALENB Triangle is one which' 
has no two of its sides equaL 

2d. An Isosceles Triangle is one which 
has two of its sides equal 

When all of the sides are equal, the 
triangle is equilatebal. 

When classified with reference to their angles, there are 
are two classes : rigfU^ngled and oUiqut-angled. 

1st. A Right-angled Triangle is one 
that has one right angle. 

The side opposite the right angle, is caUed the hypothe^ 
muse. 

2d. An Obuqus-angled Triangle is 
oue whose angles are all oblique. 
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If one angle of an oblique-angled triangle is obtuse, the 
triangle is said to be obtuse-angled. If all of the angfos 
are acute, the triangle is said to be acxtte-anqled. 

26. Quadrilaterals are classified with reference to the rol- 
Rtfvo directions of their sides. There are then two classes 
tins fifst doss embraces those which have no two sides par 
allol; the second class embraces those which have at least 
Iwo sides parallel 

Quadriilaterals of the first class, are called trapeziums. 

Quadrilaterals of the second class, are divided into two 
s]>ecie8 : trapezoids and paraUelograms, 



27. A Trapezoid is a quadrilateral 
which has only two of its sides parallel. 



O 



28. A Parallelogram is a quadrilateral which has its 
opposite sides parallel, two and two. 

There are two varieties of parallelograraa : rectangles 
and rhomboids. 



1st. A Rectanglb is a parallelogram 
whose angles are all right angles. 



A Square b an equilateral rectangle. 



24L A Rhomboid is a parallelogram 
whose angles are all oblique. 



A Rhombus is an equilateral rhomboid. 



/ 
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29. Space is indefinite extension. 

30. A VoLUMK is a limited portion of space. A Volume 
has three dimensions : length, breadth, and thickness. 

AXIOMS. 

1. Thmgs whioh are equal to the same thing, are equa 
to each other. 

2. If equals be added to equals, the sums will be equal. 

3 If equals be subtracted from equals, the remaindors 
will be equaL 

4. If equals be added to onequals, the sums will be 
unequal. 

5. If equals be subtracted from usequals, the remainders 

will be unequal. 

6. K equals be multiplied bj equals, the products will be 
equal. 

7. If equals be divided bj equals, the quotients will be 
equal. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 
10. AU right angles are equal. 

11. Only one straight line can be drawn joining two 
given points. 

12. The shortest distance from one point to another is 
measured on the straight line which joins them. 

13. Through the same point, only *ne straight line can 
be drawn parallel to a given straight' line. 
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POSTULATES. 

1. A straight line can be drawn joining any two points. 

2. A straight line may be prolonged to any length. 

3: If two straight lines are nneqnal^ the length of the 
less may be laid off on the greater. 

4. A straight line may lie bisected; that is, divided into 
two equal parts. 

5. An angle may be bisected. 

6. A perpendicular may be drawn to a given straight line, 
either from a point without, or from a point on the line. 

7. A straight line may be drawn, making with a given 
straight line an angle equal to a given angle. 

8. A straight line may be drawn through a given point, 
parallel to a given line. 



NOTB. 

In making references, the following abbreviations are employed, fli. ' 
A. for Axiom ; B. for Book ; C. for Corollary ; D. for Definition ; L 
for Introduction ; P. for Proposition ; Prob. for Problem ; Poet for 
Postulate ; and S. for Scholium. In referring to the same Book, the 
number of the Book i$ wA giyen ; fai referring to any other Book, tie 
number of the Bode m given. 



so GEOMETRY. 



PROPOSITION L THEOREM. 

^ a Btraighl line meet another straight line^ the sum of the 

adjacent angles will he equal to two right angles. 

» 

Let DO meet AB at C: 
then will the sum of the angles E D 

DC A and I>CJB be equal to 
two right angles. 

A\ C, let C^ be drawn per- * ]/ 

pendicular to AH (Post. 6) ; then, ' ^ 

by definition (D. 12), the angles 

JSGA and £JCB will both be right angles, and conse- 
quently^ their sum will be equal to tioo right angles. 

The angle DCA is equal to the sum of the angles 
^CA and SOD (A. 9) ; hence, 

DCA + DCB = ECA + ECD + DCB ; 
Bnt, ECD -k- DCB is equal to ECB (A. 9) ; hence, 

DCA :f DCB = ECA + ECB. 

The sum of the angles ECA and ECBy is equal to 
two right angles ; consequently, its' equal, that is, the sum 
ftf the angles DCA and DCB^ must also be equal to two 
right angles ; which was to be proved. 

Cor. 1. If one of the angles DCA^ DCB^ is a right 
angle, the either must also be a right angle. 

Cor. 2. The sum of the an- 
gles BACy CAD, DAE, EAF, 
formed about a given point on 
the same side of a straight line 
BF, is equal to two right an- 
gles. For, their sum is equal to 
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the mun ot the angles KAB and JEAF\ wliich, from the 
proposition just demonstrated, is equal to two right angles. 

DEFINITIONS. 

If two straight lines intersect each other, they form four 
angles about the point of intersection, which have receivetl 
difTcrent names, with respect to each other. 

1^. Adjacent Angles . are 
those which lie on the same side 
of one line, and on opposite sides 
of the other ; thus, A CE and 
ECB, or AGE and ACD^ are 
adjacent angles. 

2®. OpposrrE, or Vektical Angles, are those which lie 
on opposite sides of both lines; thus, ACE and DCB^ 
or A CD and ECB^ are opposite angles. From the pro- 
position just demonstrated, the sum of any two adjacent 
angles is equal to two right angles. 




PROPOSITION n. THSOBEIL 

JJT two Straight lines intersect each other^ the opposite or 

vertical angles toiU be equal. 

Let AB and DE intersect 
at C : then will the opposite 
or vertical angles be equal. 

The sum of the adjacent 'angles 
ACE and ACD^ is equal to 
two right angles (P. I.) : the sum 

of the adjacent angles ACE and ECB^ is also equal to 
two right angles. But things which are equal to the same 
thing, are equal to each other (A 1) ; hence, 
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ACJS-^- AGD = ACE-^- EQB\ 




D 



Taking from both the common 
angle ACE (A« 3), there re- 
mains, 

ACD^ ECB. 



In like manner, we find, 

ACD + ACE ^ ACD -{- DCB \ 
and, taking away the common angle ACD^ we have, 

ACE ^ DCB, 
Qence, ths proportion is proved. 

Cor. 1. If one of the angles about (7 is a right an^le, 
all of the others will be right angles also. For, (P. L, C. 1), 
each of its adjacent .angles will 
be a right angle ; and from the 
proposition just demonstrated, its 

oppomte angle will also be a right A \p^ ^B 

angle. 

Cor. 2. If one line BE, is ^ 

perpendicular to another AB^ then will the second line 
be perpendicular to the first BE. For, the angles BCu^ 
and BCB are right angles, by definition (D. 12) ; and 
from what has just been proved, the angles ACE and 
BCE are also right angles. Hence, the two lines aia 
mutually perpendicular to each other. 

Cor. 3. The sum of all the 
angles ACB, BCB, BCE, ECF, 
FCA, that can be formed about 
a point, is equal to four right 
angles. 
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For, if two liues be drawn through the point, mutually 
perpendicular to each other, the sum of the angles which 
they form will be equal to four right angles, and it will 
also be eqaaJ to the sum of the given angles (A. 9). Ilonoe, 
the sum of the given angles is equal to four right angles. 



PROPOSITION Jn. THEOREM. 



Tf two straight lines have twc points in common^ they wiU 
coincide throughout their whole extent^ and form one and 
the same line. 



B 




Let A and ^ be two points 
common to two lines : then will ^- 
the lines coincide throughout. 

Between A and B tliey inust 
coincide (A. 11). Suppose, now, that they begin to separate 
at some point C, beyond -47?, the one becoming ACE^ 
and the other A CD, If the lines do separate at (7, one 
or the other must change direction at this point ; but thi^ 
is contradictory to the detinition of a straight line (D. 4) : 
hence, the supposition that they separate at any point is 
absurd. They must, therefore, coincide throughout; which 
was to be prot)ed. 

Cor, Two straight lines can intersect m only one point. 

NoTB. — ^The method of demonstration employed above, is 
called the reductio ad absurdum. It consists in assuming an 
hypotbesis which is the contradictory of the proposition to 
be proved, and then continuing the reasoning until the 
assumed hypothesis is shown to be false. Its contradictory is 
thus proved to be true. This method of demonstration is 
often used in Geometry. 
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PROPOSITION IV. THEOREM. 

^ a straight line meet two other straight Ihies at a earn- 
mon pointy making the sum. of the contiguous angles 
equal to two right angles^ the two lines met wiU f<ynn 
one and the same straight line. 

Let DC meet AC and BC 
at (7, making the sum of the 
angles DC A and DCB equal 
to two right angles : then will 
CB be the prolongation oi AC. 

For, if not, suppose CJS to be the prolongation of AOi 
then will the sum of the angles DC A and DCE be 
equal to two right angles (P. I.) : We shall, consequently, 
have (A. 1), 

DCA ^-DCB^ DCA + DCE^, 

Taking from both the common angle DCA^ there re- 
mains, 

DCB = DCE, 

which is impossible, since a part cannot be equal to the 
whole (A. 8 ). Hence, CB must be the prolongation of 
AC ; which was to be proved. 



PROPOSmOK V. THEOREM. 

J[f two triangles have two sides and the inehtded angle of 
the one equal to two sides and the included angle of 
the other, each to each, tJie triangles will be equal in aU 
their parts. 

In the triangles ABC and DEF, let AB be lequa] 
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to DE^ AG to DJFl and the angle A to the angle D : 
then will the triangles be equal m all their parts. 

For, let ABC be 
applied to BBF^ in A D 

such a mnnner that the 
angle A shall coincide 
with the angle 2>, 
the side AJB taking 
the direction DE^ and 

the side A C the direction DF. Then, because AB is 
eqaal to DB^ the vertex B will coincide with the vertex 
JS; and because AC is equal to DFy the vertex C will 
coincide with the vertex F; consequently, the side BO 
will coincide with the side MF (A. 11). The two triangles, 
therefore, coincide throughout, and are consequently equal in 
all their parts (I., D. 14) ; which was to be proved. 



PROPOSITION VI. THEOREM. 



](f two trianghs hme two angles and the indvded aide of the 
one equal to two angles and the included side of the other^ 
eacli to eachy the triangles wiU be equal in aU their parts. 

In the triangles 
ABC and DAF, let 
the angle B be equal 
to the angle J5J the 
angle C to the angle 
F^ and the side BC 
to the side £JF: then 
will the triangles be equal in all their parts. 

For, let ABC be applied to DEF in such a manner 
that the angle B shall coincide with the angle E^ * the side 
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BU taking the direction EF, snd the aide BA the direc- 
tion ED. Then, becaoae BC is eqoal to EFt the vertex 
C win coincide with the vertex F\ and because the angle 
C is eqnal to the angle J^ the side CA will take the 
direction ED. Now, the vertex A being at the same timo 
on the lines ED and FD^ it most be at their inter8ection 
D (P. nL, C.) : hence, the triangles coincide throughout, 
and are therefore eqnal in aQ thdr parts (L, D. 14) ; 
which was to be proved. 




PBOPosmoK vn. theorem. 

7%e sum of any two sides of a triangle is greater than the 

third side. 

"Let ABO be a triangle: then wiQ 
the Bom of any two ndes, as AB^ BC^ 
be greater than the third side AG. 

For, the distance from A to C^ 
measured on any broken line AB^ BC^ 
is greater than the distance measured on the straight line 
AC (A. 12): hence, the sum of AB and BG is greater 
than A C ; which was to be proved. 

Cor. If from both, members of the inequality, 

AC <AB ^ BC, 

we take away either of the sides ABy BC, as 2? (7, for 
ixample, there will remain (A. 6), 

AC " BC < AB', 

that is, th^ difference between any two sides of a triangle is 
less than the third aide. 

Scholium. In order that any three given lines may re- 
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present the sideB of a triangle, the sum of any two most be 
greater than the third, and the difference of any two muat 
be less than the third. 




PROPOSITION VnL THEOREM. i 

If from any point within a trianffle two straight lines b 
drawn to the extremities of any side^ their sum wiU be 
less than that of the two remaining sides of the triangle. 

Let be any point within the triangle BAC^ and let 
the lines 0J9, 0(7, be drawn to the 
extremities of any side, as SC : ^ 

then will the sum of BO and OG 
be less than the sum of the sides 
BA and AC. 

Prolong one of the lines, as J90, 

till it meets the side AG in 2> ; then, from Prop. Vli,> we 

shair have, 

OG < OD + DG \ 

adding BO to both members of this inequality, recollecting 

that the sum of BO and OB is equal to BB^ we have 

(A. 4), 

BO +0G <BB + BG. 

From the triangle BAB^ we have (P. VII,), 

BB < BA + AB ; 

adding BG to both members of this inequality, recollecting 
that the sum of AB and BG is equal to AG, we have, 

BB+ BG< BA + AG. 

But it was shown that B0+ OG is less than BB-{'BG; 
still more, then, is BO + OG less tl^an BA + AG ; which 
was to be proved. 
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If hoc triangles have two sidea of the one equal to two sides of 
the other^ each to eachj and the included angles unequal^ the 
third sides wiU be unequal; and the greater side toiU belong 
to tlie triangle which has the greater included angle. 

In the triangles BAC and DEF^ let AB be equal to 
DE^ AG to DF^ and the angle A greater than the an- 
gle 2>: then will BG be greater than EF. 

Let the line AQ be drawn, making the angle CAO 
eqaal to the angle D (Post. 7) ; make AO equal to DE^ 
and draw GG. Then will the triangles AQG and DEF 
have two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each; 
consequently, GG is equal to EF (P. V.), 

Now, the point O may be without the triangle ABC, 
it may be on the side BCy or it may be within the tri- 
angle ABG. Each case will be conradered separately. 

A 
1^ When G is 

without the triangle 

ABG. 

In the triangles GIG 

and AIBj we hSive, 

(P, VIL), 

GI+ IG > GG, and BI + lA > AB ; 

whence, by addition, recollecting that the sum of BI and 
IG is equal to BG, and the sum of GI and lA, to OA, 
we have, 

AO + BG > AB 4^ GG. 
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0», once AQ = AB, and OC = HF, we Lave, 

AJB + £C > AB -{• EF. 

r 

Taking away the common part AB^ there remains (A. 5), 

BQ > EF. 

2«. When fl^ is on BC. 

In this case, it is obvious 
that OG i& less than BC\ or, 
since 00 =. EF^ we have, 

BO > EF. 

S*>, When O is within the triangle ABC. 
From Proposition VllL, we have, 

BA + BO > GA+ GO; 

or, since GA = BA^ and QO = 2?i^ B\q 

wo have, 

BA + BO > BA + EF, 

Taking away the common part ABy 

there remsdns, 

BO > EF. 

Hence, in each case, BO is greater than EF; which was 
to fje. proved. 

Conversely: If in two triangles ABO and DEF^ the 
ode AB is equal to the side DE^ the side AC to BF^ 
and BO greater than EF^ then will the angle BAO be 
greater than the angle EDF. 

For, if not, BAO must either be equal to, or less than, 
EDF. In the former case, BO would be equal to EF 
(P. v.), and in the latter case, BO would be less than 
EF\ either of which would be contrary to the hypothecs : 
henoe, BAO must be greater than EDF. 
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MKPOSinON Z. THEOUEM* 

<«^ n««j«S^ kane the three Hdea of the one equal to the 
,>« «%^4 t^ Ae ather^ each to each^ the triangles wiU be 
^'^ -#» *at Aeir parts. 

'^ j< :rttB$Ies ABC and DBJF[ let AB be equal to 
^ k/ W 2>^ and BC to BF : then will the tri- 

,u^^;j. >^ ^itoaJ in all their parts. 
>:;k» ^ttK^ the sides 

, <^ .i ,\ are equal to A 

•.X C>v^v «rfi to each, 

: a^ »^e A were 

^*^-ta.v* don i>, it would 

VktiHi^ b; the last Pro- 

^j^d^^ that the side 

.tv"^ wf>iild be greater than J?JP; and if the angle A were 

««^ ^kaa 2>, the side BC would be less than £!F[ But 

.tv" t» equal to J?i^ by hypothesis ; therefore, the angle A 
^^ irtither be greater nor less than 2> : hence, it must be 
^r^ to it. The two triangles have, therefore, two sides and 
^ included angle of the one equal to two ddes and the inolu- 
ji(J angle of the other, each to each ; and, consequently, they 
1^ equal in all their parts (P. V.) ; which was to be proved. 

Scholium. In triangles, equal in all their parts, the equal 
^«g lie opposite the equal angles; and conversely. 

PBOPOsrnoN xi. theobem. 

Jh an isosceles triangle the angles opposite the equal sides are 

equal. 

Let BAC be an isosceles triangle, having the side. AB 
equal to the side AC: then will the angle C be e^ual to 
the angle B. 
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Join the vertex A and the middle point D of the base 
BC. Then, AB is equal to -4(7, by hypothesis, AD 
common, and BD equal to 2>(7, by 
rx)nstruction : hence, the triangles BAD^ 
and DAC^ have the three sides of the 
one equal to those of the other, each to 
each ; therefore, by the last Proposition, 
tlie angle B is equal to the angle (7; 
tohich was to be proved. 

Cor. 1. An equilateral triangle is equiangular. 

Cor. 2. The angle BAD is equal to DAC^ and BDA 
to CDA : hence, the last two are right angles. Conse- 
quently, a straight line drawn frotn the vertex of an isosceles 
triangle to the middle of the base, bisects the angle at the vertex^ ^ 
and is perpendicular to the base. 




PROPOSITION Xn. THEOREM. 

^ two angles of a triangle are equals the sides opposite to 
them are also equals and consequently^ the triangle is ioos* 
celes. 

In the triangle ABC, let the angle 
ABC b^ equal to the angle ACB : 
then will AG be equal to AB, and 
consequently, the triangle will be isosceles. 

For, if AB and AC are not equal, 
suppose one of them, as AB, to be the 
greater. On this, take BD equal to AC (Post. 3), and 
draw DC. Then, in the triangles ABC, DBC, we have 
the ride BD equal to AC, by construction, the side BG 
common, and the included angle ACB equal to the included 
angle DBC, by hypothesis: hence, the two triangles are equ^l 
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in all tbeir parts (P. V,). Bat this is impossible, because a 
part cannot be equal to the whole (A. 8) : hence, the 
hypothesis that AJB and AC are unequal, is false. They 
must, therefore, be equal ; tohich uxu to he proved* 

Cor, An equiangular triangle is equilateral. 



PROPOSITION XUL THEOREM. 




Fn any triangle^ the greater side te opposite the greater angle / 
and, conversely, the greater angle is opposite the greater 
side. 

In the triangle ABC, let the angle 
ACB be greater than the angle ABCx 
then will the side AB be greater than 
the side AC 

For, draw CD, making the angle 
BCD equal to the angle B (Post. 7) : 

then, in the triangle DCB, we have the angles DCB and 
DBC equal : hence, the opposite sides DB and DC are 
equal (P. XII.). In the triangle A CD, we have (P. Vn.)t 

AD + DC > AC \ 

or, since i>(7 = DB, and AD -h DB = AB, we have^ 

AB >AC \ 
which was to be proved. 

Conversely / Let AB be greater than A C : then will the 
angle ACB be greater than the angle ABC. 

F6r, if ACB were less than ABC, the side AB would 
be less than the side AC, from what has just been proved ; 
if ACB were equal to ABC, the side AB would be 
equal to AC, by Prop. XII.; but both conclusions are contrary- 
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to the hypothesis : hence, A CB can neither be less than, 
nor equal to, ABC ; it most, therefore, be greater; toAtcA 
\Ba& to he proved^ 




PROPOSITION XIV. THEOBEM. 

From a given point only one perpendicular can be drat 

a given straight line. 

Let ^ be a given point, and AB 
a perpendicular to DE : then can no 
other perpendicular to DE be drawn 
from A, 

For, suppose a second perpendicular 
AC to be drawn. Prolong AB till 
BF is equal to ABy and draw CF. 
Then, the triangles ABC and FBC will have AB equal 
to BF^ by construction, CB common, and tlie included 
angles ABC and FBC equal, because both are right an- 
gles: hence, the angles ACB and FCB are equal (P. V.) 
But ACB is, by a hypothesis, a right angle : hence, 
FCB must also be a right angle, and consequently, the line 
AGF must be a straight line (P. IV.). But this is impos- 
sible (A. 11). The hypothesis that two perpendiculars can 
be drawn is, therefore, absurd ; consequently, only one such 
perpendicular can be .drawn ; which teas to be proved. 

If the given point is on the given line, the proposition 
is equally true. For, if from A two perpendiculars AB 
and A C could be drawn to BE^ 
\re should have BAE and CAE 
each equal to a right angle ; and 
consequently, equal to each other ; 
which is absurd (A. 8). D- 

9 
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PROPOSITION XV. THEOBEM. 

If from a point mtTumt a straight line a perpendicular be 
let faU on tlie line^ and oblique lines be dravm to differ- 
ent points of it : 

1°, The perpefidicular toiU be shorter than any oblique line. 

2°, Any two oblique lines that meet the given line at points 
equally distant from the foot of the pefpendictdar^ vnU 
be equal: 

3°. Of two oblique lines that meet the given line at points 
unequaUy distant from the foot of the perpendicular^ the one 
which meets it at the greater distance wiH be the longer^ 

Let ^ be a given point, DS a 
given straight line, AJB a perpendicular 
to DJEI, and ADy AC, AE oblique 
lines, BG being equal to BE, and BD 
greater than BC. Then will AB be 
less than any of the oblique lines, AC 
will be equal to AE^ and AD greater 
than A C. 

Prolong AB until BF is equal to AB, and draw 
EC, ED. 

1°. In the triangles ABC, EBC, we have the aide 
AB equal to BE, by construction, the side BO common, 
and the included angles ABC and EBC equal, because both 
are right angles: hence, EC is equal to AC (P. V.). 
But, AE is shorter than ACE (A- 12): hence, AB, the 
half of AE, is shorter than AC^ the half of ACE\ which 
was to be proved. 

2°. In the triangles ABC and ABE, we have the 
side SC equal to BE, by hypothesis, the side AB com 
loon, and the included angles ABC and ABE equal, 
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becaase both are right angles: hence, AC is cqiud to AE', 
tohicA totu to be proved. 

3**. It may be shown, as in the first case, that AD is 
eqnal to DF. Then, because the point C lies within the 
triangle ADjF[ the sum of the lines AD and DF will be 
greater than the sum of the Unes A C and CF (P. VIQ.) : 
hence, ADy the half of ADF^ is greater than AG^ the 
half of A CF ; which toas to be proved. 

Cor. 1. The perpendicular is the shortest distance from a 
point to a line. 

Cor. 2. From a given point to a given straight line, only 
two equal, straight lines can be drawn ; for, if there could 
be more, there would b<^ at least two equal oblique lines on 
the same side of the perpendicular ; which is impossible* 



PROPOSITION XVL THEOREM. 

If a perpendicular he drawn to a given straight line at its 

middle point : 
1**. Any point of the perpendicular toiU be equally distant 

from the extremities of the line: 

f?. Any pointy without the perpendicular^ wiU be unequaBy 
dist^mt from the extremities. 

Let AD be a given straight line, C 
its middle point, and FF the perpendicular. 
Then will any point of FF be equally dis- 
tant fi-ora A and D ; and any point without 
FF^ will be unequally distant from A and D. 

1°. From any point of FFy as 2>, draw 
the lines DA and DD. Then will DA 
and DB be equal (P. XV.) : hence, D is 
equally distant from A and D ; which was to be pra^^ 
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2*, From any point without JSjF\ as 7, draw lA and 
IB. One of these lines, as lA^ will cut £^F in some 
pomt D ; draw 2>-R Thenj from what 
has just been shown, DA and DJS will 
be equal; but IB is less than the sum 
of ID and DB (P. VII.) ; and because 
the sum of ID and DB is equal to the 
sum of ID and 2>-4, or Z4, we have 
ZJ? less than lA : hence, 7 is unequally 
distant from A and B ; which was to be 
proved. 

Cor. If a straight line ^F have two of its points JS 
and I' equally distant from A and -B, it will be perpen- 
dicular to the line AB at its middle point. 




PEOPOsrrioN xvii. theoeem. 

](f two right^ngled triangles have the ht/pothenuse and a side 
of the one equal to the hypothenuse and a side of the 
other^ each to each^ the triangles wiU be eqtcal in aU theif 
parts. 

Let the right-angled tri- j^ 
angles ABC and DJSF have 
the hypothenuse AC equal 
to DFy and the side AB 
equal to DJS: then will the 
triangles be equal in all their parts. 

If the fflde BC is equal to JEFJ the triangles will be 
e<iual, in accordance with Proposition X. Let us suppose then, 
that BC and UF are unequal, and that BC is the 
longer. On BC lay off BQ equal to FF, and draw 
AO. The triangles ABG and DFF have AB equal to 
DE, by hypothesis, BG equal to JEFJ by constructicMi, and 
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the angles B and JS equal, because both are right angles; 
consequently, AO is equal to DF (P. V.) But, AC is 
equal to DFy by hypothesis: hence, AG and AC are equal, 
which is imposfflble (P. XY.). The hypothesis that BC and 
EF aro unequal, is, therefore, absurd : hence, the triangles 
have all their sides equal, each to each, and are, consequently, 
equal in all of their parts ; which was to be proved. 



PROPOSITION xvnn. theorem. 

If two straight lines are perpendicidar to a third straight lin$f 

they wiU be parallel 

Let the two lines AC^ BDy be perpendicular to AB i 
then will they be parallel* 

For, if they could meet in a 
point O, there would be two 
perpendiculars 0-4, OB^ drawn 
from the same point to the same 

straight line ; wliich is impossible (P, XIV.) : hence, the 
lines are parallel ; which was to be proved. 
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DEFINITIONS. 

If a straight line FF inter- 
S3ct two Other straight lines AB 
and (7Z>, it is called a secant^ 
with respect to them. The eight 
augles formed about the points of 
intersection have different names, 
with respect to each other. 

1^. Intebiob angles on the same side, are those that 
lie on the same side of the secant and within the other two 
lines. Thus, BQH and OHB are interior angles on the 
eune ade. 




S8 



GEOMETRY. 



2^. EZTBBIOB ANGLES OK THS SAHB BIDS, 8X6 thoeo that He 

on the same side of the secant and toithout the other two 
tines. Thus, BGB and DJETF 
are exterior angles on the same 
side. 

3**. Altebnatb angles, are 
hose that lie on opposite sides 
«>f the secant and within the 
other two lines, but not adja- 
cent. Thus, A GIT and GJSJ) 
are alternate angles. 

4°. Altesnatb exteriob angles, are those that lie on 
opposite sides of the secant and without the other two lines. 
Thus, AGE and FHD are alternate exterior angles. 

5°. Opposrrs extebior and intebiob angles, are those 
that lie on the same side of the secant, the one within and 
the other without the other two lines, but not adjacent. Thus, 
EGJ3 and GHD are opposite exterior and interior angles.. 




PKOPosmoisr xix. theorem. 

If two straight lines meet a third straight line, mahing th0 
sum of the interior angles on the same side equal to two 
right angles^ the two lines will he parallel. 

Let the lines KC and HD meet the line BA^ making 
the sum of the angles BAC and ABB equal to two right 
angles: then wiU KG and jH2> be parallel. 

Through 6r, the middle point 
of AB^ diaw GF perpendicular 
to -ff"(7, and prolong it to JEJ, 

The sum of the angles GBE 
and GBB b equal to two right "^ AJP 



H- 



K 



A 



E B 

IT 



D 



G 



BOOK I. 89 

angles (P. I.) ; the sum of the angles Kci G and GBB is 
equal to two right angles, by hypothesis : hence (A. 1), 

GBJ5J+ GBD := FAG + GBD. 

Taking from both the common |)art GBD^ we have the 
angle QBE equal to the angle FAG. Again, the angles 
HGISJ and AGF are equal, because they are vertical an- 
gles (P. n.) : hence, the triangles GEB and GFA have 
VwK> of their angles and the included side equal, each to each ; 
they are, therefore, equal in all their parts (P. VI.) : hence, 
the angle GEB is equal to the angle GFA. But, GFA 
is a right angle, by construction ; GEB must, therefore, be 
a riglit angle : hence, the lines EC and HI) are both per- 
pendicular to EF^ and are, therefore, parallel (P. XVIII.) ; 
ujhich was to be proved. 

Cor. 1. If two straight lines are cut by a third straight 
line, making the alternate angles equal to each other, the 
two straight lines will be parallel 

Let the angle HGA be equal E 

to Gf^SD. Adding to both, the 
angle JETGB^ we have, 

Er&^ 4- MGB = GHD + HGB. 

But the first sum is equal to 

two right angles (P. I.) : hence, ^ 

the second sum is also equal to two right angles ; therefore, 

from ^what has just been shown, AB and CD are parallel. 

Cor. 2. If two straight lines are cut by a third, making 
the opposite exterior and interior angles equal, the two sti*aight 
lines will be parallel. Let the angles EGB and GEB be 
equal : IN'ow BGB and A GH are equal, because they are verti- 
cal angle* (P. 11.) ; and consequently, AGE and GED ars 
equal: hence, from Cor. ly AB and CD are paralleL 
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PROPOSITION XX, THEOREM. 

If a straight line intersect two parallel straight lineSy the sum 
of the interior angles on the same side will be equal to 
two right angles. 

Let the parallels A£^ CDy be cat hj the secant line 
I\E : then will the sum of JB^GB and OJEO) be equal to 
two right angles. 

For, if the sum of ITGB 
and GJSI> is not equal to 
two right angles, let JGZt be 
drawn,, making the sum of HGL 
and GHD equal to two right 
angles ; then IIj and CD will 
be parallel (P. XIX.) ; and consequently, we shall have two 
lines GB^ GL^ drawn through the same point G and par- 
allel to CZ>, which is impossible (A. 13) : hence, the sum 
of HGB and GHD^ is equal to two right angles ; which 
was to be proved. 

In like manner, it may be proved that the sum of JRGA. 
and GSO^ is equal to two right angles. 

Cor. 1. If HGB is a right angle, GHD will be a right 
angle also : hence, if a line is perpendicular to one of two 
parallels^ it is perpendicular to the other also. 

Cor. 1. If a straight line meet twc parallels^ the alternate 
angles will be equal. 

For, if AB and CD are 
parallel, the sum of BGJS and 
GHD is equal to two right 
angles ; the sum of BGH and 
HGA is also equal to two right 
angles (P. I.) : hence, these sums 
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are €H][uaL Taking away the common part BGH^ there re- 
mains the angle OHD equal to HGA. In like manner, 
it may be shown that BGH and OHG are equal 

Cor. Z, If a straight line meet two parallels^ the opposite 
exterior and interior angles wiU he eqiuiL The angles DHG 
aiid SGA are equal, from what has just been shown. TLe 
angles JSGA and BGE are equal, because they are verti- 
cal : hence, DHG and BGE are equal. In like manner, 
it may be shown that CHG and AGE are equal. 

Scholium. Of the eight angles formed by a line cutting 
two parallel lines obliquely, the four acute angles are equals 
and so, also, are the four obtuse angles. 



PEOPOSmON XXI. THEOREIL 

• If Udo straight lines intersect a third straight line, making the 
sum of the interior angles on the same side less than ttoo 
right angles, the two lines will meet if sufficiently produced. 

Xiet the two lines CB^ IL^ meet the line EE^ making 
the sum of the interior angles HGL^ QBBy less than two 
right angles : then will IL and CD meet if sufficiently pro- 
duced. 

For, if they do not meet, 
they must be parallel (D. 16). 
But, if they were parallel, the 
sam of the interior angles HGL^ 
GMI>j would be equal to two 
right angles (P. XX.), which is 
contrary to the hypothesis : hence, 
ZZ^ (7J9, win meet if sufficiently produced ; which was to be 
proved. 
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Cor. It is evident tliat IL and CD^ will meet on that 
side of EFy on which the sum of the two angles is less 
than two right angles. 



.^. 



PBOPOSITION XXEL THEOBEM. 



If two Straight lines are parallel to a third line^ they are 

parallel to each other. 

Let A£ and CJ) be respectively 
parallel to jEF: then will they be par- 
allel to each other. 

For, draw P-R perpendicular to 
£^^1 then will it be perpendicular to 
AB, and also to CD (P. XX., C. 1) : 
hence, AB and CD are perpendicu- 

lar to the same straight line, and consequently, they are par- 
allel to each other (P. XV 111.) ; which was to be proved* 
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PROPOSITION XXHL THEOREM. 

7\oo parallels one everywhere equally distant. 

Let AB and CD be parallel : then will they be every- 
where equally distant. 

From any two points of ABy as 
F and E^ draw FH and EO 
perpendicular to CD ; they will also be 
perpendicular to AB (P. XX., C. 1), 
and will measure the distance between 

AB and CZ>, at the points F and E. Draw also ¥G 
The lines FH and EQ are parallel (P. XYIH.) : hence, 
the alternate angles HFQ and FQE are equal (P. XX., C. 2). 
The lines AB and CD are parallel, by hypothesis : hence, 




BOOK I. 48 

the alternate angles EFG and FOB are equal. The tri- 
angles FQE and FOB have, therefore, the angle BGF 
equal to QFF, GFB equal to FQE^ and the side FO 
common ; they are, therefore, equal in all their parts (P. VI.) ; 
hence, FB is equal to EG ; and consequently, AB and 
CJy are everywhere equally distant ; which was to he proved^ 



PROPOSITION XXIV. THEOREM. 

If two angles have their sides parallel^ and lying either in 
the same^ or in opposite directions^ they wiU he equal. 

1**. Let the angles ABC and DEF have their sides 
parallel, and lying in the same direction : then will they be 
equal. 

Prolong FE to i. Then, because ^ / /j. 

jDE and AL are parallel, the exterior / / 

angle DEF is equal to its opposite in- LA -L p 

terior angle ALE (P. XX., C. 3) ; and / 

■r> / Q 

because BO and LF are parallel, the ^ 
exterior angle ALE is equal to its op- 
posite interior angle ABC : hence, DEF is equal to 
ABC ; which wa^ to he proved. 

2°. Let the angles ABC and GBK 
have their sides parallel, and lying in op- 
posite directions : then will they be equal. 

Prolong GB to M. Then, because 
EB and BM are parallel, the exterior 
angle GBK is equal to its opposite interior angle BMB \ 
and because BM and BC are parallel, the angle BMB 
is equal to its alternate angle MBC (P. XX., C. 2) : hence, 
€HiK is equal to AB C ; which was to be proved. 

Cor, The opposite angles of a parallelogram are equal* 
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PBOPOSITION XXV. THEOKBaL 

In any triangle^ the sum of the three angles is equal to two 

right angles. 

Let CBA be any triangle : then will the sum of the 
angles (7, A^ and B^ be equal to 
two right angles. 

For, prolong GA to 2), and draw 
AE parallel to BG. 

Then, since AE and GB are 
parallel, and GD cuts them, the ex 
terior angle DAE is equal to its 

opposite interior angle G (P, XX., C. 3). In like manner, 
since AE afid GB are parallel, and AB cuts them, the 
alternate angles ABG and BAE are equal: hence, the 
sum of the three angles of the triangle BAGy is equal to 
the sum of the angles GAB^ BAE, EAD ; but this sum 
is equal to two right angles (P. I., C. 2) ; consequently, the 
sum of the three angles of the triangle, is equal to two 
right angles (A. 1) ; which was to be proved. 

Gor. 1. Two angles of a triangle being given, the third 
will be found by subtracting their sum from two right angles. 

Gor. 2. If two angles of one triangle are respectively 
equal to two angles of another, the two triangles are mutually 
equiangular. 

Gor. 3. In any triangle, there can be but one right angle; 
for if there were two, the third angle would be zero. Nor 
can a triangle have more than one obtuse angle. 

Gor. 4. In any right-angled triangle, the sum of the acute 
angles is equal to a right angle. 
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Cot. 5. Since every equilateral triangle is also equiangular 
(P. XI., C. 1), each of its angles will be equal to the third part 
of two right angles ; so that, if the right angle is expressed 
by 1, each angle, of an equilateral triangle, will be expressed 

by ». 

Cot. 6. In any triangle ABG^ the exterior angle BAB 
is eqnal to the sum of the interior opposite angles B and 
G. For, AE being parallel to -B(7, the part BAE is 
equal to the angle B^ and the othei part DAE^ is equal 
to the angle G. 



PROPOSITION XXVI. THEOREM. 

Tht sum of tJie interior angles of a polygon is eqtiol to 
two right angles taken as many times as the polygon has 
sideSy less two. 

Let AB GDE be any polygon : tiien will the sum of its 
interior angles A^ B^ (7, 2), and E^ be equal to two right 
angles taken as many times as the polygon has sides, leas 
two. 

From the vertex of any angle A^ draw 
diagonals AG^ AD. The polygon will be 
divided into as many triangles, less two, as 
it lias sides, having the point A for a 
oommon vertex, and for bases, the sides of 
the polygon, except the two which form the 
angle A. It is evident, also, that the sum of the angles of 
these triangles does not differ from the sum of the angles of 
the polygon : hence, the sum of the angles of the polygon ia 
equal to two right angles, taken as many times as there are 
triangles ; that is, as many times as the polygon has sidesi 
less two ; vohich was to be proved. 
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Cor. 1. The sum of the interior angles of a quadrilateral 
is equal to two right angles taken twice ; that is, to four 
right angles. If the angles of a quadrilateral are equal, eaoh 
will be a right angle. 

Cor. 2. The sum of the interior angles of a pentagon is 
equal to two right angles taken three times ; that is, to ax 
right angles : hence, when a pentagon is equiangular, each 
angle is equal to the fifth part of six right angles, or to { 
of one right angle. 

Cor. 3. The sum of the interior angles of a hexagon is 
equal to eight right angles : hence, in the equiangular 
hexagon, each angle is the sixth part of eight right angles, 
or J of one right angle. 

Cor. 4. In any equiangular polygon, any interior angle is 
equal to twice as many right angles as the figure has sides, 
less four right angles, divided by the number of angles. 



PROPOSITION XXVn. THEOBEM. 

The sum of the exterior angles of a polygon is equal to 

four right angles. 

Let the sides of the polygon ABCDE 
be prolonged, in the same order, forming 
the exterior angles a^ by Cy dj e; then wiU 
the sum of these exterior angles be equal 

to four right angles. 

For, each interior angle, together with 

the corresponding exterior angle, is equal 
to two right angles (P. I.) : hence, the sum of all the inte- 
rior and exterior angles is equal to two right angles taken 
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as many times as the polygon has sides. But the sum of 
the interior angles is equal to two right angles taken as 
many times as the polygon has sides, less two : hence, the 
sum of the exterior angles is equal to two right angles taken 
twice ; that is, equal to four right angles ; which was to be 
proved. 



\ 




PROPOSITION XXVnL THEOREM. 

In any paraUeiogram^ the opposite sides are equals each to 

each. 

Let ABCD be a parallelogram : then 
will AB be equal to Z>(7, and AD to 
BO, 

For, draw the diagonal BD. Then, 
because AB and DC are parallel, the 
angle DBA is equal to its alternate 
angle BDG (P. XX., C. 2) : and, because AD and BC 
are parallel, the angle BDA is equal to its alternate angle 
DBG. The triangles ABD and CDB^ have, therefore, 
the angle DBA equal to CDB^ the angle BDA equal 
to DBCy and the included side DB common; consequently, 
they are equal in all of their parts : hence, AB is equal 
to 2>(7, and AD to BC\ which was to he proved. 

Cor. 1. A diagonal of a parallelogram divides it into two 

triangles equal in all their parts. 

Cor, 2. Two parallels included between two other par 
allels, are equal. 

Cot. 3. If two parallelograms have two sides and the 
induced angle of the one, equal to two sides and the included 
angle of the other, each to each, they will be equal 
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PROPOSITION XXIX. THEOREM. 

If the opposite sides of a quadrilateral are equalj each to 

each^ the figure is a parallelogram. 

In the' quadrilateral AB CD^ let AB 
be equal to 2>C, and AD to BC \ 
then will it be a parallelogram. 

Draw the diagonal DB. Then, the A 
triangles ABB and GBD^ will have 
the sides of the one equal to the sides of the other, each to 
each ; and therefore, the triangles will be equal in all of their 
parts : hence, the angle ABB is equal to the angle CBB 
(P. X., S.) ; and consequently, AB is parallel to BC (P. 
XIX., C. 1). The angle BBC is also equal to- the angle 
BBAy and consequently, BC is parallel to AD : hence, 
the opposite sides are parallel, two and two ; that is, the 
figure is a parallelogram (D. 28) ; which was to he proved. 



PROPOSITION" XXX. THEOREM. 

If two sides of a quadrilateral are equal and parallel^ the 

figure is a parallelogram. 

In the quadrilateral ABCD^ let AB 
be equal and parallel to DCi then will 
the figure be a parallelogram. 

Draw the diagonal DB, Then, be- 
cause AB and DC are parallel, the 
angle ABB is equal to its alternate angle CDB, Now, 
the triangles ABB and CDB^ have the side DC equal 
to AB^ by hypothesis, the side DB common, and the 
included angle ABB equal to BDCy from what has just 
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been shown; hence, the triangles are equal in all their parte 
(P. V.) ; and consequently, the alternate angles ADB and 
DBG are equal. The sides BG and AJ> are, therefore, 
parallel, and the figure is a ps^rallelogram ; lohich vxza to be 
proved. 

Cor, If two points be taken at equal distances from a 
given straight line, and on the same side of it, the straight 
line joining them will be parallel to the given line, 

PROPOSITION XXXI. TITEOKKM. 

Tke diagondU of a paraMdogram divith each othiit >nAi> 
eqiujU parts^ or nrniucMy bisect each other. 

Let ABGD be a parallelogram, and 
AGj BBy its diagonals: then will AB 
be equal to UG^ and BB to ED. 

For, the triangles BJEC and AED, . 
have the angles EBG and ADE equal 
(P. XX., C. 2), the angles EGB and DAE equal, and the 
included sides BG and AD equal : hence, the triangles 
are equal in all of their parts (P. VI.) ; consequently, AE is 
equal to J^(7, and BE to ED ; xiohich toas to be proved 

Scholium. In a rhombus, the sides AB^ BG^ being 
equal, the triangles AEBy EBG, have the rides of the 
one equal to the corresponding sides of the other ; they are,, 
therefore, equal : hence, the angles AEB, BEC, are equal, 
and therefore, the two diagonals bisect each other at right 
ingles. 
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BATI08 AND PB0P0BTI0V8. 
DEFINITIONS. 

1. Thx Ratio of one quantity to another of the snme 
Idnd, is the quotient obtained by dividing the second by the 
first. The first quantity is called the Antecedsnt, and the 
second, the Consbqusnt. 

2. A Pbopobtion is an expression of equality between 
two equal ratios. Thus, 

A " C ' 

expresses the fact that the ratio of ^ to ^ is equal to 
the ratio of (7 to 2>. In Geometry, the proportion Li 
written thus, 

A \ B \. C \ D^ 

and read, ^ is to .^, as C is to 2>. 

8, A Continubd Peoportion is one in which severaV 
ratios are successively equal to each other ; as, 

A \ B \\ C . B \\ E \ F : : O : H, &o 

4. There are four terms in every proportion. The first 
«»d second form the first couplet^ and the third and fourth. 
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the second couplet. The first and fourth terms are called 
extremes/ the second and third, means^ and the fourth term, 
a fourth proportional to the other three. When the second 
term is equal to the third, it is said to be a mean proportioned 
between the extremes. In this case, there are but thre<^ 
tl liferent quantities in the proportion, and the last is said to 
be a third proportional to the other two. Thus, if we have, 

A : jB : : JB : (7, 

^ is a mean proportional between A and (7, and C is a 
third proportional to A and JB, 

5. Quantities are in proportion by cUtemationj when ante- 
cedent is compared with antecedent, and consequent with con- 
sequent. 

6. Quantities are in proportion by inversion^ when ante- 
cedents are made consequents, and consequents, antecedents. 

7. Quantities are in proportion by composition^ when the 
sum of antecedent and consequent is compared with either 
aiiXecedent or consequent. 

8. Quantities are in proportion by division, when the dif-' 
ference of the antecedent aijd consequent is compared either 
with antecedent or consequent. 

9. Two varying quantities are reciprocally or inversely 
{jroportional, when one is increased as many times as the 
other is diminished. In this case, their product is a fixed 
quantity, as a^ = m. 

10. Equimultiples of two or more quantities, are the pro- 
ducts obtained by multiplying both by the same quantity. 
ThuSy mA and mjB^ are equimultiples of A and £, 
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PROPOSITION I THEOREM. 

1^ four quanUtiea aire in proportion^ ike product qf the 
means wU he equal to the product of the eoBiremea. 

Assume the proportion^ 

A : B : : C : D; whence, "T ^ 'n ^ 

clearing of fractions, we have, 

£C =: AJ); 
which toas to be proved. 

Cor. If J? is eqnal to <7, there will be but three pro- 
portional qnantities ; in this case, the square of the mean is 
equal to the product of the extremes. 



PROPOSI-flON n. THEOREM. 

J(f the product of two quantities is equal to the product of 
two other quantities^ two of them, nnay he m,ade the 
meanSy and the other two the extremes of a proportion. 

If we have, 

AD = BG, 

by changing the members of the equation, we hare, 

BC :=:z AD; 

dividing both members by -4(7, we have, 

-J- = "n 9 ^^ A : B : : C i D\ 
which was to he proved. 
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PBOPOsrnoN m. theobeh. 

Tf fowr qtumtUies are in proportion, they will be in pro- 
portion by aUemation. 

Assume the proportiozii 

S D 

A. I B I I O I I>\ whence, -j = ^r • 

Q 

Multiplying both members by ^, we have, 

X ~ ^ ' or, A I C XX B I D\ 
which was to be proved. 



PROPOSITION rV. THEOREM. 

Jj^ one couplet in each of two proportions is the samey the 

other couplets wiU form a proportion. 

Assume the proportions, 

A X B : : O I D; whence, -3- = -^ ; 

and, A X B X : J^ X G; whence, -j- = =• 

From Axiom 1, we have, 

D G , XV « -^ ^ 

Yf = •= ; whence, O x J) x x jF x G ; 

tahich was to be proved. 

Cor. If the antecedents, in two proportions, are the same 
the consequents will be proportional. For, the antecedents 
of the second couplets may be made the consequents of the 
first, by alternation (P. m.). 
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PROPOSITION V. THEOREM. 

J^ fuur quxfUities are in proportion^ they %oiU be in pro- 
portion by inversion. 

Assume the proportion, 

A I B I I C I D\ whence, -j- = -^ • 

If we take the reciprocals of both members (A. 7), we h&ve, 
^ = ^ ; whence, B i A i i D i C i 

which was to be proved. 



PROPOSITION TL THEOREM. 

]^ four quantities are in proportion^ they mU be in 

portion by composition or division, 

I 
Assume the proportion, 

A : B : : O : J)i whence, -;- = -=-. 

AG 

If we add 1 to both members, and subtract 1 from both 
members, we shall have, 

-+l=^+l; and, _-l = _-i. 

whence, by reducing to a common denominator, we have, 

B -\- A jD -\- O , B-A 2)-(7 . 

— -J — = — ^- > *^^ —j^ — = — c — » whence, 

A : B+A : : (7 : i>+ C, and, A : B-A : : O : 2>— C 

which was to be proved. 
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FBOPOSmON VII. THEOBSOL 

.BgiuuntiUij^ of two quantiHee are proportional to the fuan- 

tUiea ihemadves. 

L«et A and B be any two quantitiea ; then -j wiH 

denote their ratio. 

If we multiply both terms of this fraction by m, ha 
value will not be changed ; and we shall have, 

— —v = — ; whence, mA : mB :: A : B\ 

wohich was to be proved. 



PROPOSITION VnL TECEOREM. 

If four qumditiee are in proportion^ any equimuUij^dee of 
the first couplet will be proportional to any equimuUiplee 
of the second couplet. 

Assume the proportion, 

A X B \ \ C I D\ whence, -^ = -^^ . 

A 

If we multiply both terms of the first member by w, and 
both terms of the second member by fi, we shall have, 

mB nD _ ^ ^ ^ ^ 

^2=^; whence, mA : mB :: nG : nD\ 

which was to be proved. 



n 
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PBOPOSmOK IX THEOBXM. 

If iwo quantities he increctsed or diminished by Hke jxxris 
of eachy the results wiU be proportional to the quantiti^es 
t/iemselves. 



We have, Prop. VII., 

A : £ : : mA : mB. 

If we make m = 1 ± ^ , in whidi ^ is «tj fraction, 
we shall have, 

A : B :: A±^A : B±'^B\ 

which UHU to be proved. 



PROPOSITION" X. THEOREM. 

jy both terms of the fWst couplet of a proportion be in- 
oreased or diminished by like parts of each ; and if both 
terms of the second couplet be increased or diminished by 
any other like parts of eac\ the results %oill be. in pro- 
portion. 

Since we have, Prop. VJUL, 

mA : mB : : nO i nJD; 

P p' 

if we make m = 1 ± — , and, n = 1 ± "^ , we shall 

have, 

A±^A : B±^B :: C ±^,G : l>±^,l)i 

q q q' q' ^ 

which was to be proved. 
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FBOPOSIXION XI. THBOBEM. 

If» ofty continued proportion^ the turn of the antecedente is 
to the 8um of the consequente, as any antecedent to its 
corresponding consequent. 

From the definition of a continued proportion (D. 8), 

ji I B XI C X D i: E I F I I Q I H^ &Q^ 
hence. 



B B 
A -A* 


whence, 


BAz=ABi 


B D 

A ~ 0* 


whence, 


BC = AJ>', 


B F 

A~ E* 


whence, 


BE=AFi 


B H 
A~ G* 


whence, 


BQ- An-, 



Adding and fiictoringy we have, 

JB{u±+C'\'E'\'0 + Ac.) = A{B +D + F+ H + Ac.) : 

kenoe, from Proposition VL^ 

u4 + C+^+fl^ + Ac. : JB + 2> + J^'^. JBr+ Ac *x A x B\ 

which to<M to be proved 
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PBOPOsinoN xn. thxobjql 

If two proportions be muUiplied together, term by temij the 

the products will be proportional. 

Assume the two proportionfli 

-S J) 

A I jB I : O : D; whence, 3 = "^ » 

and, JS : I" : I G : JS^; whence, -^ ^ q' 
Multiplying the equations, member by member, we have, 

^ ^ ^ . whence, AE . BF . x CQ x DJTi 
which was to be proved. 

Cor. 1. If the corresponding terms of two proportions 
are equal, each term of the resulting proportion will be the 
square of the corresponding term in either of the given pro- 
portions : hence, If fovr quantities are proportional^ their 
squares will be proportional 

Cor. 2. If the principle of the proposition be emended 
to three or more proportions, and the corresponding terms 
of each be supposed equal, it will foUow that, like powers 
of proportiofial quantities are proportionals. 
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THK OIBCI^ AND THB MEASUBBMBKT OF ANGLES 

DEFINITIONS. 

1. A CiBGLs is a plane figure, 
bounded by a curved line, every point 
of which is equally distant from a point 
within, called the centre. 

The bounding line is called the c^r- 
cum/erence, 

2. A Radius is a straight line drawn fi*om the centre 
to any point of the circumference. 

3. A DiAMETEB is a straight line drawn through the 
centre and terminating in the circumference. 

All radii of the same circle are equaL All diameters 
are also equal, and each is double the radius. 

4. An Akc is any part of a circumference. 

5. A Chobd is a straight line joining the extremities of 
an arc. 

Any chord- belongs to two arcs : the smaller one is meant, 
unless the contrary is expressed. 

6. A Segment is a part of a circle included between an 
arc and its chord. 

7. A Sectob is a part of a circle included within an 
an arc and the radii drawn to its extremities. 
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8. An Inscribed Angle is an angle 
whose vertex is in the circumference, and 
whose sides are chords. 






9. An Inscribed Polygon is a poly- 
gon whose vertices are all in the circum- 
ference. The sides are chords. 

10. A Secant is a straight line which 
cuts the circumference in two points. 

11. A Tangent is a straight line which 
touches the circumference in one point only. 
This point is called, the point of contact, , 
or, the point of tangency.^ 

12. Two circles are tangent to 
each other^ when they touch each 
other in one point. This point is 
called, the point of contact^ or the 
point of tangency. 

13. A Polygon is circumscribed about 
a circle^ when all of its aides are tangent 
to the circumference. 

14. A Circle is inscribed in a polygon^ 
when its circumference touches all of the 
sides of the polygon. 

POSTULATE. 

A circumference can be described from any point as a 
^^enire and with any radius. 
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PEOPOSmON I. THEOEEM. 

Any diameter divides the circle^ and also its circmnferencey 

into two equal parts, 

T^et AEBF be a circle, and AB 
any diameter : then will it divide the 
circle and its circumference into two 
equal parts. 

For, let AFB be applied to AEB^ 
the diameter AB remaining common ; 
then will they coincide; otherwise there would be some points 
in either one or the other of the curves unequally distant 
from the centre ; which is impossible (D. 1) : hence, AB 
divides the circle, and also its circumference, into two equal 
parts ; which teas to be proved. 




PROPOSITION n. THEOREM. 
A diameter is greater than any other chord. 

Let AD be a chord, and AB a diameter through one 
extremity, as -4 : then will AB be greater than AD. 

Draw the radius CD, In the tri- 
imgle ACD^ we have AD less than 
'the sum of ^C and CD (B. L, P. 
VIL). But this sum is equal to 
-4JB (D. 8) : hence, AB is greater 
than AD ; aohieh was to be proved. 
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PROPOSITION UI. THEOREM. 

A straight line cannot meet a^ drcuwference in more than 

two points. 

Let AEBF be a circumference, and 

AB a straight line : then AB cannot 

meet the circumference in more than two 
points. 

For, suppose that they could meet in 
three points. We should then have three 
equal straight lines drawn from the same point to the same 
straight line ; which is impossible (B. I., P. XV., C. 2) : 
hence, AB cannot meet the circumference in mora than 
two points ; which was to be proved. 




PROPOSITION IV. THEOREM. 

In equal circles^ equal arcs are subtended by equcU chords ; 
and converself/^ equal chords subtend equal arcs, 

1®. In the equal cir- 
cles ABB and i:OIf\ 
let the arcs AMB and 
ENO be equal : then 
will the chords AB and 
EQ be equal. 

Draw the diameters AB and EF, If the semi-circle 
ABB be applied to the semi-circle EQF^ it will coincide 
with it, and the semi-circumference ABB will coincide with 
the semi-circumference EOF, But the part AMB is equal 
to the part ENQ^ by hypothesis: hence, the ppint B will 
ftdl on Q ; therefore, the chord AB will coincide with 
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XO (A. ll)y and is, therefore, equal to it; tohich waa to 
be priced. 

2®. Let the chords AD and EO be equal : then wOl 
the arcs AMD and ENO be equaL 

Draw the radii CD and OG. The triangles A CD 
aiid EOQ have all the sides of the one equal to the cor- 
responding sides of the other ; they are, therefore, equal in 
all their parts : hence, the angle A CD is equal to EOQ. 
If, now, the sector A CD be placed upon the sector EOO^ 
so that the angle A CD shall coincide with the angle EOO^ 
the sectors wHl coincide throughout ; and, consequently, the 
arcs AMD and EN'O will coincide : hence, they will be 
equal ; tohich w(is to be proved. 



PROPOSITION V. THEOREM. 

Tn equal circles^ a greater arc is subtended by a greater 
' chord / and conversely^ a greater chord subtends a greater 
arc. 

1®. In the equal circles 
ADZi and EGK^ let the 
arc EOF be greater than 
the arc AMD : then will 
the chord EP be greater 
than the chord AD. 

For, place the circle EOK upon AHL^ so that the cen- 
tre O shall fall upon the centre (7, and the point E upon 
A. ; then, because the arc EQP is greater than AMD^ the 
point P will &11 at some point H^ beyond J9, and the 
chord EP will take the position AH. 

Draw the radii (7-4, CZ>, and CH. Now, the sides 
AC^ CH^ of the triangle ACH^ are equal to the sides 
AC^ CD^ of the triangle ACD^ and the angle ACE is 
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greater than A CD: hence, the side AH^ or its, equal MJP^ 
is greater than the side AD (B. L, P. IX.) ; which w«« to 
be proved. 

2"*. Let the chord EP^ 
or its equal AH^ be great- 
er than AD : then will the 
arc EOP^ or its equal 
ADHy be greater than 
AMD. 

For, if ADH were equal to AMD^ the chord -4.JT 
would be equal to the chord AD (P. IV.) ; which is con- 
trary to the hypothesis. And, if the arc ADH. were less 
than AMD^ the chord AH would be less than A,I> ; 
which is also contrary to the hypothesis. Then, since the 
arc ADH^ subtended by the greater chord, can neither be 
equal to, nor less than AMD^ it must be greater than 
AMD ; which was to be proved. 




PROPOSITION VI. THEOREM. 



The radius which is perpendicular to a chords bisects that 
chords and also the arc subtended by it. 

Let CG be the radius which is 
perpendicular to the chord AD : 
then will this radius bisect the chord 
AD^ and also the arc AOB. 

For, draw the radii CA and CB. 
Then, the right-angled triangles CDA 
and CDB wiU have the hypothenuse 
CA equal to (7-B, and the side CD 
common ; the triangles are, therefore, equal in all their 
parts : hence, AD is equal to DB. Again, because CO 
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is perpendicular to AB^ at its middle point, the chords 
GA and OB are equal (B. I., P. XVI.) ; and consequently^ 
the aros GA and GB are also equal (P. IV.) : hence, CO 
bisects the chord A B^ and also the arc A OB ; tohich was 
to be proved. 

Ccr. A straight line, perpendicular to a chord, at its mid 
die point, passes through the centre of the circle. 

Scholium. The centre (7, the middle point B of the 
chord AB^ and the middle point O of the subtended arc, 
are points of the radius perpendicular to the chord. But 
two points determine the position of a straight line (A. 11): 
hence, any straight line which passes through two of these 
points, will pass through the third, and be perpendicular ta 
the chord. 

PROPOSITION VII. THEOREM. 



Through any three points^ not in the same straight line^ one 
circumference may he made to pass^ and but one. 

Let A^ B^ and (7, be any three points, not in a 
straight line : then may one circumferende be made to pass: 
through them, and but one. 

Join the points by the lines 
AB^ BC^ and bisect these lines 
by perpendiculars DE and FG : 
then will these perpendiculars 
meet in some point 0. For, 
if they do not meet, they are 
parallel ; and if they are parallel, 

the line ABK^ which is perpendicular to DE^ is also per- 
pendicular to KG (B. L, P. XX., C. 1) ; consequently, there 
are two lines BK and BF^ drawn through the sam'^ 
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point J?, and perpendicular to the same line JK^G ; which 
is impossible : hence, DJS and J'G meet in some point O. 

"NoWj O is on a perpendicu- 
Irir to AB at its middle point, 
it is, therefore, equally distant 
from ^ and ^ (B. I., P. XVI.). 
For a like reason, O is eaoallj 
.distant from JS and C, If, 
tlierefore, a drcumference be de- 
scribed from O as a centre, -with a radios equal to OA^ 
it will pass through Aj ^, and C. 

Again, O is the only point which is equally distant from 
A J J5, and C : for, jyjS contains all of the points which 
are equally distant from A and ^; and JF'G all of the 
points which are equally distant from £ and C ; and con- 
sequently, their point of intersection 0, is the only point 
that is equally distant from A^ By and C : hence, one 
circumference may be made to pass through these points, and 
but one ; which toas to be jrroved. 

Cor, Two circumferences cannot uitersect in more than 

two points ; for, if they could intersect in three points, there 

would be two circumferences passing through the same three 
points ; which is impossible. 



TROPOsmoN vni. theorem. 

In equal circle»y equal chords are equaUy distant from the 
centres ; and of two unequal chords^ th^ less is at t/t4 
greater distance from t/ie centre. 

1**. In the equal circles AC If and ITLOy let the 
chords A C and Kit be equal : then will they be equally 
difeaant from the centres. 
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Por, let the circle KLO be placed upon ACH^ so that 
the centre R shall fall upon the centre 0, and the point 
£ upon the point A : 
then will the chord KZ, B 

coincide with AC (P. M, 
IV.) ; and consequently, 
they will be equally dis- 
,tant from the centre ; 
which wds to he proved, 

2?. Let AB be less than KL : then will it be at a 
greater distance from the centre. 

For, place the circle KLO upon ACH^ so that i? 
shall fall upon O^ and K upon A, Then, because the 
chord KL is greater than AB^ the arc KSL is greater 
than AMB ; and consequently, the point L will fall at a 
point (7, beyond B^ and the chord KL wiU take the 
Jlirection A C, 

Draw OD and OJSJ respectively perpendicular to AC 
and AB ; then will OJS be greater than OF (A. 8), and 
OJF^ than OD (B. I., P. XV.) : hence, OE is greater than 
OI>. But, OK and OD are the distances of the two 
chords from the centre (B. I., P. XV., C. 1) : hence, the less 
chord is at the greater distance from the centre ; which tcoa 
to be proved. 

Scholium, All the propositions relating to chords and arcs 
of equal circles, are also true for chords and arcs of one and 
the same circle. For, any circle may be regarded as made 
up of two equal circles, so placed, that they ooiadde in all 
their parts* 
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PROPOSITION IX THEOREM. 

If a straight line is perpendicular to a radius at its outer 
extremity, it will he tangent to the circle at that point; 
conversely, if a straight line is tangent to a circle at any 
point, it will be perpendicular to the radius drawn to 
that point. 

1^. Let JBD be perpendicular to the radios CA^ at 
A : then \vill it be tangent to the circle at A, 

For, take any other point of 
i?2>, as JE^ and draw CJS^ : 
then will CJE be greater than 
CA (B. L, P. XV.) ; and con- 
sequently, the point ^ will lie 
without the circle : hence, BD 
touches the cii'cumference at the 

point A ; it is, therefore, tangent to it at that point (D. 11); 
which was to be proved, 

2°, Let J52> be tangent to the circle at A : then will 
it be perpendicular to CA, 

For, let JS be any point of the tangent, except the 
point of contact, and draw CM Then, because BD is a 
tangent, j^ lies without the circle ; and consequently, CJE^ 
is greater thail CA : hence, CA is shorter than any other 
line that can be drawn from C to BD ; it is, therefore, 
perpendicular to JSB (B. L, P. XV., C. 1) ; which was to 
he. proved. / 

Cor. At a given point of a circumference, only one tan- 
gent can be drawn. For, if two tangents could be drawn, 
they would both be perpendicular to the same radius at the 
same point; which is impossible (B. I,, P. XIV.). 
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PROPOSITION X. THEOPwEM. 



I\oo parallels intercut equal arcs of a circumference. 



There may be three cases: both parallels may be secants; 
one may be a secant and the other a tangent ; or, both 
may be tangents. 

1^. Let the secants AB and DE be parallel : then 
will the intercepted arcs MN and PQ be equaL 

For, draw the radius Cff 
perpendicular to the chord 
MP ; it will also be per- 
pendicular to NQ (B. I., P. 
XX., C. 1), and jS^ wiU be at 
the middle point of the arc 
MHP^ and also of the arc 
NHQ : hence, MN^ which is 
the difTerence of HN and HM^ 

b equal to PQ, which is the difference of HQ and HP 
(A. 3) ; \johi6h vsa^s to he proved. 




2^. Let the secant AB and tangent DE^ be parallel 
then will the intercepted arcs MIT and PS be equal 

For, draw the radius CS 
to the point of contact jET; 
it will be perpendicular to DE 
(P. IX.), and also to its par- 
allel MP. But, because CS 
is perpendicular to MP^ H 
13 the middle point of the arc 
MSP (P. VL) : hence, MS 
and PS are equal ; which 
WIS to he proved. 
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3**. Let the tangents DE and IL be parallel, and let 
11 and K be their points of contact : then will the in- 
tercepted arcs HMK and HPK be equal. 

For, draw the secant AB 
paraUel to DE ; then, from 
what has just been shown, we 
shall have HM equal to HP^ 
and MK equal to PK\ hence, 
HMK^ which is the sum of 
JIM and MK^ is equal to 
HPKy which is the sum of 
nP and PK\ which w€U to 
be proved. 




PROPOSITION XL THEOREM. 

I 

J[f two circumferences intersect ecteh other^ the points of *»• 

ter section will he in a perpendicular to the straight lint 
joining their centres, and at equal distances from it. 



Let the circumferences, whose centres are C and Dj 
intersect at the points A and 
JB : then will CD be perpen- 
dicular to AP^ and AE will 
be equal to DE. 

For, the points A and P^ 
being on the circumference 
whose centre is C, are equally 
distant from (7« ; and being on 

the circumference whose centre is J9, they are equally difr 
tant from D : hence, CD is perpendicular to AP at its 
middle point (B. L, P. XYI., C.) ; which was to be proved. 
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PEOPOsmoN xn. theorem. 

If two circumferences intersect each other^ the distance be^ 
tween their centres will be less than the sum^ and greater 
than tJie difference^ of their radii. 



Let the circumferences, whose centres are G and 
intersect at A : then will CD 
be less than the sum, and 
greater than the difference of 
the radii of the two circles. 

For, draw AC and AD^ 
forming the triangle A CD. 
Then will CD he less than 
the siun of AC and AD^ 

and greater than their difference (B. I., P. VU.) ; which 
to be proved. 



A 




PROPOSITION XIII. THEOREM. 

Jff' ^ distance between the centres of two circles is equal 
to the sum of their radii, thsy will be tangent externally. 

Let C and D be the centres of two circles, and let 
the distance between the centres be equal to the sum of the 
radii: then will the circles be tangent externally. 

For, they will have a point 
A^ on the line CD, common, 
and they will have no other 
point in common ; for, if they 
had two points in common, the 
distance between their centres 
would be less than the sum of 
their radii ; which is contrary to the hypothesis : hence, they 
are tangent externally ; which was to be proved. 
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PROPOSITION XIV. THEOREM. 

Xf the distance between the centres of two circles is equal to 
the difference of their radii^ one wiU be tangent to the 
other internally, 

JsOt C and D be the centres of two circles, and lei 
the distance between these centres be equal to the difference 
of the radii : then will the one be tangent to the other in- 
ternally. 

For, they will have a point -4, on 
2>(7, common, and they will have no 
other point in common. For, if they 
had two points in common, the distance 
between their centres would be greater 
than the difference of their radii ; 
which is contrary to the hypothesis : 

hence, one touches the other internally ; which was to be 
proved. 

Cor. 1, If two circles are tangent, either externally or 
mtei-nally, the point of contact will be on the straight line 
drawn through their centres. 

Cor. 2. All circles whose centres are on the same straight 
line, and which pass through a common point of that line, 
are tangent to each other at that point. And if a straight 
fine be dra^vn tangent to one of the circles at their common 
point, it vnH be tangent to them all at that point. 

Scholium. From the preceding propositions, we infer that 
two circles may have any one of six positions with respect 
to each other, depending upon the distance between their 

centres : 

!•. When the distance between their centres is greater 
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than the sum of their radii, they are external^ one to the 
other: 

2^. When this distance is equal to the sum of the radii, 
they are tangent^ externally: 

3^. When this distance is less than the sum, and greater 
than the difference of the radii, they intersect each other : 

4°. When this distance is equal to the difference of theii 
radii, one is tangent to the other^ internally: 

5°. When this distance is less than the difference of the 
radii, one is whoUy within the other: 

6°. When this distance is equal to zero, tJiey have a 
common centre; or, they are concentric. 



PROPOSITION XV. THEOEEM. 

Jh eqiud circles^ radii making equal angles at the centre^ 
intercept equal arcs of the circumference / conoersdy^ 
radii which intercept equal arcSj make equal angles at the 
centre, 

1®. In the equal circles ADI^ and JSGJF\ let the ap- 
gles A CD and JEOG be equal: then will the arcs AMD 
and MNG be equal. 

For, draw the chords AD 
and JE(t ; then will the tri- 
angles A CD and EOQ have 
wo sides and their included 
angle, in the one, equal to 
two sides and their included 
angle, in the other, each to each. They are, therefore, equal 
in all their parts ; consequently, AD is equal to JEG. 
But, if the chords AD and EO are equal, the arcs AMD 
and ENO are also equal (P. IV.) ; which was to he proved. 
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2*». Let the arcs AMD and JENO be equal : then will 
the angles A CD and EOQ be equal. 

For, if the ares AMD 
and ENQ are equal, the 
ohords AD and EQ are 
equal (P. IV.) ; consequently, 
the triangles A CD and EOQ 
have their sides equal, each 
to each ; they are, therefore, 

equal in all their parts : hence, the angle A CD is equal 
to the angle EOQ ; vihich was to be proved. 




PROPOSITION XVI. THEOREM. 

In equcU circles^ commensurable angles at the centre are prth 

portioncU to their intercepted arcs. 

In the equal circles, whose centres are C and 0, let 

the angles A CD and DOE be commensurable; that is, 

be exactly measured by a common unit: then will they be 
proportional to the intercepted arcs AB and DE. 




Let the angle J(f be a common unit ; and suppose, for 
example, that this unit is contained 7 times in the angle 
ACDy and 4 times in the angle DOE, Then, suppose 
A CD be divided into 7 angles, by the radii Cm, Cn^ Op^ 
&c. ; and D OE into 4 angles, by the radii ftu, Oy, and 
Oss, each equal to the unit M, 
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From the last proposition, the ar<^3 Arn^ mn^ <fec., i>x, 
aey, <&c., are equal to each other ; and because there are 1 
of these arcs in AJS^ and 4 in 2>-^ we shall have, 

arc AJS : arc DJEJ : : 7:4, 

Bat, by hypothecs, we have, 

angle ACB : angle DOJS :: 7:4; 

hence, from (B. 11., P. rV.)> w® have, 

angle ACB : angle DOE : : arc AB : arc BE. 

If any other numbers than 7 and 4 had been used, the 
same proportion would have been found ; vohich Moa% to be 
proved. 

Cor, If the intercepted arcs are commensurable, they will 
be proportional to the corresponding angles at the centre, 
as may be shown by changing the order of the couplets in 
the above proportion. 



PBOPOSITION XVn. THEOREM. 

Jn equal circles, incommensuraUe angles at the centre are 

proportional to their intercepted arcs. 

In the equal circles, whose 
centres are G and 0, let 
ACJB and FOH be incom- 
mefisurable : then will they 
be proportional to the arcs 
AB and FIT, 

For, let the less angle FOH^ be placed upon the greater 
angle ACB, so that it shall take the position ACP 
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Then, it the proposition is not 
,true, let us suppose that the 
angle ACB is to the angle 
FOH, or its equal ACD^ 
as the arc AB is to an arc 
AOy greater than FHy or 
its equal AD ; whence, 




angle A CB 



angle A CD 






arc AB 



arc AO, 



Conceive the arc AB to be divided into equal parts, 
each less than DO : there will be at least one point of 
division between D and O ; let jT be that point ; and 
draw CI, Then the arcs AB^ AI^ will be commensura- 
ble, and we shall have (P. XVI.), 



angle ACB : angl^ A CI 



• ■ 



arc AB 



arc 



Comparing the two proportions, we see that the antecedents 
are the same in both : hence, the consequents are propor- 
tional (B. n., P. IV., C.) ; hence. 



angle A CD : angle A CI 






arc AO 



arc AJ. 



But, AO is greater than AI : hence, if this proportion is 
true, the angle A CD must be greater than the angle A CI, 
On the contrary, it is less: hence, the fourth term of the 
assumed ^ proportion cannot be greater than AD, 

In a similar manner, it may be shown that the fourth 
term cannot be less than AD : hence, it must be equal to 
AD ; therefore, we have, 

angle ACB : angle A CD : : arc AB • arc AI> 

which toas to be proved. 

Car, 1. The intercepted arcs are propcrtional to the cor- 
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I 

responding angles at the centre, as may be shown by chaug* 
mg the order of the couplets in the preceding proportion. 

Cor. 2. In equal circles, angles at the centre are pro- 
portional to their intercepted arcs ; and the reverse, whether 
they are commensurable or incommensurable. 

Cor 3. In equal circles, sectors are proportional to their 
angles, and also to their arcs. 

Scholium, Smce the intercepted arcs are proportional to 
the con*esponding angles at the centre, the arcs may be 
taken as the measures of the angles. That is, if a circum- 
ference be described from the vertex of any angle, as a cen- 
tre, and with a fixed radius, the arc intercepted between the 
sides of the angle may be taken as the measure of the 
angle. In Geometry, the right angle which is measured by 
a quarter of a circumference, or a quadrant^ is taken as a 
unit. I^ therefore, any angle be measured by one-half or 
two-thirds of a quadrant, it will be equal to one-half or 
two-thirds of a right angle. 



PROPOSITION XVni. THEOREM. 

An inscribed angle is measured by half of the arc included 

between its sides. 

There may be three cases : the centre of the circle may 
lie on one of the sides of the angle ; it 
may lie within the angle ; or, it may 
lie without the angle. 

1®. Let KAD be an inscribed an- 
gle, one of whose sides AJS passes 
through the centre : then will it be 
measured by half of the arc DM 
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1 

For, draw the radius CD. The external angle DCE^ 
of the triangle DCA^ is equal to the sum of the opposite 
interior angles CAD and CDA (B. L, P. XXV., C. 6). 
But, the triangle DC A being isosceles, 
the angles D and A are equal ; 
llierefore, the angle DCE is double 
the angle DAE, Because D CE is . 
at the centre, it is measured by the 
arc DE (P. XVII., S.) : hence, the, 
angle DAE is measured by half of 
the arc DE ; which was to he proved. 




2^, Let DAB be an inscribed angle, and let the centre 
lie within it : then will the angle be measured by half of 
the arc BED. 

For, draw the diameter AE. Then, from what has just 
been proved, the angle DAE is measured by half of DE^ 
and the angle EAB by half of EB : hence, BADy which 
is the sum of EAB and DAE^ is measured by half of 
the sum of DE and EB^ or by half of BED ; vshxch 
teas to be proved. 

3^. Let BAD be an inscribed angle, and let the centre 
lie without it : then will it be measured by half of the arc 
arc BD. 

For, draw the diameter AE. Then, 
from what precedes, the .angle DAE 
is measured by half of DE^ and the 
angle BAE by half of BE : hence, 
BAB^ which is the difference of BAE 
and DAE^ is measured by half of the 
difference of BE and DE^ or by 
half of the arc BD ; which was to be proved. 
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Cor. 1. All the angles BACy 
BDCy BECy inscribed in the same 
segment, are equal ; because tbey are 
each measured by half of the ' same 
arc BOC. 




Cor. 2. Any angle BAD^ in- 
scribed in a semi-circle, is a right an- 
gle ; because it is measured by half 
the semi-circumference BOD^ or by 
a quadrant (P. XVll., S.). 




Cor. 3. Any angle BACy in- 
scribed in a segment greater than a 
semi-circle, is acute ; for it is mea- 
sured by half the arc BOC^ less 
than a semi-circumference. 

Any angle BOC^ inscribed in a 
segment less than a semi-circle, is 
obtuse ; for it is measured by half the arc BA C, 
than a semi-circumference. * 




greater 



Cor. 4. The opposite angles A 
and Cy of an inscribed quadrilateral 
ABCDy are together equal to two 
right angles ; for the angle DAB 
is measured by half the arc .DCB^ 
the angle DCB by half the arc 

DAB : hence, the two angles, taken together, are mei^ 
smred by half the drcumference : hence, their sum is equal 
to two right angles. 
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PKOPOSmoy XIX. THEORESf. 

Any angle formed by two chords^ which intersect^ is meor- 
sured by half the sum of the included arcs. 



ft 
oi 



U 



Ijet DEB be an angle formed by the intersection 
the chords AB and CD : then will it be measured 
half the sum of the arcs AC and DB, 

For, draw AF parallel to DC: 
then, the arc DF will be equal to 
AC (P. X.), and the angle FAB 
equal to the angle DEB (B. L, P. 
XX., C. 3). But the angle FAB is 
measured by half the arc FDB (P. 
XVJULL) ; therefore, DEB is measured 
by half of FDB \ that is, by half the sum of FD and 
DB^ or by half the sum of AC and DB ; which toas to 
be proved. 




PROPOSITION XX 



THEOREil. 



The angle formed by two secants^ intersecting tcUhout the circtim- 
ference, is measured by Imlf Hie difference of tJie included arcs. 

Let ABj AC^ be two secants : then will the angle 
BAC be measured by half the differ- 
ence of the arcs BC and DF. 

Draw DE parallel to AC : the 
arc EC will be equal to DF (P. X.), 
and the angle BDE equal to the an- 
gle BA C (B. L, P. XX., C. 3.). But 
BDE is measured by half the arc 
BE (P. XVm.) : hence, BAC is 
also measured by half the arc BE ; 
that is, by half the difference of BC 
and EC, or by half the difference of BC and DF; which 
toas to be proved. 
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PKOPOSITXON XXI. THEOEEM. 



An angle formed by a tangent and a chord meeting it at 
t/ie point of contact^ is mea,sured by hxdf the included 
arc. 

Let JSJS be tangent to the circle AMC^ and let AC 
be a chord drawn from the point of contact A : then 
wrill the angle BAG be measured 
by half of the arc AMC. 

For, draw the diameter AD. 
The angle BAD is a right angle 
(P. IX.), and is measured by half 
the semi-circumference AMD (P. 
XVn^ . S.) ; the angle DA C is 
measured by half of the arc DC 
(P. XVm.) : hence, the angle BA (7, 

which is equal to the sum of the angles BAD and DAC^ 
is measured by half the sum of the arcs AMD and 2>(7,, 
or by half of the arc AMC ; which was to be proved. 

The angle CAE, which is the difference of DAE and DAG 
is measured by half the difference of the arcs DCA and DC\ 
or by half the arc GA, 




PRACTICAL APPLICATIONS. 



PROBLEM 



To bisect a given straight line. 

Let AJS be a given straight line. 

From A and 7?, as centres, with 
.4 radius greater than one half of AB^ 
describe arcs intersecting at JS* and 
F: join £J and If\ by the straight 
ane BJF: Then wiU £:F bisect the 
given line AD. For, S and JF 
are each equally distant from A and 
7? ; and consequently, the line JEJF 
bisects AB (B. I., P. XVI., C). 



A 



)^ 



c~ 



^p 



PROBT^M n. 



To erect a perpendicular to a given straight lincy at a ffiven 

point of that line. 



Let EF be a given line, and let ^ be a given point 
that line. . 

From -4, lay off the equal /pP 

distances AB and A C\ from 
B and C, as centres, with a 



o 



radius greater than one half E B A io jT^ 
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of BCj describe aics intersecting at D; draw tie line AJ): 
then will AD be the perpendicular required. For, D and A 
are each equally distant from J3 and C; consequently, DA is 
perpendicular to JBC 2X the given point A (B, I., P. XVL, C). 



PROBLEM m. 

To draw a perpendicular to a given straight line^ from a 

given point withoiU that line. 

Let JSD be the given line, and A the given point. 

From ^, as a centre, with a ra- 
dios sufficiently great, dei^cribe an arc 
catting J?2> in two points, -S and 
D ; with D and D as centres, and \ jQ / 

a radius greater than one-half of DDy ' — " 

describe arcs intersecting at JE] draw 
AE : then \dll A£! be the perpendi- 
cular required. For, A and J5^ are each equally distant 
from D and D : hence, AH! is perpendicular to JBD 
(B. L, P. XVL, C). 

FBOBLEM IV. 

At a point on a given straight line, to (instruct an angh 

equal to a given angle* 

Let A be the given pointy AB the given line, and 
IKL the given angle. 

From the vertex JT as a 
centre, with any radius -K7, 
describe the arc ZE, terminat- 
ing in the sides of the angle. 
From ^ as a centre^ with a radios AJ^ equal to T 
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describe the indefinite arc BO ; then, with a radius equal 
to the chord XJ, from J3 as a centre, describe an arc 
cutting the arc BO in 2> ; 
draw AD : then will BAD 
be equal to the angle K, 

For, the arcs BDy IL^ 
have equal radii and equal 

chords : hence, they are equal (P. FV.) ; therefore, the angles 
BAD^ IKL^ measured by thera, are also equal (P. XV.). 





PROBLEM V. 

To Msect a given arc^ or a given angfe. 

1°. Let AEB be a given arc, and C its centre. 

Draw the chord AB ; through C, 
draw CD perpendicular to AB (Prob. 
in.) : then will CD bisect the arc 
AEB (P. VL). 

2*^. Let A CB be a given angle. 

With (7 as a centre, and any 
radius CB^ describe the arc BA ; 
bisect it by the line CZ), as just 
explained : then will CD bisect the angle ACB, 

For, the arcs AE and EB are equal, from what waa 
just shown ; consequently, the angles ACE and ECB ai-e 
also equal (P. XV.). 

Scholium, If each half of an arc or angle be bisected, 
fehe original arc or angle will be divided into four equal 
parts ; and if each of these be bisected, the original arc or 
angle will be divided into eight equal pai*ts ; and so on. 
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PROBLEM VI. 

Tlirough a given point, to draw a straight line parallel tc 

a given straight line. 

Let A he SL given point, and JSC a given line. 

From the point ^ as a centre, 
with a radius AJEJ^ greater than the 
shortest distance from A to J^G^ 

describe an indefinite arc jEIO ; from ^ 

^ as a centre, with the same r^ "^ -^A 

dius, describe the arc AJF ; lay off 

EB equal to AJF\ and draw AD : then will AD be the 
parallel required. 

For, drawing A^^ the angles AJEJJF] EAD^ are equal 
(P. XV.) ; therefore, the lines AD, EF are parallel (B. L, 
P. XIX., C. 1.). 

PROBLEM Vn. 

Griwfi, twQ angles of a triangle, to construct the third 

angle. 

Let A and D be given angles of a triangle. 

Draw a line DJF[ and at some 
point of it, as E, construct the an- 
gle FEJI equal to A, and ITEG 
equal to D. Then, will CED be jj- 
equal to the required angle. 

For, the sum of the three angles at J^ is equal to two 
light angles (B. I., P. I., C. 3), as is also the sum of the 
three angles of a triangle (B. I., P. XXV.). Consequently, 
the third ang^e CED must be equal to the third angle of 
the triangle. 
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PBOBLEM Vm. 

Oivcfi^ two Hdes and the included angle of a tnangle^ to 

construct the triangle. 

Let JB and C denote the given sides, and A the givou 
angle. 

Draw the indefinite line DJFl 
and at D constmct an angle 
FDE^ equal to the angle A ; on 
DF^ lay off DII equal to the 
side C, and on DE^ lay off 
DO equal to the side B ; draw 
OH : then will DGH be the required triangle (B. L, P. V.). 




PROBLEM IX. 

GHveUy one side and two angles of a triangle^ to ecnstrud 

the triangle. 

The two angles may be either both adjacent to the given 
side, or one may be adjacent and the other opposite to it. 
In the latter case, construct the third angle by Problem YIL 
We shall then have two angles and their included side. 

Draw a straight line, and on it 
Lay off DJS equal to the given 
side ; at D construct an angle 
equal to one of the adjacent an- 
gles, and at H! construct an angle 
equal to the other adjacent angle ; 

produce the sides DF and EG till they intersect at Hi 
then will BEH be the triangle required (B. I, P. VX). 
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PROBLEM X 




Owen^ the three aides of a triangle^ to construct tfie tri- 
angle. 

Let A^ £j and (7, be the given sides. 

Draw DEj and make it equal 
to the side A ; from 2> as a 
centre, with a radios equal to the 
side B^ describe an arc ; from E 
as a centre, with a radius equal 
to the side (7, describe an arc 

intersecting the fonner at. -P ; draw DE and JEiP^ : then 
wiU DEI" be the triangle required (B. I., P. X.). 

Scholium, In order that the construction may be possible, 
any one of the given sides must lie less than the sum of the 
other two, and greater than their difference (B. L, P. .VH., S.). 



B- 
O 



PROBLEM XI. 

Given^ two sides of a triangle^ and the angle opposite one 
of thern^ to construct the triangle. 

Let A and i? be the given sides, and C the given 
angle. 

Draw an indefinite line DG^ A»— — i 

and at some point of it, as j9, gj- 

construct an angle ODE equal 

to the given angle ; on one side 

of this angle lay off the distance 

J>E equal to the side B adjacent 

to the given angle ; from E as 

a centre, with a radius equal to the ride opposite the given 

angle, describe an aic cutting the side DG at G \ draw 

^(?. Tlien will DEG be the required triangle. 
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For, the ddes DE and EO are equal to the given 
sides, and the angle D^ opposite one of them, is equal to 
the given angle. 

Scholium, When the side opposite the given angle is 
greater than the other given side, there will be but one 
sodatiou. When the given angle is acute, and the side 
opposite the given angle is less 
than the other given side, and Ai— — — 
greater than the shortest dis- "* '"^ 

tance from ^ to 2>ff, there ^*<>^^^^v 

will be two solutions, DEO j>. ^^-^^^^^^L^ x. 

and DEF. When the side ^X ./^ 

opposite the given angle is 

equal to the shortest distance from E to 2)(r, the arc 

will be tangent to 2)©, the angle opposite DE will be 

» 

a right angle, and there will be but one solution. When 
the side opposite the given angle is shorter than the distance 
from J^ to Z>&, there will be no solution. 



PROBLEM Xn. 

Giveriy two adjacent sides of a paraUelogram and their 
iiiduded angle^ to construct the parallelogram. 

Let A and £ be the given sides, and C the given 
angle. 

Draw the line DH^ and Jp ^_q 

at some point as 2>, construct / /• 

the angle HBF equal to the ' ' 

angle C. J^ay off DE equal 
to the side -4, and- DF equal 
to the side B ; draw FQ 
parallel to DE^ and EQ par- 
allel to DF * then will DFOE be the parallelogram re- 
ouired. 




Ai- 
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For, the opposite sides are parallel by construction ; and 
consequently, the figure is a parallelogram (D. 28) ; it is 
also formed with the given sides and given angle. 



PROBLEM Xin. 

To find the centre of a given circumference. 

Take any three points A^ 
J?, and C, on the circumference 
or arc, and join them by the 
chords AJBj B0\ bisect these 
chords by the perpendiculars DS 
and FG : then wiD tbw point 
of intersection 0, be the centre 
required (P. VII.). 

Scholium, The same construo- 
tion enables us to pass a circumference through any three 
points not in a straight line. If the points are vertices of 
a triangle, the circle will be circumscribed about it. 




PROBLEM XrV. 

Through a given pointy to draw a tangent to a given circle. 

There may be two cases : the given point may lie on 
the circumference of the given circle, or it may lie without 
the given circle. 

1°. Let C be the centre of the 
given circle, and A a point on the 
circumference, through which the tan- 
gent is to be drawn. 

Draw the radius CA^ and at A 
draw AD perpendicular to AC i then 
will AD be the tangent required (P. IX.). 
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2®. «Let C be tlie centre of the given drde, and A a 
point \\ithout the circle, through which the tangent is to be 
drawn* 

Draw the line AC \ bisect it at 
Oy and from as a centre, with a 
radius 00^ describe the circumference 
A BCD; join the point A with the 
points of intersection D and JB : 
then will both AD and AD be 
tangent to the given circle, and there 
will be two solutions. 

For, the angles ADC and ADC 
are right angles (P. XVIII., C. 2) : 

hence, each of the lines AD and AD is perpendicular to 
a radius at its extremity ; and consequently, they are tangent 
to the given circle (P, IX.), 

Corollary. The right-angled triangles ADC and AlDC^ 
have a common hypotheouse AC^ and the ride DC equal 
to DC; and consequently, they are equal in all their parts 
(B. L, P. XYn.) : hence, AD is equal to AD^ and 
the angle CAB is equal to the angle CAD, The tan- 
gents are therefore equal, and the line AC bisects the 
angle between them. 



PROBLEM XV. 

To inscribe a circle in a given triangle. 

Let ADC be the given 
triangle. 

Bisect the angles A and 
Dy by the lines AO and 
DOy meeting in the point 
(Prob. V.) ; from the point 
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let M the perpendiculars 02>, OE^ OJF] on the sides of 
the triangle : these perpendiculars will all be equal. 

For, in the triangles JBOD niid JB OJS, the angles OJBE 
and OBD are equal, by construction ; the angles ODB 
and OEJB are equal, because both are right angles ; and 
consequently, the angles BOD and BOE are also equal 
(B. L, P. XXV., C. 2), and the side OB is common ; and 
therefore, the triangles are equal in all their parts (B. L, 
P. YI.) : hence, OD is equal to OE. In like manner, it 
my be shown that OD is equal to OF. 

From as a centre, with a radius 0J9, describe . a 
drcle, and it will be the circle required. For, each side is 
perpendicular to a radius at its extremity, and is therefore 
tangent to the circle. 

CoroUary, The lines that bisect the three angles of a 
triangle all meet in one point. 



PROBLEM XVI. 



(hi a given straight line, to construct a segment that shall 

contain a given angle. 

Let AB be the given line. 





Produce AJS towaids D; at -B construct the angle 
DBE equal to. me given angle draw -BO perpendicular 



I 
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to £^ and at the middle point &, of AB^ draw GO 
perpendicular to A£ ; from their point of intersection O, 
as a centre, with a radius OB^ describe the arc A MB : 
then will the segment AMB be the segment required. 





For, the angle ABF^ equal to EBD^ is measured by 
half of the arc AKB (P. XXL) ; and the inscribed angle 
AMB is measured by half of the same arc : hence, the 
angle AMB is equal to the angle EBDy and conse- 
quently, to the given angle. 






BOOK IV. 

HEASUBBMENT AND BBLATIOIT OF POLYOONS. 

DEFINITIONS. 

1. SooLAB Polygons, are polygons which are mutually 
equiangular, and which have the sides about the equal angles, 
taken in the same order, proportional. 

2. In similar polygons, the parts which are similarly 
placed in each, are called homologous. 

The corresponding angles are homologoits angles^ the 
corresponding sides are homologous sides^, the corresponding 
diagonals are homologous diagonals^ and so on. 

3. Similar Arcs, Sectors, or Segments, in different circles, 
are those which correspond to equal angles at the centre. 

Thus, if the angles A and are A 

equal, the arcs BJF^C and DGE are 
similar, the sectors BAG and DOE 
are similar, and the segments BFC g^ 
and BOB are similar. • F 

4. Tlie Altitudb of a Triangle, is the perpendicular 
distance from the vertex of either an- 

gle to the opposite side, or the opposite 
side produced. 

The vertex of the angle from which 
the distance is measured, is called the 
mux of the triangle^ and the opposite 
side, is called the hose qf the triangle* 
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5. The Alxituds of a Paballbloooam, ia the perpm- 
dicular distance between two opposite 

sides. 

These sides are called bases ; one the 
upper^ and the other, the lower base. 

6. The Altttudb of a Tbapszoid, is the perpendicular 
distance between its parallel sides. 

These sides are called bases / one the 
uppety and the other, the lower base* 

7. The Abea of ▲ Subfagb, is its numerical value 
expressed in terms of some other surfiice taken as a unit. 
The imit adopted is a square described on the linear unit, 
as a ade. 

^PROPOSITION I. THEOREM. 

ParaUdograms which have equal bases and equal altitudes^ 

are equal. 

Let the parallelograms ABCD and EFOH have equal 
bases and equal altitudes : then will the parallelograms be 
equal 

For, let them be so placed 
that their lower bases shall 
coincide ; then, because they 
have the same altitude, their 
upper bases will be in the 
same line J96?, parallel to AB, 

Th6 triangles DAH and CBO^ have the sides AD and 
BC equal, because they are opposite sides of the parallel- 
ogram A G (B. I., P. XXVni.) ; the sides AH and BQ 
equal, because they are opposite sides of the parallelogram 
AO ; the angles DAH and CBQ equal, because their 
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sides are parallel and lie in the same direction (B. L, 
P. XXrV.) : hence, the triangles are equal (B. L, P. V.). 

If from the quadrilateral ABOD^ we take away the tri- 
angle BAH^ there will remain the parallelogram AG \ if 
from the same quadrilateral ABGB^ we talce away the tri- 
tiangle GBQ^ there will remain the parallelogram AC x 
hence^ the parallelogram AC is equal to the parallelogram 
EO (A. 3) ; which was to be proved. 




PROPOSITION n. THEOKEM. 

A triangle is equal to one-half of a parallelogram having 
an equal base and an equal altitude. 

Let the triangle ABCj and the parallelogram ABFB^ 
have equal bases and equal altitudes : then will the triangle 
be equal to one-half of the parallelogram. 

For, let them be so 

placed that the base of ^^ ^— ^ -^ ^ 

the triangle shall coin- 
cide with the lower base 
of the parallelogram ; 
then, because they have equal altitudes, the vertex O- the 
triangle will lie in the upper base of the parallelogram, or 
m the prolongation of that base. 

From -4, draw AE parallel to BC^ forming the par. 
allelograra ABCE, This parallelogram will be equal ^ to 
ihe parallelogram ABFD^ from Proposition I. But the 
triangle ABC is equal to half of the parallelogram ABCiL 
(B. I., P. XXVin., C. 1) : hence, it is equal to half of 
the parallelogram ABFB (A, ^) ; wlUch was to be proved 

Cor. Triangles having equal bases and equal altitudes' are 
ei^nal, for they are halves of equal parallelograms. 
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PROPOSITION in. THEOREM, 

Rectangles having equal altitudes^ are proportional to their 

bases. 

There may be two cases : the bases may be comm-cnsu- 
rable, or they may be mcommensurable. 

1°. Let AJ3CD and HEFK^ be two rectangles whose 
altitudes AD and HK are equal, and whose bases jA^ 
and HE are commensurable : then will the areas of the 
rectangles be proportional to their bases* 
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Suppose that AB is to HE^ as 7 is to 4. Conceive 
AB to be divided into 7 equal parts, and ME into 4 
equal parts, and at the points of division, let perpendiculars 
be drawn to AB and HE. Then will ABCD be divi- 
ded into 7, and HEFK into 4 rectangles, all of which will 
be equal, because they have equal bases and equal altitudes 
(P. I.) : hence, we have. 



ABGB : HEFK : : 7 



4. 



But we have, by hypothesis. 



AB 



HE 






4. 



From these proportions, we have (B. IE., P, IV.), 
ABCD : HEFK x \ AB \ HE. 

Had any otner numbers than 7 and 4 been used, the same 
proportion would have been found ; which was to be proved. 
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2^. Let the bases of the rectangles be incommensurable : 

then will the rectangles be proportional to their bases. 

For, place the rectangle HEFK 

aj)on the rectangle ABCJD^ so that T) F K C 

it shall take the position AEFD, 
Then, if the rectazigles are not pro- 
portional to their base^, let us sup- J[ E~tufe 

pose that 

ABGD : AEFD x \ AB \ A0\ 

in which AO is greater than AE, Di\ido AB into^ 
equal parts, each less than OE ; at least one point of 
division, as I^ will fall between E and O ; at this point,, 
draw IK perpendicular to AB, Then, because AB and 
AI are conmiensurable, we shall have, from what has just^ 
been shown, 

ABCD : AIKD : : AB : AI. 

The above proportions have their antecedents the same 
b each ; hence (B. IL, P. IV., C), 

AEFB : AIETI) :: AO : AI 

Tixe rectangle AEFD is less than AIKD ; and if the 
above proportion were true, the line AO would be less 
than AI ; whereas, it is greater. The fourth term of the 
proportion, therefore, cannot be greater than AE, In like 
manner, it may be shown that it cannot be less than AE \. 
consequently, it must be equal to AE : hence, 

ABGD : AEFD :: AB AE y 

which teas to be proved. 

Cor, If rectangles have equal bases, they are to eacb 
other as their altitudes. 

7 
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PBOPOsmaEr ly. thsosbii. 

Anjf two fedanffles are to each oUur ae the produde qf 

their bases and aUitudes. 

JjeX ABCJO and AJEGF be two reetangles: then wfl 
ABCD be to AEGF^ aa AB x AB la to AM x AF. 

Yoity place the rectanglea ao 
that the angles BAB and EAF 
shall be opposite or Tertical ; 
then, produce the aidea CB 
and GE till they meet in JZ 

The rectangles ABCB and 
AJDHJS have the same altitnde 
AB : hence (P. III.), 

ABCB : ABHE : : AB : AJR 

The rectangles ABHE and AEGF have the same 
altitude AE : hence, 

ABHE : AEGF : i AB : AF. 

Multiplying these proportions, term by term (B. IL, P. 
[.), and omitting the common &ctor ABHE (6. EL 
P. VIL), we have, 

ABCB : AEGF : : AB x AB : AE x AF i 
ufhich was to he proved. 



Scholium 1. If we suppose AE and AF^ each to be 
equal to the linear unit, the rectangle AEGF will be the 
superficial unit, and we shall have. 



ABCB 



\ 



m • 



AB xAI> 
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ABGD ::^ AB xADi 

hence, ths area of a rectangle is equal to the product of 
it^ base and altitude / that is, the number of superficial 
anits in the rectangle, is equal to the product of the number 
of linear units in its base by the number of linear units ia 
its altitude. 

Scholium 2. The product of two lines is sometimes called 
the rectangle of the lines, because the product is equal to 
the area of a rectangle constructed with the lines as sides. 



PROPOSITION V. THEOREM. 

The area of a parallelogram is equal to the produd of its 

base and altitude^ 




E 




Let ABCD be a parallelogram, AB its base, and BE 
its altitude : then will the area of ABCD be equal to 
AB X BE. 

For, construct the rectangle 
ABEF^ having the same base 
and altitude : then will the rec- 
tangle be equal to the parallelo- 
gram (P. I.) ; but the area of the 
rectangle is equal to AB x BEi 

hence, the area of the parallelogram is abo equal t9 
AB X BE I which was to be proved. 

Cor. Parallelograms are to each other as the products 
of their bases and altitudes. If their altitudes are eqaa]^ 
they are to each other as their bases. If their bases are 
tqoali they are to each other as their altitudes. 
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PROPOSITION VI. THEOREM. 

The carea of a triangle is equal to half the product of its 

base and altitude* 

Let ABC be a triangle, BC its base, and AI) ifl 
altitude : then will the area of the triangle be equal to 
\BG X AD. 

For, . from (7, draw CE 
parallel to BA^ and from A^ 
draw AE parallel to CB. The 
area of the parallelogram BCEA 
is BC X AD (P. V.) ; but the 
triangle ABC is half of the par- 
allelogram BCEA : hence, its area is equal to \BG X AD\ 
which was to be proved. 

Cor. 1, Triangles are to each other, as the products of 
their bases and altitudes (B. II., P. VII.). If their alti- 
tudes are equal, thoy are to each other as their bases. If 
their bases are equal, they are to each other as their alti- 
tudes. 

Cor, 2. The area of a triangle is equal to half the pro- 
duct of its perimeter and the radius of the inscribed circle. 

For, (et BEF be a circle 
inscribed in the triangle ABC. 
firfiifr OD; OE, and OF, to 
the points of contact, and OA, 
OB, and 0(7, to the verti- 
ees. 

Tlie aiea of OBC wiU be 
equal to \0E X BC ; the 
area of OA C will be equal to \ OF x AC ; and the area 
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of OA.B will be equal to \0D y. AB ; ai^d dnoe OB^ 
OJS^ and OF^ are equal, the area of the triangle ABQ 
(A. 9), will be equal to \0D {AB + i?(7 + CA\ 



PBOPOSITION Vn. THEOREM. 

>* 

The area of a trapezoid is equal to the prod^ict of its alii" 
tilde and half the sum of its parallel sides. 

Liet ud,BGD be a trapezoid, DU its altitude, aud AB 
and J? C its parallel sides : theu will its area be equal to 

For, draw the diagonal AC^ form- 
ing the triangles ABC and A CD. 
The altitude of each of these trian- 
gles is equal to j9jE The area of 
AB C is equal to \AB x BE (P. 
VI.) ; the area of A CD is equal to 

^Z> G X DJEJ : hence, the area of the trapezoid, which is the 
sum of the triangles, Ls equal to the sum of \AB X DJS 
and ^I>C X DJS, or to BB x i{AB + BC) ; which was 
to be proved. 




PROPOSITION Vin. THEOREM. 



The square described on the sum of two lines is equal to 
the sum of the squares described on the lines^ increased 
by ttaice the rectangle of the lines. 



L,et ^B and BC be two lines, 
and -4 O their sum : then wiD 



X^"* = AB" + BC* + 2AB X BC. 

On A C, construct the square 
JL CDJE \ from i?, draw BH par- 



E 



BL—J) 
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rilel to AE; lay off AF equal to ABy and from 
J? draw FG paralld to ^ (7 : then will 10 and Xff be 
each equal to J^C' ; and IB and IJF\ to ^J?. 

The square ACBE b composed 
of four parts. The part ABIF is 
a square described on AB ; the part 
IGJDH is equal to a square described 
on BV \ the part BCGI is equal 
to the rectangle of AB and BG ; 
and the part FIHE is also equal to 
the rectangle of AB and BG : and 

because the whole is equal to the sum of all its parts (A. 9), 
we have, 

AG^ = A& + BG^ + ^AB x BG ; 

loAicA fffotf fo he proved. 

Cor, If the lines AB and ^(7 are equal, the fonr 
parts of the square on AG will also be equal : hence, tAe 
tguare described on a line is equcd to four times the sgzusne 
described on half the line. 



PEOPOSmON DL THEOREM. 

The square described on the difference of two lines is eqfiai 
to the sum of t/ie squares described on the lines^ dimity 
ishsd by twice the rectangle of the lines. 

Let AB and BG be two lines, and AG their differ- 
ence : then will 



r2 



AG'' = AB^ + BG^ - 2AB x BG. 

On AB constmct the square ABIF; from C draw 
GG parallel to BI ; lay off GB equal to AC^ and 
from 2> draw -DJT parallel and equal to BA ; complete 
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L 
E 



£ 



G I 



D 



tbe square EFLK \ then will EK be equal to BC^ and 
EFLJK will be equal tc the square of BC. 

Tho whole figure ABILKE is 
e(|ual to the sum of the squares 
described on AB and BC. The 
part GBIG is equal to the rect- 
angle of AB and BC \ the pait 
2>Gr2^^ is also equal to the rect- 
angle of AB and BC. If from 
the ^whole figure ABILKE^ the two parts CBIO and 
jDGtLJS^ be taken, there will remain the part ACDE^ 
'Hrbich. is equal to the square of AC i hencCi 

AC'' = AB^ + BC^ - 2AB x BC ; 
tohich teas to be proved. 
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PROPOSITION X. THEOREM. 

FAe rectangle contained by tlie sum and difference of two 
lines^ is equal to the difference of their squares. 

L.et AB and BC be two lines, of which AB' is the 
greater : then will 

{AB -f BC) {AB - BC) = AB^ - BU^- 



F 



G I 



E 



H 



D 



Oo ABf construct the square 
; prolong AB^ and make 
^.K' equal to BC; tien will AE 
be equal to AB + BC ; from 
JE^ draw XT/ parallel to BI^ and 
make it equal to AC ; draw ZE 
parallel to EA^ and CG parallel 
to -EJT : then I)& is equal to 

jBCj and the figure BHIO is equal to the square on 
BC^ and EJDGF is equal to BKLH. 



I 
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E 



G I 



D 



{AB -f BC) {AB - BC) = AJE^ - BC^ \ 



which was to be proved. 



n 



If we add to the figure ABHE^ tbe rectangle BITLH^ 
we shall have the rectangle AKLE^ which is equal to tbe 
the rectangle of AB -{- BC and 
AB — BC. If to the same figure 
ABITE^ we add the rectangle 
DGFE, equal to BKLH, we 
shall have the figure ABHBOFy 
which is equal to the difference of 
the squares of AB and BC. But 
tbe sums of equals are equal (A. 2), 
hence, 



iL 



C B K 



PROPOSITION XI. THEOREM. 

The square described on the hypothenuse of a right-ay^gled 
triangle^ is equal to the sum of the squares described an 
the other ttoo sides. 

Let ABC be a triangle, right-angled at A : then will 
BC' = A& + AC\ 

Construct the square B& on tbe side BC^ the square 
AH" on the side AB^ and 
the square AI on the side 
A C ; from A draw AB 
]>erpendicular to BC^ and 
prolong it to E : then will 
BE be parallel to BE; 
draw AF and ffC. 

In the triangles HBC 
and ABF^ we have HB 
equal to AB^ because they 
are sides of the same square; 
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BC equal to BF^ .for the same reason, and the included 
angles SBC and ABF equal, because each is equal to the 
angle A^JBG plus a right angle : Jience, the triangles ai*e 
equal in all their parts (B. I., P. V.). 

The triangle ABF^ and the rectangle BE^ have the 
same l>asG BF^ and because DE is the prolongation of 
X>^j their altitudes are equal : hence, the triangle ABF 
18 equal to half the rectangle BE (P. II.). The triangle 
J9I& Cy and the square BL^ have the same base BS^ and 
because AG is the prolongation of AL (B. I., P. IV.), 
their altitudes are equal : hence, the triangle HB C is equal 
to half the square of AH, But, the triangles ABF and 
J5CB G are equal : hence, the rectangle BE is equal to the 
square A.ir, In the saaie manner, it may be shown that 
the rectangle BG is equal to the square AI : hence, the 
sum of the rectangles BE and BG^ or the square BG^ 
is equal to the sum of the squares AH and AI ; or, 
J? (7* = AB^ + AC^ \ which was to be proved. 

Cor. 1. The square of either side about the right angle 
is equal to the square of the hypothenuse diminished by the 
square of the other side : thus, 

An' = BC^ ^AG'' ; or, AG^ = BG^" - AJ^^ 

Cor. 2. If from the vertex of the right angle, a per- 
pendicular be drawn to the hypothenuse, dividing it into twq 
segments^ BD and 2>(7, the square of the hypothenuse wiU 
be to the square of either of the other sides^ as the hypo- 
thenztse is to the segment adjacent to that side. 

For^ the square BG^ is to the rectangle BE^ as BO 
10 JBI> (P. III.) ; but the rectangle BE is equal to the 
square A^H : hence, 

BG^ : AB" : : BG : BB. 
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In like manner, we hare, 




BC* : AG^ '.'. BC \ DO. 

Cor. S. Tht sqitarea of the sides abotU the right cmgU 
art to each other as the adjacent 
segments of the hypotJiefvuse. A 

For, by combining the propor- 
tions of the preceding corollary 
(B. n., P. IV., C), we have, b 

AB" : AG^ II BB : BC. 

Cor. 4. The square described on the diagonal of a 
square is double the given square. 

For, the square of the diagonal is 
equal to the sum of the squares of the 
two sides; but the square of each side 
is equal to the given square : hence, 



H D O 




AC* = 2AB 



z 



or. 



AC = 2BC\ 



Cor. 6, From the last corollary, we have, 

AC* : aI? : : 2 : 1 ; 
hence, by extracting the square root of each term, we have, 

AC : AB : : V2 : 1 ; 

that is, the diagonal of a square is to the side^ as t/ie 
square root of two to one ; consequently, the diagonal and 
the side of a square are incommensurate. 



r> 
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PROVOSmON XII. THEOREM. 

Fn amy triangle^ the square of a side opposite an aeute 
angle^ is equal to the sum of the squares of the base and 
the other side^ diminished by tvnce the rectangle of t}t€ 
base and the distance from, the vertex of the acute angle 
to the foot of the perpendicular drawn from the vertex 
of the opposite angle to the base^ or to the base produced. 



Ijet jLBG be a triangle, G one 
of its acate angles, BG its base, and 
AJ> the perpendicular drawn from A 
to JBC^ or BG produced; then will 

J:S^ = BG^ + AG^ - 2BG x GD. 




jPor, Trhether the perpendicular meets the base, or the 
iNise produced, we have BD equal to the difference of 
BC and CB : hence (P. IX.), 

, _, A 

= BG"" + Ci>' - 2BG X GB. 

Adding A^^ to both members, we 
have, 

]3lf + AH' = BG^ + C5" + AJ^ - 2BG x GD. 




But, M& + H^ = ABl", and CS" + AB^ = AU* : 

hence, 

XB* = BG^ + JU^ - 2BG X GB ; 

wMeh teas to be proved. 
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PROPOSITION Xni. THEOUEM. 

In any ohtuse^ingled triangle^ the square of the side opposite 
the obtuse angle is equal to the sum of the sqitares of 
the base and the other side^ increased by twice the rect- 
angle of the base and the distance from the vertex of the 
obttLse ayigle to the foot of tlie perpendicular drawn from 
the vertex of the opjjosite angle to the base produced. 

Let Alio be an obtiise-angled triangle, JB its obtuse 
angle, HG its base, and AD the perpendicular drawn 
from A to JBC produced ; then will 

AC^ = BC^ + aJ? -h 2jBC X BD. 

For, CD is the sum of BG A 
and JBD: hence (P. Vm.), 

CS^ = BG^ + Bif + 2BG X ^D. 

Adding AD^ to both members, t> B 

and reducing, we have, 

AC^ = BlP -h AS" + 2BG X BDi 
uihich was to be proved. 

Scholium, The right-angled triangle is the only one in 
which the sum of the squares described on two sides ie 
ci^ual to the square described on the third side. 

PROPOSITION XIV. TIIEOREiL 

rn any triangle^ tJie sum of the squares described on two 
sides is equal to twice t/ie square of fudf the third side 
ificreased by twice the square of the line drawn from 
the middle point of that side to the vertex of the opposite 
angle. 
Let ABC he any triangle, and EA m line drawn Ironi 
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tlie middle of the base BG to the vertex A : then will 

AB" + AG'' = 2BE' -f 2E4^. 

I>raw AD perpendicular to BG\ then, from Proposition 
XII., we have, 

J C^ = EG'' + EA^ - 2EG X ED. -^ 

From Proposition XIII., we have, 

Al^ = BW + EA"^ + ^BE X ED. ^ ^TS^ 

Adding these equations, member to member (A. 2), recollect* 
ing that BE is equal to EG^ we have, 

AB^ + 37;' = 2.SS' + 2EA' ; 
which w(Z8 to be proved. 

Cor. Let ABGD be a parallelogram, and BD^ AC^ 
its diagonals. Then, since the diagonals 
mataally bisect each other (B. L, P. 3 P 

.), we shall have. 



►2 . fTn^ ^ o Te^2 . ft »rji8 



^J?' + BG' = 2^^' + 2BW ; 
and. 



^ « 77?=? 2 




whence, by addition, recollecting that AE is equal to CJSJ 
and J?^ to DE^ we have, 

^CB» + BG^ 4- C5' + .53' = ^Ofe?* + iDS" ; 

but, 4 0^' is equal to AG\ and ADE'' to 5^ 
(P. Vin., C.) : hence, 

AB" + BO" + OS' + DT = 3C' + B^. 

That is, /Ae sum of the squares of the sides of a paraUelo- 
granij is equal td the sum of the squares of its diagonals. 
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PROPOSITION XV. THEOBEM. 

In any triangle^ a line drawn paraUd to the base divides 

the other sides proportionally. 

Let AHO be a triangle, and Z>J? a line parallel to 
the base £0 : then 

AD : DB : : AB : CM 



Draw JEB and DO. Then, because 

the triangles AJEID and DJEJB have their 

bases in the same line AB^ and their 

vertices at the same point JE, they will 

have a conunon altitude : hence, (P. VI., 

C.) 

AJSD : BJEB : : AD : DB. 




The triangles A JED and JEZX7, have their bases in the 
same line A (7, and their vertices at the same point D ; 
they have, therefore, a common altitude ; hence, 

AMD 2 MDG 2 2 AM : MC. 

But the triangles DMB and MDC have a commpn base 
DM, and their vertices, in the line BCj parallel to Z>M \ 
they are, therefore, equal : hence, the two preceding propor- 
tions have a couplet in each equal ; and consequently, the 
remaining terms are proportional (B, 11., P. IV.), hence, 

AD 2 DB 2 2 AM : MC ; 
which vjos to be proved. 

Cor, 1, We have, by composition (B. II.,» P. VL), 
AD + DB 2 AD 2 2 AM\ MC . AM \ 
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<w. 



AB : AD : : AC : AE i 



and, in like maimer, 

AJS : DB : : AG : BC. 

Oar. 2. If any number of parallels be drawn outtmg tw» 
lines, they will divide the lines proportionally. 

For, let be the pointy where AB 
and CD meet. In the triangle OEF^ q 

the line A C being parallel to the base 
JEFl we shall have, 



OE 



AE 



OF 



OF. 



In the triangle OGH^ we shall have, 

OE I EG I \ OF : FIT ; 
hence (B. IL, P. IV., C), 




AE : EG : I CF : FH. 



In like manner, 

EG 
and so on. 



GB 






FH 



PEOPOSmOlC XVI. THEOREM. 



If a straight line divides two sides of a triangle proportionally^ 

it will he parallel to the third side. 

Let ABC be a triangle, and let DE 
divide AB and AC^ so that 

j^n : DB : : AE : EC ; 
then will DE be parallel to BC 

Draw DC and EB. Then the tri- 
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angles ADE and DEB will have a common altitade ; and 
consequently, we shall have, 

ADE : DEB : : AD : DB. ^ 

The triangles ADE and EDO have also 
a common altitude ; and consequently, we 
shall have, 

ADE : EDO : : AE : EG ; 

but, by hypothesis, 

AD : DB : : AE : EG ; 

hence (B. H, P. IV.), 

ADE : DEB : : ADE : EDG. 

The antecedents of this proportion being equal, the con- 
sequents will be equal ; that is, the triangles DEB and 
EDG are equal But these triangles have a conmion base 
DE : hence, their altitudes are equal (P. V^, C.) ; that is, 
the points B and (7, of the line BC^ are equally distant 
from DE^ or DE prolonged : hence, BG and DJB^ are 
parallel (6. I., P. XXX., C.) ; to/iich was to be provecL 



PROPOSITION XVII. THEOREM. 

In any triangle, the straight line which bisects the angle at 
the vertex, divides the base into two segments proportional 
to the adjacent sides. 

Let AD bisect the vertical angle A of the triangle 
BAG : then will the segments BD and DC be propor- 
tional to the adjacent sides BA and GA, 

From (7, draw GE parallel to DA, and produce it 
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E 



--'. ' 



A..-' 



/ 



until it meeta JSA prolonged, at JS. Then, because CJS 
and DA are parallel, the angles BAD and AEC are 
equal (B. L, P. XX., C. 3) ; the 
angles DAC and ACE are 
also equal (B. I., P. XX., C. 2). 
J^at, BAD and DAC are 
equal, by hypothesis ; consequent- 
ly, AEC and ACE are equal : 
hence, the triangle ACE is 
isosceles, AE being equal to 
AG. 

In the triangle BEC^ the line AD is parallel to tko 
base EO : hence (P. XV.), 

BA : AE \\ BD \ DC \ 




or, substituting AC for its equal AE^ 

BA : AC II BD : DC \ 
which facts to be proved. 



PROPOSITION XVm. THEOREM. 



Triangles which are mutually equiangular^ arc similar. 

Let the triangles ABC and DEE have the angle A 
equal to the angle i>, the angle B to the angle E^ and 
the angle C to the angle F: then will they be similar. 

For, place the triangle 
DEE upon the triangle 
ABCj so that the angle 
E shall coincide with the 
angle B then will the 

point E fall at some ^ H C E 

point 2Z; of BC\ the point D at some point (?, of BA; 

8 





114 



GEOMETRY. 



the side J)F will take the position QJS^ and 
be equal to EBF. 

Since the angle BHQ 
is equal to J? (7-4, QH 
will be parallel to AC 
(B. I, P. XIX., C. 2) ; 
and consequently, we shall 
have (P. XV.), 



BGB will 





BA 



BO 






BC : BS\ 



or, since BO is equal to ED^ and BB[ to EF\ 

BA \ EB : I BG I EF. 

In like manner, it may be shown that 



and also. 



BC \ EF : : CA x FD \ 
CA \ FB :: AB : BE ; 



hence, the sides about the equal angles, taken in the same 
order, are proportional ; and consequently, the triangles are 
similar (D. 1) ; which was to he proved. 

Cor. If two triangles have two angles in one, cqiiL%l to 
two angles in the other, each to each, they will be sLmil^r 
(B. L, P. XXV., C. 2). 



PROPOSITION 



THEOREM, 



Triangles which have their corresponding aides propOTti€>f^ai^ 

are similar. 

In the triangles ABC and BEF^ let the correspondiii^ 
sides be proportional ; that is^ let 
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A,B : DE : : JBC : JSF : CA FD \ 

then will the triangles be similar. 

For, on BA lay off BG equal to MD \ on JB (7 lay 

off JBH equal to JSF, 
and draw GH. Then, 

because BG is equal to 

2>^ and BH to JEP, 
we have, 

BA : J5(? 

hence, GIT is parallel to -4C (P. XVI.); and consequently, 
the triangles BAG and BGH are equiangular, and there- 
fore Bimilar : hence, 

BG : BH :: GA : SG. 
Bat, by hypothesis, 

BG \ EF I I GA I FD \ 

hence (B. IL, P. IV., C), we have, 

BH : EF : : HG : FB. 

But, HH is equal t^ EF \ hence, HG is equal to FD. 
The triangles BHG fxA EFD have, therefore, their sides 
equal, each to each, tod consequently, they are equal in aD 
their parts. Now, it has just been shown that BHG and 
BCA. are similar: hence, EFD and BOA are also snmi- 
Ifir ; which teas to be* proved. 

Scholium, In order that polygons may be similar, they 
must fulfill two conditions : they must be tnutuoMy equian^ 
gular^ and th^ corresponding sides nvust he proportional. In 
the case of triangles, either of these conditions involves the 
other, which is not true of any other species of polygons. 
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PBOPOSITIO]!r ZX. nCEO'BXiL 

Triangles which Juive an angle in each eqv>cd^ and the ifh 
eluding aides proportional^ are similar. 

In the triangles ABC and DEFy let the angle JS be 
equal to the angle JEJ ; and suppose that 

BA I ED : : BC : EF \ 

then will the triangles be similar. 

For, place the angle E 
upon its equal B ; F 
will fall at some point of 
BC, sa ff; i> will faU 
at some point of BA, as B 
G ; DF will take the position OH, and the triangle 
DEF will coindde with OBH, and consequently, will be 
equal to it. 

But, from the assumed proportion, and because BO is 
equal to ED, and BH to EF we have, 

BA : BG : : BC : BR; 

hence, GM is parallel to AC ; and consequently, JJA C 
atid • BOH are mutually equiangular, and tlicrefore similar. But, 
EDF is equal to BQH : hence it is also similar to BAC\ which 
vxut to be proved. 





PROPOSITION TTT, THEOREM, 

Triangles which have their sides parallel, each to eac?^ or 
perpendicular, each to each, are similar, 

1®. Let the triangles ABC and DEF have the side 
AB parallel to DE, BC to EF, and CA to F7> : 
then win they be rimilar. 
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f*OT, since the side AB is parallel to DE^ and BC 
to JEFy the angle B is equal to the angle E (B. L, P. 
X-XilV.) ; in like manner, 
the angle C is equal to 
the angle F^ and the an- 
gle ^ to the angle D ; 
the triangles are, therefore, 
mutuallj equiangular, and 
consequently, are mmilar (P. XVIII.) ; which was to be 
proved. 

2**. Let the triangles ABC and DEF have the side 
A.S perpendicular to DE^ BC to EFy and CA to 
FX> : then will they he similar. 

For, prolong the sides of the tri- 
angle DEF till they meet the sides 
of the triangle ABC The sum of 
the interior angles of the quadrilateral 
BIEG- is equal to four right angles 
(B. I., P. XXVI.) ; hut, the angles 
EIS and EGB are each right 

angles, by hypothesis ; hence, the sum of the angles lEO 
ISQ is equal to two right angles ; the sum of the angles) 
TJEGf^ and DEF is equal to two right angles, because the^ 
are adjacent ; and since things which are equal to the same 
thing are equal to each other, the sum of the angles lEO 
and IDG is equal to the sum of the angles lEG and DEF\ 
or, taking away the common part lEG^ we have the angle 
XDG- equal to the angle DEF, In like manner, the angle 
OCS may be proved equal to the angle EFDy and the 
angle SAI to the angle EDF \ the triangles ABC and 
DEF are, therefore, mutually equiangular, and consequently 
mnilar ; which was to be proved. 

Cor, 1. In the first case, the parallel sides are homolo- 
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gotiB ; in the second case, the perpendicular ades are homo- 
logona. 

Cor. 2. The homologous angles are those included by 
sides respectively parallel or perpendicular to each other. 

Scholium, When two triangles have their sides perpen- 
licular, each to each, they may have a different relative 
position from that shown in the figure. Bat we can always 
oonstruct a triangle within the triangle ABC^ whose sides 
shall be parallel to those of the other triangle, and then the 
demonstration will be the same as above. 



4 



PBOPOsrrioii^ xxn. theorem. 



If a straight line he drawn parallel to the base of a triangle^ 
and straight lines he drawn from the vertex of the triangle 
to points of the base, these lines wiU divide the base and 
the parallel jjroportionally. 

Let ABC be a triangle, BC its base, A its vertex, 
D^ parallel to BC^ and Al*l AGy AHy lines drawn 
from A to points of the base : then will 

DI \ BF X. IK . FG :: KL \ GH . \ LE x MG. 



For, the triangles AID and 
AFBy being similar (P. XXI.), we 
have, 

AI I AF i: BI . BF, 

and, the triangles AIK and AFG^ 
being similar, we have, 

AI : AF : : IK 




G H O 



: FG ; 



hence, (B. II., P. IV.), we have. 
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DI : BF \\ IK \ FG. 



US 



In like maimer, 

IK : FO i\ KL 



QH, 



and, 



KL . GH .1 LE . HQ \ 



henoe (B. 11., P. IV.), 

DI . BF :: IK . FG I. KL I QK .1 LE : HC \ 

which woe to be proved. 

Cor. If BC IS divided into equal parts at Fj Gj and 
ff^ then will DE be divided into equal parts, at i^ J^ 
mi L. 



PROPOSITION XXIIl. THEOREM. 

i^y in a right-angled triangle^ a perpendicular I*e drawn from 
the vertex of the ' right angle to the hgpothenuse : 

1^. The triangles on each aide of the perpendicular toiU be 
similar to the given triangle^ and to each other : 

2^. Each side about the right angle wiU be a mean propor- 
tUmoU between the hypotJienitse and the adjacent segment : 

8**. The perpcTidicular will be a mean proportional between 
the two segments of the hypothenuse. ' 

1^. Let ABC be a right-angled triangle, A the vertex 
of the right angle, BG the hypo- 
theiiose, and AD perpendicular to 
BC : then will ADB and ADC 
be similar to ABC^ and conse- 
quently,, jonular to each other. 

The triangles ADB and ABC 
have the angle B common, and the angles ADB and 
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BA C equal, because both are right angles ; they are, there^ 
fore, similar (P. XVIH, C). In like manner, it may be 
shown that the triangles. ADC and ABC are sinulax ; 
and since ADB and ABC are both similar to AJBC^ 
tliey are similar to each other ; which was to be provedL 

2"^. AB will be a mean pro- 
portional between BC and BB ; 
and A C will be a mean propor- 
tional between CB and CB. 

For, the triangles ABB and 
BAG being similar, their homo- 
logons sides are proportional : henoe, 

BG : AB : : AB 

In like manner. 




BB. 



BC : AG : : AG : 2X7; 
which was to be proved. 

3°. AB will be a mean proportional between BZJ and 
BG. For, the triangles ABB and ABG being similar, 
their homologous sides are proportional ; hence, 



BB 



AB 






AB 



BGi 



which was to be proved. 



Cor. 1, From the proportions. 



and. 



BG I AB : : AB : BB, 
BC : AG : : AG : BG^ 



. we have (B. 11., P. L), 



and. 



AB!" = BG X BB, 
AC^ = BG < BG ; 



BOOK IV. 121 

whence, by addition, 



or, 



Al^ + AC^ = BG^ ; 



as was shown in Proposition XL 

Cor. 2. If from any point JL, in a fiend-circamference 
BAG^ chords be drawn to the 
extremities B and G of the diam- 
eter J? (7, and a perpendicular AD 
be drawn to the diameter : then 
will ABG be a right angled tri- 
angle, right-angled at A ; and from what was proved above, 
eaoh chord toiU be a mean proportional between the diameter 
(xnd the adjacent segment / and, tJie perpendiddar wiM be a 
mean proportional between the eegm^nta of the diameter. 




PEOPOSinON XXIV. THEOREM, 

Triangles which have an angle in each eqtial^ are to eaeh 
other as the rectangles of the including sides. 

Let the triangles GMK and ABG have the angles G 
and A equal : then will they be to each other as the 
TiClangles of the sides about these angles. 

For, lay off AD equal 
to GB, AJS to GM, and 
draw D^ ; then will the 
triangles ADJEJ and GMK 
be equal in all their parts. 
Draw JEB. ' 
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The triangles ADE and ABE have th^ bases in fihe 

same line AB^ and a common verted E ; therefore, they 

have the same altitude^ and consequently, are to each other 
as their bases ; that is, 

ADE : ABE . . AD : AB. 

The triangles ABE and 
ABC^ have their bases in 
the same line AC^ and a 
common vertex B ; hence, 

ABE : ABG : : AE : 

multiplying these proportions, term by term, and omitting 
the common factor ABE (B. 11., P. VII.), we have, 

ADE : ABG : : AD x AE : AB x AG; 

substituting for ADE^ its equal, GJETK, and for AD x AJSy 
its equal, GJET x GK^ we have, 

GHK : ABG : : GH x GK : AB x AG; 

which was to be proved. 

Cor, If ADE and ABG are similar, the angles D 
and B being homologous, DE will be parallel to BC^ 
and we shall have, - 

AD I AB I : AE : AG \ 

hence (B. 11., P. IV.), we have, 

ADE : ABE : : ABE : ABC ; 

that is, ABE is a mean proportional be- 
tween ADE and ABG. 
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PROPOSITION XXV. THEOBEM. 

Similar triangles are to each other cts the squares of their 

homologous sides. 

Let the tiiangles ABC and DEF be fiimilar, the angle 
A being equal to the angle -Z>, B to E^ and G to F. 
then will the triangles be to each other as the squares of 
any two homologous sides. 

Because the angles A and D are equal, we have (P. 
XXIV.), 

ABC : DEF :: AB x AG : BE x BF \ 

and, because the triangles 
are similar, we have, 

AB : BE : : AC : BF; 

multiplying the terms of ' 
this proportion by the cor- 
responding terms of the proportion, 

AG : BF : : AG : BF, 
we have (B. H., P. •XII.), 

AB X AG : BE x BF : : AG^ : BF^\ 

combining this, with the first proportion (B. 11., P. IV.), 
we have, 

ABG : DEF : : AG^ : BF\ 

In like manner, it may be shown that the triangles are 
to each other as the squares of AB and BE, or ot BC 
and EF ; which was to be proved. 





^ 

V 
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PROPOSITION XXVI. THEOREM. 

Similar polygons may be divided into the same number of 
triangles^ similar^ each to each^ and similarly placed. 

Let ABODE and FGHIK be two similar polygene, 
tlie angle A being equal to the angle F^ B to 6?, C to 
U^ and so on : then can they be divided Into the same 
number of similar triangles, similarly placed. 

For, from A draw 
the diaQ:ouals AC ,. C 

AD. and from F. Bf^ /'' \ >^ _— ---:?^ 
homologous with -4, \ y \t\ \ / X. t 

draw the diagonals A'^^' ^^ ^^s^ ^^^^ 

FJIy FI^ to the ver- ^\y^ K 

E 
tices JI and ij hom- 
ologous with C and D, 

Because the polygons are similar, the triangles ABO and 
FOH have the angles B and G equal, and the sides 
about these angles proportional ; they are, therefore, similar 
(P. XX.). Since these triangles are similar, we have the 
angle A CB equal to FIIG^ and the sides A G and FII^ 
proportional to BC and GH^ or to CD and HL The 
angle B CD being equal to the angle * GIII^ if we take 
from the first the angle ACB^ and from the second the 
equal angle FHGy we shall have the angle A CD equal 
to the angle FHI : hence, the triangles A CD and Fill 
bave an angle in each equal, and the Including sides propor- 
tional; they are therefore similar 

In like manner, it may be shown that ADE and FIK 
are similar ; which was to he proved. 

Cor. 1. The corresponding triangles in the two polygons 
are homologous triangles^ and the corresponding diagonals are 
homologous diagonals. 
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Cor. 2. Any two homologous triangles are like parts of 
the polygons to which they belong. 

For, the homologous triangles being similar, we haye, 

ABO : FGH : : 2^ : iW'^ 



and, AOD : FBI 

whence, ABO : FGM 



AC : FH^i 



AOD : FHI. M: t / / ''■. :r 
and, ABO : FGH : : ADF : jFZZT; ' -M 1 '' '^//^ 



ABO . i^(?Zr : : AOD + ABO-^ADE i FHI+FGH^FIKi 
that is, ^i?(7 : FGH : : ABODE : FGHIK. 

Cor. 3. If two polygons are made up of similar triangles, 
similarly placed, the polygons themselves will be similar. 

PROPOSITION XXVII. THEOREM. 



The perimeters of similar polygons are to each other as any 

two homologous sides / and the polygons are to each 

other as the squares of any two homologous sides. 

1«. Let ABODE and FGHIK be similar polygons: 
then will their perimeters be to each other as any two 
homologous sides. 

For, any two homo- 
logons sides, as AB 
and FG^ are like parts 
of the perimeters to 
which tliey belong : 
hence (B. H., P. IX.), 
the perimeters of the 

polygons are to each other as -4^ to FG^ or as any 
other two homologous sides ; which was to be proved. 
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2°. The polygons will be to each other as the squares 
of any two homologons sides. 

For, let the poly- 
gons be divided into 
homologous triangles 
(P. XXVI., C. 1> ; 
then, because the 
homologous triangles 
ABG and FGH are 

like parts of the polygons to which they belong, the poly- 
gons will be to each other as these triangles ; but these 
triangles, being similar, are to each other as the squares of 
AB and FQ : hence, the polygons are to each other as 
the squares of AB and FG^ or as the squares of any 
other two homologous sides ; which wcw to he proved. 

Got. 1. Perimeters of similar polygons are to each other 
as their homologous diagonals, or as any other homologous 
lines ; and the polygons are to each other as the squares of 
their homologous diagonals, or as the squares of any other 
homologous lines. 

Cor, 2. If the three sides of a right-angled triangle be 
made homologous sides of three similar polygons, these poly- 
gons will be to each other as the squares of the sides of 
the triangle. But the square of the hypothenuse is equal 
to the sum of the squares of the other sides, and conse- 
quently, the polygon on the hypothenuse toiU be equal to 
the sum of the polygons on the other sides, 

PROPOSITION XXVni. THEOREM. 

J(f two chords intersect in a circle^ their segments toiU be 

reciprocally proportionaL 

Let the chords AB and CD intersect at O : then 
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will their segments be reciprocally proportional ; that is, one 

* 

segment of the first will be to one segment of the second, 
as the remaining segment of the second is to the remaining 
segment of the first. 

For, draw CA and BD. Then 
will the angles 0D£ and OAC be 
equal, because each is measured by half 
of the arc CB (B. HI., P. XVm.). 
The angles OJBD and OCA, will also 
be equal, because each is measured by 
half of the arc AD: hence, the triangles OJBD and OCA 
are similar (P. XVIII., C), and consequently, their homolo- 
gous sides are proportional : hence, 

DO : AO : : OB : OC ; 
which wds to he proved. 

Cor, From the above proportion, we have, 

DO X OC = AOx OB \ 

that IS, the rectangle of. the segments of one chord is equal 
to the rectangle of the segments of the other. 



PROPOSITION XXIX. THEOREM. ' 

^ from a point without a circle, two secants be drawa tct' 
minating in the concave arc, they unU be reoiprocdUy 
prcportHoneU to their external segments, 

Liot OB and OC be two secants terminating in the 
ooBcave arc of the circle BCD : then will 

OB : OC : : OD : OA. 
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For, draw AG and BB. The triangles OBB and 
OAG have the angle O common, and the angles OBB 
and OCA equal, because each is measured 
by half of the ai*o AB : hence, they are 
similar, and consequently, their homologous 
sides are proportional ; whence. 



OB 



DC 






OB 



OA : 



which VMM to be proved. 




Cor. From the above proportion, we 

have* 

OB X OA = OG X 0B\ 

that is, tJie rectangles of each secant and its extenud seff* 
ment are equal. 



PROPOSITION 



THEOBEM. 



If from a point without a circle^ a tangent and a secant 
be drawn^ the secant terminating in the concave arcj t/ie 
tangent wiU be a mean proportional between the secant 
and its external segment. 



Let ABG be a circle, 
gent : then will 



OG a secant, and OA a tan- 



OG 



OA 






OA 



OB. 



For,, draw AB and AG. The tri- 
angles OAB and OAG will have the 
angle common, and the angles OAB 
and AGB equal, because each is mea- 
sured by half of the arc AB (B. HI., 
P. XVm., P. XXI.) ; the triangles are 
therefore similar, and consequently, their 
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homologous sides are proportional : hence, 

OG \ OA \x OA I OD \ 
uhich toas to be proved. 

Car, From the above proportion, we have, 

20* =z 00 X OJ) ; 

that is, the square of the tangent is equal to the recUmglc 
of the secant and Us external segment. 



f 



PRACTICAL APPLICATIONS. 



PROBLEM L 

To divide a given straight line into parts proportional to given 

straight lines: also into equal parts. 

1°. Let -4J5 be a given straight line, and let it be required 
to divide it into parts proportional to the lines P, Qy and R. 

From one extremity A^ 
draw the indefinite line AG^ 
making: any angle with AB ; 
lay oS AG equal to P, OD 
eqoal to ^, and DE equal 
(o 72 ; draw EB^ and 
iVom tbe points and 2>, 
draw CI and DF parallel to EB : then will -47", IF^ 
aiid FB^ be proportional to P, Q^ and R (P XV., C. 2). 

9 
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2^. Let AH be a given straight line, and let it be required 
to divide it into any number of equal parts, say five. 

From one extremity 

^4, draw tbe indefinite j^^,,; C 5 ? P- ^ 

Hue AG} take A I equal 

to any eotivenient line, 

and lay off IK, KL, 

LM^ and MB^ each 

'equal to AI, Draw 

BHy and fi-ora 7, K^ Z, and Jf, draw tlie lines IC^ 

KD^ LE, and MF, parallel to BIT i then will AS be 

divided into equal parts at C\ 2>, E^ and F (P. XV., 

C. 2). 

PUOKLE3I II. 




To construct a fourth proportional to three given straight lines^ 

Let Ay By and (7, be • 
the given lines. Draw 
DE and DF, making 
any convenient angle with 
each other. Lay off DA 
equal to -I, DB equal 
to By and DC equal 

to C ; draw AGy and. from B draw BX parallel to 
A C : then will DX be the fourth proportional required* 

For (P. XV., C), we have, 




or. 



DA 
A 



DB 
B 



• * 






DG 

C 



DX; 
DX. 



Cor. If DC is made equal to DB, DX will be 
thi d proponional to DA and DB, or to ^ and £, 
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PROBLEM m. 

To construct a mean proportional between two given straighi 

lines. 

Let A and £ be the given 
lines. On an indefinite line, lay off 
DJB^ equal to Ay and BF equal 
to ^ ; on DF as a diameter de- 
scribe the semi-circle DOFl and ai » 

draw £^G perpendicular to 2>jP: 
then will £^0 be the mean proportional required. 
For (P. XXm^ C. 2), we have, 




or. 



DE i EG I I EO I EF\ 



A X EG II EG I B. 



PHOBLEM rV. 



To divide a given straight hne into two such parts ^ that /Aa 
greater part shall he a mean proportional between the whok 
line *and the other part 



Let AB be the given line. 
At the extremity B^ draw • 

BC perpendicular to AB^ and 

make it equal to half of AB, 

With C as a centre, and CB 

as a radius, describe the are 

DBE ; draw A (7, and produce 

it till it terminates in the concave arc at E ; 

nentre and AD as radius, describe the arc 

will AP be the greater part required* 




with A 
DFi the« 
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For, AJB being perpendicular to 
gent to the arc DBJS : hence 
(P. XXX.), 

AJE : AB : : A£ : ABi 



and, by division (B. IL, P. VI.)j 



CJS at J», 18 ton- 




AB-- AB \ AB \\ AB - AD \ AD, 

But, DE is equal to twice CJ5, or to AB : hence, 
AE- AB is equal to AD^ or to AF\ and AB — AD 
is equal to AB — AF^ or to FB : hence, by substitution, 

AF '. AB \\ FB \ AF; 

and, by inversion (B. 11., P. V.), 

AB : AF :: AF : FB. 



Scholium. When a straight line is divided so that the 
greater Hcgment is a mean proportional between the "whole 
line and the less segment, it is said to be divided in extreme 
and mean ratio. 

Since AB and DE are equal, the line AE is divided in 
extreme and mean ratio ftt D; for we have, from the first 
of the above proportions, by substitution, 

AE I DE II DE \ AD. 
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PROBLEM V. 

Through a given pointy in a given angle, to draw a straight 
line so that the segments between the point and the sides of 
the angle shall be equal. 

Let JBCD be the given angle, and A the given point 

Through -4, draw AJS parallel to 
DO ; lay off -EF equal to CJS, and 
draw :FAD: then will Alf" and AD 
be the segments required. 

For (P. XV.), we have, 

jR4 : AB : : JPE : £10 ; 
but, I'JS is equal to JEO ; hence, FA 

PROBLEM VL 

To construct a triangle equal to a given polygon* 

Let ABODE be the given polygon. 

Draw OA ; produce -E4, and 
draw DO parallel to OA ; draw 
the line OG. Then the triangles 
BAG and OAO have the com- 
mon base AG^ and because their 
veitices D and & lie in the 

same line BO parallel to the base, their altitudes are equal, 
and consequently, the triangles are equal : hence, the polygon 
OGDE is equal to the polygon ABC BE. 

Again, draw OE ; produce AE and draw BF parallel 
to OE ; draw also OF ; then will the triangles FOE 

and BOE be equal: hence, the triangle OOF is equal 

N, 

to the polygon OCBE^ and consequently, to the given 
polygon. In like manner, a triangle may be conptructed 
equal to any other given polygon. 



.1 




IM 
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PROBLEM Vn. 

To instruct a square equal to a given triangle. 

Let ABC be the given triangle, AD its altitude, and 
BG its base. 

Construct a mean pro- 
portional between AD 
and half of BG (Prob. 
IIL). Let XY be that 
i^iean proportional, and on 
it, as a side, construct a 

square : then will this be the square required. For, firom 
(he construction, 

XF = \BC X AD ^ area ABC. 

Scholium. By means of Problems VI. and VTL, a square 
may be constructed equal to any given polygon. 




X 



4 



\ 



\ 



PROBLEM Vra. 



On a given straight line, to construct a polygon similar to 

given polygon. 



Let FO be the given line, and 
polygon. Draw AC and AD. 

At JFJ construct 
the angle GFH equal 
to BAG^ and at O 
the angle FGH equal 
to ABC \ then will 
FGH be similar to 

ABC (P. xvnL, C.) 



ABGDE the given 
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In Tike manner, construct the triangle FHI similar to ACB^ 
and FIK similar to ABE\ then will the polygon FOHIK 
be similar to the polygon ABODE (R XXVL, C. 3). 




B 



PROBLEM IX. 

To construct a square equal to the sum of two given 
ifquares : alao a aqua/re equal to the differe^ice of t^oo 
given squares, 

1^. Let A and £ be the sides of the given squarcai 
and let A be the greater. . 

Construct a right angle 
CDJS ; make BB equal 
to A^ and BC equal to 
JS ; draw CfiJ and on it 
construct a square : this square will be equal . to the som 
cf the given squares (P. XI.). 

2^. Construct a right angle CBJB. 

Lay oft DC equal to B ; with C 
as a centre, and CJS^ equal to ^, as 
a radius, describe an arc cutting BJS at. 
J^ ; draw CJS^ and on BJS construct 
a square : this square will be equal to 
the difference of the given squares (P. XI., C. 1). 

Scholium. A polygon may be constructed similar to either 
of two given polygons, and equal to their sum or difference. 

For, let A and B be homologous sides of the given polygons 
Find a square equal to the sum or difference of the squares 
on A and B; and let X be a side of that square. On X as 
a side, homologous to A or B, construct a polygon similar 
to the given polygons, and it will be equal to their sum or 
difference (P. XXVIL, 0. 2). 







BOOK V- 

HBOULi^B POLYGONS. — ASBA OV IHB PIBCI.B. 

DErmmoN. 

1. A Bbguulb Polygon is a polygon which is both 
equilateral and equiangular. 



PROPOSITION L THEOREJI. 



Regular polygons of the same number of sides are similar. 



\ 



Let ABGDEF and abcdef be regular polygons of th« 
same number of sides : then will they be similar. 

For, the corresponding 
angles in each are equal, 
because any angle in 
either polygon is equal 
to twice as many right 
angles as the polygon 
has sides, less four right 

angles, divided by the number of angles (B. I., P. XXVI., 
C. 4); and further, the corresponding sides are proportional, 
because all the sides of either polygon are equal (D. 1) : hence, 
the polygons are similar (B. IV., D. 1) ; toliich was to le proved. 
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PEOPOsinoN n. theorem. 

The eircumference of a circle may be circumscribed aboiU any 
regular polygon ; a circle may also be inscribed in it. 

1°. Let ABGF be a regular polygon : then can the 
drciunference of a circle be circumscribed about it. 

For, through three consecutive ver- 
tices -4, J5, (7, describe the circum- 
ference of a circle (B. in., Problem 
XIII., S.). Its centre will lie 
on PO, drawn perpendicular to -B(7, 
at its middle point P\ draw OA 
and OD. 

Let the quadrilateral OPGD be 
turned about the line OP, until PG 

falls on PB ; then, because the angle G is equal to P, 
the side GD will take the direction BA ; and because GD 
is equal to BA^ the vertex 2>, will fall upon the vertex 
A ; and consequently, the line OD will coincide with OA^ 
and is, therefore, equal to it : hence, the circumference which 
passes through A^ P, and (7, will; pass through 2>. In 
like manner, it may be shown that it will pass through all 
of the other vertices : hence, it is circumscribed about the 
polygon ; which was to be proved. 




ro 



A circle may be inscribed in the polygon. 
For, the sides AB^ BG^ &c, being equal chords o 
the circumscribed circle, are equidistant from the centre 
hence, if a circle be described from as a centre, with 
OP as a radius, it will be tangent to all of the sides oi 
the polygon, and consequently, wDl be inscribed in it; which 
v>as to be proved. 
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Scholium. If th^ circumference of a circle be divided 
into equal arcs, the chords of these arcs will be sides of a 
regular insciibed polygon. 

For, the sides are equal, because they are chords of equal 
ai'cs, and the angles are equal, because they are measured by 
halves of equal arcs. 

If the vertices Aj J?, (7, &c.> 
of a regular inscribed polygon be 
joined with the centre 0, the tri- 
angles thus formed will be equal, 
because their sides are equal, each 
to each : hence, all of the angles 
about the point are equal to 
»ach other. 




DEFINITIONS. 



1. The Centre op a Regitlab Polygon, is the common 
centre of the circumscribed and inscribed cii'cles. 



2. The Angle at the Centre, is the angle formed by 
drawing lines from the , centre to the extremities of either 
side. 

The angle at the centre is equal to four right angles 
dinded by the number of sides of the polygon. 

3. The Apothem, is the shortest distance from the centre 
to either side. 

The apothegm is equal to the radius of the inscribed 
circle. 
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PROPOSITION in. PROBLEM. 

To inscribe a square in a given drde. 

Let A BCD be the given cir- 
cle. Draw any two diameters AC 
Jiid BD perpendicular to each 
ether ; they will divide the circum- 
ference into four equal arcs (B. Ill,, 
P. XVn., S.). Draw the chords 
AB, BC, CD, and I)A : then 
\till the figure ABCD be the 
square required (t*. II., S.). 

Scholium. The radius is to the side of the inscribed 
square as 1 in to i/27 




PROPOSITION TV. THEOREM, 

y a* regular hexagon be inscribed in a circle^ any side toiO 
be equal to t/ie radius of the circle. 

Let ABD be a circle, and ABCDEH a regular in- 
scribed hexagon : then will any side, as AB^ be equal to 
the radius of the circle. 

Draw the radii OA and OB. 
Then will the angle A OB be 
equal to one-sixth of four right 
angles, or to two-thirds of one 
right angle, because it is an an- 
gle at the centre (P. II., D. 2). 
The sum of the two angles OAB 
and OBA is, consequently, equal 

to four-thirds of a right angle (B. L, P. XXV., C. 1) ; but, 
the angles OAB* and OBA are equal, because the opposite 
ades OB and OA are equal : hence, each is equal to 
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two-thirds of a right angle. The three angles of the triangle 
A OJB are therefore, equal, and consequently, the triangle is 
equilateral : hence, AB is equal to OA \ tohich was to be 
pj'oved. 



PEOPOSinON Y. PROBLEM. 



To inscribe a regular hexagon in a given circle. 



its centre. 



Let AJBE be a circle, and 
Beginning at any point of 
the circumference, as -4, ap- 
ply the radius OA six times 
as a chord ; then will 
ABCDEF. be the hexagon 
required (P. IV.). 



Cor, 1. If the alternate 
vertices of the regular hexagon 

be joined by the straight lines 
A C, CE, and EA, the inscribed 
triangle ACE will be equilateral (P. IL, S.). 

Cor, 2. If we draw the radii OA and OCy the figure 
A CB wUl be a rhombus, because its sides are equal : 
hence (B. IV., P. XIV., C), we have, 

AW + BC"" + 03^ + ^' = AG"" + OW ; 

or, taking away from the first member the quantity ft3P, 
and from the second its equal Ojff*, and reducing, we have 
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ZOA' = AC*\ 



whence (B. H., P H.), 



AC" : OA' \x ? 2 1; 
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or (B. H, P. Xn., C. 2), 

AC : OA : : y/s : I *f 

that 18, t?ie side of an inscribed equilateral triangh is to the 
TadhUy as the square root of Z is to I. 



PTIOPOSITION VI. THEOREM. 

If the radius of a circle be divided in extreme and mean 
ratiOy the greater segment, will be equal to otic side of a 
regular inscribed decagon. 

Let ACG be a circle, OA its radius, and AB^ equal to 
OM^ the greater segment of OA when divided in extreme 
and mean ratio : then will AB be equal to the dde of a 
regular inscribed decagon. 

Dpaw OB and BM. We 
have, by hypothesis, 

AO : OM : : OM i AM\ 

or, since AB is equal to 
OM^ we have, 

AO : AB \ \ AB I AM\ 

hence, the triangles OAB 
and BAM have the sides 
about their common angle 

BAMy proportional ; they are, therefore, similar (B. FV., 
P. XX.). But, the triangle OAB is isosceles ; hence, BAM 
is also isosceles, and consequently, the side BM is equal to 
AB. But, AB b equal to OM^ by hypothesis : hence, 
BM is equal to OM^ and consequently, the angles MOB 
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and MBO are eqnaL The angle AMB being an exterior 
angle of the triangle OMB^ is equal to the smn of the 
angles MOB and MBO^ or 
to twice the angle MOB ; 
and because AMB is equal to 
OABj and also to OBA^ the 
scm t>f the angles OAB and 
OB A is equal to four times 
the angle A OB : hence, A OB 
is equal to one-fiflh of two 
right angles, or to one-tenth of 
four right angles ; and conse- 
qnentlv, the arc AB is eqnal 
to one-tenth of the circumfer- 
ence : hence, the chord AB is eqnal to the side of a 
regular inscribed decagon ; which was to he proved. 




Cor, 1. If AB be applied ten times as a chord, the 
resulting polygon will be a regular inscribed decagon. 

Cor, 2. If the vertices -4, (7, E^ (?, and ij of the 
alternate angles of the decagon be joined by straight lines, 
the resulting figure will be a regular inscribed pentagon. 



Scholium 1. If the arcs subtended by the sides of any 
regular inscribed polygon be bisected, and chords of the serai- 
arcs be drawn, the resulting figure ^nll be a regular inscribed 
polygon of double the number of sides. 

Scholium 2. The area of any regular inscribed polygon 
is less than that of a regular inscribed polygon of double 
tlie number of sides, because a part is less than the whole 
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PROPOSITION VII. PROBLEM. 

To circums&riiey about a circle, a polygon which shall b$ 
similar to a given regular inscribed polygon. 

Let TNQ be a circle, O its centre, and ABCDEP 

8 regular inscribed polygon. 

At the middle points 
f, N^ P, &c., of the arcs 
subtended by the sides of 
the inscribed polygon, draw 
tangents to the circle, and 
prolong them till they in- 
tersect ; then will the re- 
sulting figure be the poly- 
gon required. 

\\ The side IIQ be- 
ing parallel to BA^ and 

HI to BCj the angle JI is equal to the angle B, In 
like manner, it may be shoNvn that any other angle of the 
circumscribed polygon is equal to the corresponding angle of 
the inscribed polygon : herice, the circumscribed polygon is 
equiangular, 

r. Draw the straight lines OG, OT, OH, ON, and 01. 
Then, because the lines HT and HN are tangent to the 
circle, OR will bisect the angle NHT, and also the angle 
NOT (B. IIL, Prob. XIV., S.) ; consequently, it will pass 
through the middle point B of the arc NBT, In like 
manner, it may be shown that the straight line drawn 
from the centre to the vertex of any other angle of the 
circumscribed polygon, will pass through the corresponding 
vertex of the inscribed polygon. 

The triangles OHO and OHI have the angles OHO 
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and OEJ equal, from what baa just been abown ; the an- 
gles GOH and HOI equal, because tbey are measured by 
tbe equal arcs AB and 
BG^ and the side OH 
common ; they are, there- 
fore, equal in all their 
parts : hence, OH is 
equal to HL In like 
manner, it may be shown 
that HI is equal to IK^ 
IK to KLy and so on : 
hence, the circumscribed 
polygon is equilateral. 

The circumscribed poly- 
gon being both equiangular and equilateral, is regrdar / and 
since it has the same number of sides as the inscribed poly- 
gon, it is similar to it. 

Cor> 1. If straight lines be drawn from the centre of a 
regular circumscribed polygon to its vertices, and the consec- 
utive points in which they intersect the circumference be 
joined by chords, the resulting figure will be a regular 
inscribed polygon similar to the given polygon. 

Cor. 2. The sum of the lines HT and JSOT is equal 
to the sum of JST and TOy or to JIO ; that is, to one 
of the sides of the circumscribed polygon. 

Cor. 8. If at the vertices -4, Jff, (7, .Ac, of the in- 
sciibed polygon, tangents be drawn to the circle and pro- 
longed till they meet the sides of the circumscribed polygon, 
the resulting figure will be a circumscribed polygon of double 
the number of sides. 



Cor, 4. The area of any regular drcumscribed ^polygon 
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is greater than that of a regular circumscribed polygon of 
doable the number of sides, because the whole is greater 
than any of its parts. 

Scholium. By means of a circumscribed and inscribed 
iquare, we may construct, in succession, regular ciicumscribcd 
and inscribed polygons of 8, 16, 32, &c., sides. By means 
of the regular hexagon, we may, in like manner, construct 
regular polygons of 12, 24, 48, &c., sides. By means of the 
decagon, Tve may construct regular polygons of 20, 40, 80, 
4Sk;., sides. 
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PROPOSITION VIII. THEOREM. 

The area of a regular polygon is equal to half the product 

qf its perimeter and ajyothem. 

Let GEOLK be a regular polygon, its centre, and 
OT its apothem, or the radius of the inscribed circle : 
then will the area of the polygon be equal to half the 
product of the perimeter and the apothem. 

For, draw lines from the centre 
to the vertices of the polygon. 
Tliese lines will divide the polygon 
into triangles whose bases will be 
the sides of the polygon, and 
vhose altitudes will be equal to 
the apothem. Now, the area of 
any triangle, as OHG^ is equal to 
half the product of the side IIG- 
and the apothem : hence, the area 

of the polygon is equal to half the product of the perimeter 
aad the apothem ; tohich was to be proved. 

10 
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PROPOSITION LX. THEOREM. 



The perimeters of eimilar regtdar polygons are to each 
other as th^ radii of their circumscribed or inscribed 
circles ; and their areas are to each other as the squaret 
of those radii. 

1°. Let ABC and KLM be similar regular polygoiw. 

{jet OA and QK be the radii of their circumacribed, OL 
iind QR be the radii of their inscribed circles : then will 
the perimeters of the polygons be to each other as OA ifl 

.0 QK^ or as OD is to QR, 
For, the lines 

OA and QK are A.^-— 15 — -vB 

liomologous lines 
of the polygons 
f/) which they be- 
long, as are also 
the lines OD and 

QR : hence, the 
"jicrimeter of ABC 
*a to the perimeter .of KLM^ as OA is to QK^ or as 

OD is to qR (B. IV., P. XXVII., C. 1) ; vyhich was to be 

ttroved, 

2®. The areas of the polygons will be to each other as 
07i^ is to QK^, or as OT)'' is to QR\ 

For, OA being homologous with QIiTy and OD with J 
QR, we have, the area o£ ABC is to the area of ITLM] 
as OT is to QK\ or as OS* is to QS" (B. IV., V 
XXV n., C. 1) ; which wa^ to be proved. 



^j 
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PROPOSITION X. THEOKEM. 



IS/DO regular polygons of the same number of sidiis can Ac 
coiistitidted^ t/ie one circumscribed about a Hrcle and the 
other inscribed in it, which shall differ from each othef 
by less than any given surface. 



Let ABOE be a circle, its centre, and Q the iside cff 
a square equal to or less than the given surface; then can 
two similar regular polygons be constructed, the one circum- 
scribed about, and the other inscribed within the given tsircle, 
which shall differ from each other by less than the square 
of Q, and consequently, by less- than the given surface. 

Inscribe a square in the 
given circle (P. HI.), and by 
means of it, inscribe, in succes- 
son, regular polygons of 8, 16, 
82, dbc, sides (P. VTI., S.), un- 
tu end is found whose side la 
less than Q ; let AB be the 
side of such a polygon. 

Construct a similar circum- 
scribed polygon aibcde : then 

will these polygons differ from each other by lese than the 
square of Q. 

For, from a and 6, draw the lines aO and bO \ they 
will pass through the points A and B. Draw also OK 
to the point of contact K\ it will bisect -47? at / and 
be perpendicular to it. Prolong AO to E. 

Let P denote the circumscribed, and p the uiscribed 
polygon ; then, because they are regular and similar, we 
sDaU have (P. IX.), 
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P : p :: Wt or OJ^ : OT; 
hence, by divisioii (B. 11., P. VL), we have, 



P : P-/> : : Oj^ 



oj} -or 



iwr- 




P i P "P :: OA* : Ar. 

Multiplying the terms of the 
second couplet by 4 (B. IL, P. 
VII), we have, 

P : P-^p : : 40? : 4JJ'; 

whence (B. IV., P. VHI, C), 

P : P-p : : AE^ : AJ?. 



But P is less than the square of AB (P. VII., C. 4) ; 
hence, P — p is less than the square of AJ3j and conse 
quently, less than the square of Q^ or than the given sur- 
face ; which was to be proved. 

Cor, 1. When the number of sides of the inscribed poly- 
gon is increased, the area of the polygon will be increased, 
and the area of the corresponding circumscribed polygon M'ill 
be diminished (P. VII., c. 4) ; and each will constantly 
approach the circle, which is the limit of both. 

Cor. 2. When the number of sides of either polygon 
reaches its limit, which is infinity^ each polygon will reach 
its limit, which is the circle : hence, under that supposition, 
the difference between the two polygons will be less than 
any assignable quantity, and may be denoted by zero^* and 
either of the polygons will be represented by the circle. 

• Univ. Algebra, Arts. 73, 73. Bourdon, Art. 71. 
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ScJiolium 1. The circle may be regarded as the limit 
of the inscribed and circumscribed polygons ; that is, it is 
a figure towards which the polygons may be made to a|v 
proach nearer than any appreciable quantity, but beyond 
which they cannot be made to pass. 

Scholium 2. The circle may, tlierefore, be regarded as a 
regular polygon of an infinite number of sides; and because 
of tbe principle, that whatever is true of a whole class, t> 
true of every individual of that class, we may affirm that 
wluUemr is true of a regular polygon, having an infinile 
number of sides, is true also of the circle. 

Scholium 3. When the circle is regarded as a regular poly- 
gon, of an infinite number of sides, the circumference is to be 
regarded as its perimeter^ and the radius as its apothem, 

PROPOSITION XI. PROBLEM. 

The area of a regular inscribed polygon^ and that of a 
similar circumscribed polygon being given ^ to find the 
areas of the regular inscribed and circumscribed polygons 
having double tJie number of sides. 

Let AB be the side of the given inscribed, and EF 
tliat of the given circumscribed polygon. Let C be their 
common centre, AMB a portion of the circumference of 
the circle, and M the middle point of the aro AMB, 

Draw the chord AM^ and 
at A and B draw the tangents 
AP and J7§ ; then wiU AM 
be the side of the inscribed 
polygon, and PQ the side of 
the circumscribed polygon of 
doable the number of sides (P. 
Vn.). Draw CE, CP, CM, 
and CF. 
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Denote the area of the given inscribed polygon by />, 
the area of the given circumBcribed polygon by 1*^ and the 
aneas of the inscribed and inrcumscribed polygons having 
doable the number of sides, respectively by p' and JP^ 



1 \ TTie triangles CAD, CAM, 
and CEM, are like parts of the 
polygons to which they belong : 
hence, they are proportional to the 
polygons themselves. But CAM 
is a mean proportional between 
CAD and CEM (B. IV., P. 
XXrV., C.) ; consequently p' 
18 a mean proportional between 
p and P\ hence, 




p' ^ ^p X P. 



(1.) 



2**. Because the triangles CPM and CPE have the 
common altitude CM, they are to each other as their 
bases : hence, 

CPM : CPE : : PM : PE ; 
and because CP bisects the angle ACM, we have (B. IV., 

P. xvn.), 

PM : PE : : CM i CE x : CD : CA ; 

hence (B, 11., P. IV.), 

CPM : CPE I : CD I CA or CM. 

But, the triangles CAP and CAM have the common 
altitude AD ; they are therefore, to each other as their 
bases : hence, 

CAD : CAM :: CD : CM; 
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or, because CAD and CAM are to each other as the 
polygons to which they belong, 

p I p' I I CD : CM ; 
hence (B. 11., P. IV.), we have, 

CPM : CFJS : : p : p% 
and, by composition, 

CI^M : CFM+ CFE or CME : : p : p + p' ; 
hence (B. H., P. VH.), 

2CPM or CMP2I : CMB : : 2p : p+p\ 

But, CMPA and CMJS are Uko pints of P' and P, 

hence, 

-P : P : : 2p : p + p' i 



or. 



Scholium, By means of Equation ( 1 ), we can find p\ 
and then, by means of Equation ( 2 ), we can find P'. 



PROPOSITION Xn. PROBLEM. 

To Jtnd the approximate area of a circle v>hose radius i$ 1. 

The area of an inscribed square is equal to twice the squai'e 
described on the radius (P. III., S.), which square i: the unit 
of measure, and is denoted by 1. The area of the circ\,mseribed 
square is 4. Making p equal to 2, and P equal to 4, we have, 
from Equations (1) and (2) of Proposition XL, 

y = VS = 2.8284271 . . • inscribed octagon; 

P' = 7=1 = 3.3137085 . . . circumscribed octagon. 

2 + VS 
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Making p equal to 2.8284271, and P equal to 3.8137085, 
we bave, from the same equations, 

/>' = 3.0614674 • . • inscribed polygon of 16 sides. 

P' = 3.1825079 • . . ciroumscribed polygon of 16 sidea 

l]y a continued application of these equations, we find 
the areas indicated below. 



KuMnBR or Smn. 




GnCCUMSCXIIIGD POLTOOHB. 


4 


2.0000000 


4.0000000 


8 


2.8284271 


3.3137085 


16 


3.0614674 


3.1825979 


32 


3.1214451 


3.1517249 


64 


3.1365485 


3.1441184 


128 


3.1403311 


3.1422236 


256 


3.1412772 


3.1417504 


512 


3.1415138 


3.1416321 


1024 


3.1415729 


3.1416025 


2048 


3.1415877 


3.1415951 


4096 


3.1415914 


3.14159J3 


8192 


3.1415923 

1 « 


8.1415928 


16384 


3.1415925 


3.1415927 



Now, the figures which express the areas of the two last 
polygons ai*e the same for six decimal places ; hence, those areas 
differ from each other by less than one-millionth of the measuring 
unit But the circle differs from either of the polygons by less 
than they differ from each other. Hence, 1* taken 3.141592 times, 
ejcpresses the area of a circle whose radius is 1, to less than one- 
millionth of the measuring unit ; and by increasing the number 
of sides of the polygons, we should Obtain an area still nearer the 
true one. Denote the number of times which the square of tha 
radius is taken, by *, we hare, 

«• X 1* = 3.141692; 
ihat is, the area of a circle whose radius is 1, is 3.141592, in 
which the unit of measure is the square on the radius. 

S^h. For ordinary accuracy, * is taken equal to 3.1416. 
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PEOPOSITION XIII. THEOREM. 

The circumferences of circles are to each other as their radii^ 
and the areas are to each other as the squares of their 
radii. 

Let C and bo the centres of two circles wboso 
radii are CA and OB : then will the circumferences bo 
to each other as their radii, and the areas will be to each 
other as the squares of their radii 




For, let similar regular polygons MNTST and EFGEL 
be inscribed in the circles : then will the perimeters of these 
polygons be to each other as their apothems, and the areas 
^ill be to each other as the squares of their apothems, what- 
ever may be the number of their sides (P. IX.), 

If the number of sides be made infinite (P. X. S. 2.), the 
polygons will coincide with the cuxles, the perimeters ^\^lh 
the circumferences, and the apothems with the radii : hence, 
the circumferences of the circles are to each other as their 
radii, and the areas are to each other as the squares of the 
radii ; which was to he proved, 

OoT. 1. Diameters of circles are proportional to their 
radii : hence, the circumferences of circles are proportional 
to their diameters^ and the areas are proportional to the 
Bjuares of the diameters. 



1 
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Cor. 2. Similar arcs^ as AB and DE^ are like parta 
of the circumferences to which 
they belong, and similar sectors, 
as J Ci? and 2> OE^ are like 
parts of the circles to which 
they belong : hence, similar 
arcs are to each other as their 
radiiy and similar sectors are 
to each other as the squares of their radii. 

Scholium. The term infinite^ used in the proposition, is to 
be understood in its technical sense. When it is proposed to 
make the number of sides of the polygons infinite^ by the 
method indicated in the scholium of Proposition X., it is sim- 
ply meant to express the condition of things, when the in- 
scribed polygons reach their limits; in which case, the dif- 
ference between the area of either circle and its inscribed 
polygon, is less than any appreciable quantity. We have seen 
(P. XII.), that when the number ot sides is 16384, the areas differ 
by less than the millionth part of the measuring unit. By increas- 
ing the number of sides/ we approximate still nearer. 



PROPOSITION XrV. THEOREM. 

I 

The area of a circle is equal to half the product of its 

circumference and radius. 

Let be the centre of a circle, OG its radius, and 
A CDE its circumference : then will 
the area of the circle be equal to half 
the product of the circumference and 
radius. 

For, inscribe in it a regular poly- 
gon A CDE. Then will the area of 
this polygon be equal to half the pro- 
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dad of its perimeter atid apothem, whatever may be the 
number of its sides (P. YJil.). 

If the number of sides be mad^ infinite, the polygon will 

coincide with the circle, the perimeter with the circumference, 

and the apothcm with the radius : hence, the area of the 

"ircle is equal to half the product of its circumference anJ 

adius ; tohich toas to be proved. 

Cor. 1. The area of a sector is equal to half the pro- 
duct of its arc and radius. 

Cor, 2. The area of a sector is to the area of the cii'cle, 
as the arc of the sector to the circumference. 

PROPOSITION XV. PROBLEM. 

To find an expression for the area of any circle in terms 

of its radius. 

Let G be the centre of a circle, and CA its radius. 
Denote its area by area CA^ its radius 
by -B, and the area of a circle whose 

radius is 1, by ^r X 1* (P. XII., S.). 

Then, because the areas of circles 
are to each other as the squares of their 
radii (P. XIII.), we have, 

area (7^ : «• X 1* : : i? '• 1 ; 
whence, area GA = c-B*. 

That is, the area of any circle is 8.1416 times the square 
of ihfi radius 

PROPOSmON XVI. PROBLEM. 

To fvnd an expression for the circumfsreruui of a circle^ m 

terms of its radiusj or diameter. 

Liet C be the centre of a circle, and CA its radioa. 
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Denote its curcamference by cire. CA^ its radios by jB, and 
its diameter by D. From the last Proposition, we have^ 

area CA = ^rjB* ; 
and, from Proposition XIV., we have, 

area CA = ^rc. CA x jB ; A 
hence, ^irc. CA x B = i^JR* ; 

whence, by redaction, 

circ. CA = 2*Iiy or, eirc. CA = cD. 

That is, the circumference of any circle ia equal to 3.1416 
times its diameter. 

Scholium 1. The abstract number «*, equal to 3.1416, de- 
notes the number of times that the diameter of a circle is 
contained in the circumference, and also the number of times 
that the square constructed on the radius is contained in the 
area of the circle (P. XV.). Now, it has been proved by 
the methods of Higher Mathematics, that the value of ir is 
incommensurable with 1 ; hence, it is impossible to express, 
by means of numbers, the exact length of a circupiference 
in terms of the radius, or the exact area in terms of the 
square described on the radius. We may also infer that it 
u impossible to square the circle ; that is, to construct a 
square whose area shall be exactly equal to that of the circla 

Bcholium 2. Besides the approximate value of *, 3.1416, 
usually employed, the fractions ^ and'|f| are also used to 
express the ratio of the diameter to the circumference. 
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PI«ANBS AND POLYEDBAL ANGLBS. 

DEFINTnONS. 

1. A straight line is perpendiculab to a pianb, when 
it is perpendicular to every straight line of the plane which 
passes through its foot; that is, through the point in which 
it meets the plane. 

In this case, the plane is' also perpendicular to the line. 

2. A straight line is parallel to a planb, when it can- 
not meet the plane, how far isoever both may be produced. 

In this case, the plane is also parallel to the line. 

3. Two Planes abb parallel, when they cannot meet, 
how far soever both may be produced, 

4. A DiEDRAL ANGLE is the amouut of divergence of two 
planes. 

The line in which the planes meet, is called the edg^e of 
the cungley and the planes themselves are called faces of the 

angle* 

The measure. of a diedral angle is the same as that of a 
plane angle formed by two straight lines, one in each face, 
and both perpendicular to the edge at the same point. A 
diedxal angle may be acute^ odttise, or a right angle. In the 
latter case, the faces are perpendicular to each other. 
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5. A PoLTEDRAL ANGLE is the amouut of divergence of 
several planes meeting at a common point. 

This point is called the vertex of the angle ; the lines in 
which the planes meet are called edges of the angle^ and 
ihe portions of the planes lying between the edges are 
called faces of the angle. Thus, 8 
is the vertex of the polyedral angle, 
whose edges are 8A^ SB^ SCj 
SDy and whose faces are ASB^ 
BSC, CSD, DSA. 

A polyedral angle which has but 
three faces, b called a triedrcU 
angle. 




POSTULATE. 



A straight line may be drawn perpendicular to a plane from 
any point of the plane, or from any point without the plane. 



PROPOSITION I. THEOREM. 

^ a straight line has two of its points in a plane^ it will 

lie wholly in that plane. 

For, by definition, a plane is a surface such, that if any 
two of its points be joined by a straight line, that line wil] 
lie wholly in the surface (B, I., D. 8). 

Cor. Through any point of a plane, an infinite number 
of straight lines may be drawn which will lie in the plane. 
For, if a straight line be drawn from the given point to any 
other point of the plane, that line will lie wholly in the plane. 

Scholium. If any two points of a plane be joined by a 
straight line, the plane may be turned about th^t line as an 
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axia, BO as to take an infinite number of positions. Henoe^ 
we infer that an infinite number of planes may be passed 
through a given straight line. 

PROPOSITION n. THEOREM. 

Through three points^ not in the same straight line^ one 
plane can be passed^ and otdy one. 

Let A^ Dy and C be the three points : then oan one 
plane be passed through them, and only one. 

Joii) two of the points, as A and 
B, by tlie line AB. Through AB 
let a plane be passed, and let this plane 
be turned around AB until it contains 
the point C ; in this position it will 
pass through the three points -4, B^ 
and (7. If now, the plane be turned 

about -4J5, in either direction, it will no longer contain Uie 
point C : hence, one plane can always be passed through 
three points, and only one ; which toas to be proved. 

Cor, 1. Tlirce points, not in a straight line, determine the 
poffltion of a plane, because only one plane can be passed 
through them. 

Cor. 2. A straight line and a point without that Ime, 
determine the position of a plane, because only one plane 
can be passed through them.. 

Cor, 3. Two straight lines which intersect, determine the 
paction of a plane. For, let AB and AG intersect at 
A : then will either line, as AB^ and one point of the 
other, as C, determine the position of a plane. 

Cor. 4. Two parallel straight lines determine the position of a 
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plane. For, let A^ and CD be parallel. By definition 
(B. L, D. 16) two parallel lines always lie in the same plane. 
But either line, as AD^ and any point 

of the other, as i^ determine the posi- * -r» 

don • of a plane : hence, two parallels 

determine the position of a plane. F 



PEOPosrrioN ill theorem. 

The intersection of two planes is a straight line* 

Let AB and CD be two planes: then will their inter- 
section be a straight line. 

For, let £J and -F be any two^ 
points common to the planes; draw 
the straight line JEjK This line hav- 
ing two points in the plane ADj 
will lie wholly in that plane ; and 
having two points in the plane (72>, 

will lie wholly in that plane : hence, every point of jKZ^ is 
common to both planes. Furthermore, the planes can have 
no common point lying without IiJJF\ otherwise there would 
be two planes passing through a straight line and a point 
lying without it, which is impossible (P. IT., C. 2) ; hence, 
the intersection of the two planes- is a straight line ; which 
WHS to be proved. 




PEOPosinoN rv. theorem. 

J(/ a straight^ line is perpendicular to two straight lines at 
their point of intersection^ it is perpendicular to the plane 
of those lines. 

Let MJHr be the plane of the two lines J5J5, GO^ and 
let AF be perpendicular to these lines at P : then wiH 
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AP he perpendicular to every straight line of the plane which 
passes through P, and consequently, to the plane itself. 

For, through P, draw in 
the plane JfiV, any line P$ ; 
through any point of this line, 
as Q^ draw the line £Cj so 
that J3Q shall he equal to QG 
(B. IV., Proh. V.) ; draw AJB, 
AQ^ and AC. 

The hase JBC^ of the triangle BPC^ being bisected at 
§, we have (B. IV., P. XIV.), 

PC^ + PTi" = 2P^ + IQG^. 

In like manner, we have, from the triangle APCj 

AC^ + AW = 2Z^ + 2^. 

Subtracting the first of these equations from the second, 
member fi'om member, we have, 



^(7* - P(7* + AW - P^ = 2J^ - 2P(^. 

But, from Proposition XL, C. 1, Book IV,, we have, 

X^ -FC* = AF*, and XW -Pff = AP 
hence, by substitution, 

^AP^ = 2ZC* - 2PC* ; 



w^hence. 



AT^ ^ A(i ^ PC*; 



or. 



IP + PC* = A^. 



The triangle APQ is, therefore, right-angled at P (B. VJ ^ 
1\ Xin., S.), and consequently, AP is perpendicular to 
PQ I Lence, AP is perpendicular to every line of tlie* 
plane MN passing through P, and consequently, to the 
plane itself ; which wcls to be proved. 

11 
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jr, U Otdj one perpendicular can be drawn to a plane 
Mx^ s piuikt without the phme. 
*^y supfuM two perpendiculars, 
s;^ li* and AQy could be 
ituvvii drom the point A to the 
.oiH^ JLV. Draw PQ ; then 
ui*j trtdungle AFQ would have ^ 
^'t^ right angles, APQ and 
as?/*; which is impossible (B. L, P. XXV., 0. 3). 

Cor. 2. Only one perpendicular can be drawn to a plane 

■ 

liK>m a point of that plane. For, suppose that two perpen- 
^'ulars could be drawn to the plane JfZV; from the point 
/\ Pass a plane through the perpendiculars, and let FQ 
be its intersection with Mlf; then we should have two per- 
pendiculars drawn to the same straight line from a point of 
that line ; which is impossible (B. I., P. XIV., C). 



PROPOSITION V, THEOREM. 

^ from a point vnthout a plane^ a perpendicular be drawn 
to the plane, and obliqvs lines he drawn to different 
points of the plane : 

1®, The perpendicidar wiU be shorter than any oblique lirtje : 

2°. Oblique lines which meet the plane at equal distances 
from the foot of the perpendicular, will be equal: 

8.** Of two oblique lines which meet the plane at unequal 
distances from the foot of the perpendicular, the one which 
meets it at the greater distance wiU be the longer. 

Let ^ be a point without the ]>]ane MN ; let -^P 
be perpendicular to the plane ; let A. G, AD, be any two 
oblique lines meeting the plane at equal distances from die 
^fi>ot of the perpendicular ; and let A C and AE be anj 
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two oblique lines meeting the plane at uneqaal distances firom 
the foot of the perpendicular : 

1°. AP will be shorter 
tlian any oblique line AC. 

For, draw PC\ then will 
AF be less than AC (B. 
1., P. XV.) ; nohich was to 
he proved. 

2<». ^ (7 and AD will be equal 

For, draw PD ; then the right-angled triangles APC^ 
APD^ will have the side AP common, and the sides PC, 
PD^ equal : hence, the triangles are equal in all their parts, 
snd consequently, A C and AD will be equal ; vokich wob 
to be proved. 

3®. AE will be greater than AC. 

For, draw PJS, and take PB equal to PC ; draw 
AB : then will AB be greater than AB (B. I., P. XV.) ; 
but AB and A C are equal : hence, A£ is greater than 
AC I which toas to be proved. ' 

Cor. The equal oblique lines AB^ ACj AD^ meet the 
plane MN in the circumference of a circle, whose centre ii 
P, and whose radius is PB : hence, to draw a perpendi* 
cular to a given plane MN"^ from a point Ai without thai 
plane, find three points i?, C7, i>, of the plane equally di&> 
tant from A^ and then find the centre P, of the cirde 
whose circumference passes through these points : then will 
AP be the perpendicular required. 

Scholium. The angle ABP is called the inclination of 
the obiique line AB to the plane MN. The equal oblique 
lines AB^ ACj ABj are all equally inclined to the plane 
MIT'. The inclination of AJE is less than the inclination of 
■ay shorter line AB. 



164 



GEOMETRY. 



PROPOSITION VI. THEOREM. 

If from the foot of a perpendicular to a plane, a straight line 
be drawn af right angles to any straiglit line of that plane, 
and the point of intersection he joined with any point of the 
perpendicular, the last line will be perpendicular to the line 
of the plane. 

Let AP be perpendicular to the plane JfiV, P its foot, 
BC the pven line, and A any point of the perpendicular ; 
draw PD at right angles to JBC, and join the point 2> 
with A : then will AB be perpendicular to PC. 

For, lay off PB equal to 
nC, and draw PB, PC, AB, 
and AC. Because PD is per- 
pendicular to BCj and PB 
equal to PC, we have, PB 
equal to PC (B. L, P. XV.) ; 
and because AP is perpendicu- 
lar to the plane JOT, and PB 

equal to PC, we have AB equal to AC (P. V.). The 
line AP has, therefore, two of its points A and 2>, each 
equally distant from B and C : hence, it is perpendicular 
to BC (B. L, P. XVL, S.) ; which was to be proved. 

Cor, I. The line BC is perpendicular to the plane of 
the triangle APP ; because it is perpendicular to AP and 
PP, at P (P. IV.). 

Cor. 2. The shortest distance between AP and PC is 
measured on P2>, perpendicular to both. For, draw PP^ 
between any other points of the lines : then will PJS^ be 
greater than PB, and PB will be greater than PD ; 
bence, PP is less than BJSL 
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JSchoHunu The lines AP and BC^ though not in the 
same plane, are considered perpendicular to each other. La 
general, any two straight lines not in the same plane, are 
considered as making an angle with each other, which angle 
is equal to that formed by drawing through a given point, 
Lwo lines respectively parallel to the given lines. 




PEOPOsrrioK vii. theorem. 

Tf^ one of two parallels is perpendicular to a plane^ t/ie other 
one is also perpendicular to the same plane* 

Let AjP and JEJD be two parallels, and let AP be 
perpendicular to the plane MIf : then will JS!J} be also 
perpendicular to the plane MN'. 

For, pass a plane through the 
parallels ; its intersection with 
MJ>r will be PB ; draw AB, 
and in the plane JfJV draw 
SG perpendicular to PB at 
Z>. Now, BB is perpendicular 
to the plane A PBE (P. VL, C.) ; 

the angle BBE is consequently a right angle ; but the an- 
gle MiyP is a right angle^ because EB is parallel to AP 
(B. I., P. XX., C. 1) : hence, EB is perpendicular to BB 
and JPD^ at their point of intersection, and consequently, to 
their plane MN' (P. IV.) ; vahich was to be proved. 

Got. 1. If the lines AP and EB are perpendicular to 
the plane MN\ they are parallel to each other. For, if 
not, draw through B a line parallel to PA ; it will h% 
perpendicular to the plane MIf] from what has just been 
proved ; we shall, therefore, have two perpendiculars to the 
the plane MN, at the same point ; which is impossible (P. 
IV- C. 2). 
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Cor, 2. If two straight lines, A and B, are parallel to a 
third line (7, they are parallel to each other. For, pass a 
plane perpendicular to (7; it will be perpendicular to both 
A and Bi hence, A and B are parallel. 



PROPOSITION VIII. THEOREM. 

If a straight line ts parallel to a line of a plane, it is parallel 

to that plane. 

Let the line AB be parallel to the line CD of the 
plane MN ; then will AB be parallel to the plane Jif^. 

For, through AB and CD 

pass a plane (P. II., C. 4) ; CD a b 

will be its intersection with \ ' i N 

the plane MN. Now, since AB /\ I J 

lies in this plane, if it can meet / c T5/ 

the plane MN, it wiU be at ^^^ ^ 

some point of CD\ but this is 

impossible, because AB and CD are parallel : hence, AM 

cannot meet the plane MN^ and consequently, it is paralld 
to it ; which was to be proved. 



PROPOSITION IX THEOREM. 

jy two planes are perpendicular to the same straight line, 

they are parallel to ecuih other. 

Let the planes Mlf and PQ 
be perpendicular to the line A By 
at the points A and B : then 
will they be parallel to each 
other. 

For, if they are not parallel. 
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they 'will meet ; and let (? be a point common to both. 
From O draw the lines OA and OB : then, since OA 
lies in the plane MN^ it will be perpendicular to BA at 
A. (I>. 1). For a like reason, OB will be perpendicular 
to AH Bt B : hence, the triangle OAB will have two 
light atigies, which is impossible ; consequently, the planes 
caanot meet, and are therefore parallel ; which was to he 



PROPOSITION X. THEOREM. 

If a plane intersect two paraUd pianee^ the lines of inter- 
section wiU be paraUd. 

XiOt the plane EH intersect the parallel planes MN and 
I^Q^ in the lines EF and GH : then will EF and GH 
be parallel. 

For, if they dre not parallel, 
they nv'ill meet if sufficiently pro- 
longed, because they lie in the 
same plane ; but if the lines meet, 
the planes JOT and PQ^ in 
w^hich thoy lie, will also meet ; 
but this is impossible, because 
these planes are parallel : hence, 

the lines EF and GU cannot meet ; they are, therefore* 
parallel ; whidi was to be proved. 




PROPOSITION XI. THEOREM. 

J^ a straight line is perpendicular tq one of two parallel 
planes^ it is also perpendicular to the other. 

I^et JOT and PQ be two parallel planes, and let the 
line AlB be perpendicular to PQ then will it aho be 
perpendieular to MN. 



168 



GEOMETRY. 



Q 



B 



For, through AB pass any plane ; its intersections wiU) 
MN and PQ wiU be paraUel (P. X.) ; but, ita intersection 
^th FQ is perpendicular to AB at B (D. 1) ; hence, 
its intersection with MK is 
also perpendicular to AB at A 
(U. L, P. XX., C. 1) : hence, 
AB is perpendicular to every 
line of the plane MN thrpugh 
A^ and is, therefore, perpendicu- 
lar to that plane ; which w(»s to 
be proved. 



I^ 



N 



M 



PROPOSITION XIL THEOBEM. 

Parallel straight lines included between parallel planes, are eqtioL 

Let ^G and PUT be any two parallel lines indaded, 
between the parallel planes MJf and PQ : then wiU they 
be equal. 

Through the parallels conceive 
a plane to be passed ; it will 
intersect the plane MN' in the 
line JEFj and PQ in the line 
GPT ; and these lines wiU be 
parallel (Prop. X.). The figure 
^EFHQ is, therefore, a parallelo- 
gram : hence, GE and HF 
aie equal (B. I., P. XXVIII.) ; which was to be proved. 

Car. 1. The distance between two parallel planes is inc&- 
Bured on a perpendicular to both ; but any two perpendiculars 
between the planes are equal : hence, parallel planes are every- 
where equally distant. 

Cor, 2. K a straight line Off is parallel to any plane MN, 
then can a plane be passed through Off parallel to MN: 
hence, if a straight line is parallel to a plane, all of ijis points 
are equally distant from that plane. 
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PBOPOsrrioN xni, theorem 

^ two angles^ not situated in the same plane^ have their 
sides parallel and lying in the same direction^ the angles 
taitt be equal and their planes paraUel, 

Liet CAS and DBF be two angles lying in the planes 
Jkflf and PQj and let the sidds AC and AE be re- 
spectively parallel to BD and BF^ and lying in the same 
direction : then will the angles CAE and DBF be equal, 
and the planes MN and PQ will be parallel. 

Tstke any two points oi AC and AE^ aif C and E^ and 
make ED equal to A (7, and 
EJ^ to AE\ draw OE, DFy 
j£^j CDy and EF. 

1**. The angles CAE and 
D:BF wai be equal. 

For, AE and BF being 
parallel and equal, the figure 
AJBF^ is a parallelogram (B. 
I., P. XXX.) ; hence, EF is 
parallel and equal to AB. For 
a like reason, CD is parallel and equal to AB : hence, 
<7Z> and EF are parallel and equal to each other, and 
consequently, CE and DF are also parallel and equal to 
each other. The triangles CAE and DBF have, therefore, 
their corresponding sides equal, and consequently, the corres- 
ponding angles CAE and DBF are equal ; which was to 
be proved. 

2**. The planes of the angles MN and PQ are parallel 
For, if not, pass a plane through A parallel to PQ, 
suppose it to cut the lines CD and EF in Q and 
Then will the lines QD and HF be equal respect- 
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ivdy to AB (P. XII.), and consequently, OD will be 
equal to CD^ and HF to EF\ which is impossible : hence, 
the planes MN and PQ must be parallel ; which was to 
be proved. 

Cor. If two parallel planes Mlf and PQ^ are met by 
two other planes AD and AF^ the angles CAM and 
DBF^ formed by their intersections, will be equaL 

■ 



PEOPOSmON XIV, THEOREM. 

If three straight linesj not situated in the same ptane^ are 
equal and paraUel^ the triangles formed by joining the 
extremities of these lines wiU be eqttalj and their planes 
parallel. 

Let A By CDy and FF be equal parallel lines not in 
the same plane : then will the triangles A CE and SDF 
be equal, and their planes parallel. 

For, AB being equal and 
parallel to EF^ the figure ABFE 
is a parallelogram, and conse- 
quently, AE is equal and par- 
allel to BF. For a like reason, 
AC is equal and parallel to 
BB : hence, the included angles 
CAE and DBF are equal and 
their planes parallel (P. XDI.). 
Now, the triangles CAE and 
DBF have two sides and their 

mduded angles equal, each to each: hence, they are eqna] 
m all their parts. The triangles are, therefore, equal and 
their planes parallel ; which was to be proved. 
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PEOPOSinON XV. THEOBEM. 

If tmo straight lines are cut by three parattd planes^ they 

mU be divided proportionally. 

Liet the lines AB and' CD be out by the paralle] 
'Planes MN^ PQ^ and ES^ in the points -4, E^ B^ and 
e, J?; 2>; then 

AE \ EB \\ CF \ FD. 

For, draw the line AD^ and 
suppose it to pierce the plane 
FQ in G\ draw AC, BD, 
EOy and GF. 

The plane ABD intersects 
the parallel planes R8 and PQ 
in the lines BD and EO ; 
consequently, these lines are par- 
allel (P. X.) : hence (B. IV., 
P. XV.), 

^E \ EB X. AQ \ GB. 

The plane A CD intersects the parallel planes MN and 
FQy in the parallel lines AC and GF i hence, 

AG : GD : : CF i FD. 

Gombining these proportions (B. 11., P. TV.), we hare, 

■ 

AE I EB II CF \ FD \ 

vohich toas to be proved. 

Cor, 1. If two straight lines are cut by any number of 
parallel planes, they will be divided proportionally. 

Cor. 2. If any number of straight lines are cut by threo 
parallel planes, they will be divided proportionally. 
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PBOPOSmON XVL THEOREM. 

Jf a straight line is perpendicular to- a plane, every plane passed 
through the line will also be perpendicular to tliat plane. 

Let AP be perpendicular to the plane JfiV, and let 
BF be a plaine passed through AF : then will BF be 
perpendicular to MN. 

In the plane MN"^ draw PD 
perpendicular to £C^ the intei-seo- 
tion of BF and MN. Since AP 
is perpendicular to MN^ it is per- 
pendicular to ^(7 and DP (D. 1) ; 
and since AP and BP^ in the 
planes BF and MN^ are perpendicular to the intersection 
of these planes at the same point, the angle which they 
form is equal to the angle formed by the planes (D. 4) ; 
but this angle is a right angle : hence, BF is perpendicu- 
lar to MN ; which was to be proved. 

Cor. If three lines APy BPj and DPj are perpen- 
dicular to each other at a common point P, each line will 
be perpendicular to the plane of the other two, and the 
three planes will be perpendicular to each other. 

PROPOSITION XVII. THEOREM. 

Tf two planes are perpendicular to each other, a straight line 
drawn in one of thetUy perpendicular to their intersection, 
wiU be perpendicular to the other. 

Let the planes BF and JflV be perpendicular to eaoli 
other, and let the line AP, drawn in the plane BFy be 
perpendicular to the intersection BC ; then will AP be 
perpendicular to the plane MN. 
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For, in the plane JfiV, draw PD perpendicular to BC 
at P. Then because the planes BF and MN are poq>en. 
dicalar to each other, the angfe APD 
will be a right angle : hence, AP is 
perpendfcnlar to the two lines PD 
and BC^ at their intersection^ and 
consequently, is perpendicular to their 
plane 3ifN\ which was to be proved. 

Cor. If the plane BF is perpendicular to the plane 
MN^ and if at a point P of their intersection, we erect 
a perpendicular to the plane JO^ that perpendicular will 
he in the plane BF. For, if not, draw in the plane BF^ 
PA perpendicular to PC, the common intersection ; AP 
will be perpendicular to the plane MN^ by the theorem; 
therefore, at the same point P, there are two perpendiculai-s 
to the plane MN ; which is impossible (P. IV., C. 2). 



PROPOSITION XVin. THEOREM. 



If two planes cut each other^ and are perpendicular to a 
third plane^ their intersection is also perpendicular to 
that plane. 

Let the planes BF, DH^ be perpendicular to MN : 
then will their intersection AP be perpendicular to MK. 

For, at the point P, erect a per- 
pendicular to the plane MN ; that 
|)eTpendicular must be in the plane 
PjPJ and also in the plane BH 
(P. XVn., C.) ; therefore, it is their 
common intersection APx which was 
to be proved. 
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PBOPOSmON ZIZ. TSEOKBM. 

The 9um of any two of the plane angles formed by the 
edges of a triedrai angle, is greater than the third. 

Let 8A, 8B, and 80, be the edges of a triedrai 
angle : then will the snm of any two of the plane angles 
foi-med by. them, as A8G and CSB, be greater than the 
third A8B. 

If the plane angle A8B b equal to, or less than, either 
of the other two, the truth of the proposition is evident. Let 
us suppose, then, that A8B is greater than either. 

In the plane A SB, construct 
the angle BSD equal to BSC \ 
draw AB in that plane, at plea- 
sure ; lay off SC equal to SB, 
and draw AC and CB. The 
triangles BSD and B8C have 
the side SC equal to SD, by 
construction, the side SB com- 
mon, and the included angles BSD and BSC equal, by 
construction ; the triangles are therefore equal in all their 
parts : hence, BD is equal to BC But, from PropositioD 
Vn., Book L, we have, 

BC -^ CA:> BD -^ DA. 

Taking away the equal parts BC and BD, we haye, 

CA>DA\ 

hence (B. I., P. IX.)> we have, 

angle ASC > angle ASD ; 




and, adding the equal angles BSC and BSD^ 
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angle A8C 4 angle CSB > angle A8D -^ ^ngU DSB ; 
or, angle ASC f angle CSB > angle A8B ; 

ythieh was to be proved. 



PROPOSITION XX. THEOREM. 

Th^ sum of the plane angles formed by the edges of any 
polyedral angUy is less than four right angles. 

Liet S be the vertex of any polyedral angle whose .edgei 
are SAy SB, SC^ SB^ and SJS ; then will the snm of 
the angles abont 8 be less than four right angles. 

For, pass a plane cutting the edges 
in the points A, Bj (7, 2>, and £!, 
and the faces in the lines ABy BCj 
CDy JDEy and EA. From any point 
within the polygon thus formed, as 0, 
draw the straight lines 0-4, OBy OCy 
OB, and OK 

We then have two sets of triangles, 
one set having a conmion vertex Sy the 

other having a common vertex 0, and both having com- 
mon bases ABy BCy CBy BE, EA. Now, in the set 
which has the common vertex 8y the sum of all the angles 
is equal to the sum of all the plane angles formed by the 
edges of the polyedral angle whose vertex is /8, together 
with the sum of all the angles at the bases : viz., 8ABy 
SB Ay SBCy &0. ; and the entire sum is equal to twice 
aa many right angles ss there are trianglesw In the set 
whose common vertex is 0, the sum of all the angles is 
equal to the four right angles about O, together with the 
interior angles of the polygon, and this sum is equal to 
twice as many right angles as there are triangles. Since 
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the iinmber of triangles, in each set, is the same, it foIlowB 
that these sums are equal. But in the triedral angle whose 
vertex is -B, we have (P. XIX.), 

AB8 + SBC > ABC ; 

and the like may be shown at each 

of the other vertices, (7, 2>, ^ A i 

hence, the smn of the angles at the 

bases, in the triangles whose common 

veHez is iS^ is greater than the sum 

of the angles at the bases, in the set 

whose common vertex is O : therefore, 

the sum of the vertical angles about 8^ is less than the 

sum of the angles about : that is, less than four right 

angles ; tohich toas to be proved. 

Scholium. The above demonstration is made on the sup- 
position that the polyedral angle is convex, that is, that the 
diedral angles of the consecutive fisK^s are each less than two 
right angles. 

PROPOSITION XXI. THEOREM. 

If the plane angles formed by the edges of two triedral 
angles are equals each to each^ the planes of the equal 
angles are equaUy inclined to each other. 

Let S and T be the vertices of two triedral angles, 
and let the angle A8C be equal to DTF, A8B to BTE, 
and B8C to I^TF : then will tho planes of the equal 
angles be equally inclined to each other. 

For, take any point of 8B^ as B, and fix)m it draw 
in the two faces A8B and C8B^ the lines BA and BC^ 
respectively peipendicular to 8B : then will the angle ABG 
measure the inclination of these feces. Lay off TE equal 
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to 8B^ and from E draw in the feces DTE and FTE, 
the lines ED and EF^ respectively perpendicular to TE • 
then will the angle DEE 
measure the inclination of these 
feces. Draw AG and DF. 
Tlie right-angled triangles 
8B.± and TED^ have the 
Mde SB equal to TE^ and 
the angle A8B equal to 

DTJEJ ; hence, AB is equal to DE, and AS to TD, 
In like manner, it may be shown that BC is equal to EF^ 
and C8 * to J?T. The triangles A8G and 2>7y, have 
the angle ASC equal to DTF^ by hypothesis, the side AS 
equal to DTJ and the side C8 to i^TJ from what ha& 
just been shown ; hence, the triangles are equal in all their 
parts, and consequently, AC is equal to DF, Now, the 
triangles ABC and DEF have their sides equal, each to 
each, and consequently, the corresponding angles are also* 
equal; that is, the angle ABC is equal to DEF i hencCf 
the inclination of the planes A8B and C8B^ is equal to 
the inclination of the planes DTE and FIE. In like 
manner, it may be shown that the planes of the other equal 
angles are equally inclined ; which was to be proved. 

Scholium, If the planes of the equal plane angles are 
tike placed, the triedral angles are equal in all respects, for 
they may be placed so as to coincide. If the planes of the 
equal angles are not similarly placed, the triedral angles are 
eqftai by symmetry. In this case, they may be placed so 
that two of the homologous &<ces shall coincide, the triedral 
angles lying on opposite sides of the plane, which is then 
called a plane of symmetry. In this position, for every point 
on one side of the plane of symmetry, there is a correspond- 
ing point on the other ade. 

12 
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POLTBBBONS. 



DEFINITIOira. 




1. A PoLYKDRON 18 a volnme bounded by polygons. 

The bounding polygons are called faces of the polyodron; 

« 

the lines in which the faces meet, are called edges of tbe 
polyedron ; the points in which the edges meet, are called 
vertices of the polyedron. 

2. A Prism is a polyedron in which two of 
the faces are polygons equal in all their parts, 

and having their homologous sides parallel. The 

other faces are parallelograms (B. I., P. XXX.). 

The equal polygons are called hoses of the 

prism ; one the wjfq>€T^ and the other the 

IcMCT base / the parallelograms taken together 

make up the lateral or convex sitrface of the prh»2t ; th • 

lines in which the lateral faces meet, are called lateral edges 

of the prism. 

3. Tlie ALTrnji>E of a prism is the perpemiicular d»»- 
tance between the planes of its bases. 



4. A Right Prism is one whose lateral 
edges are perpendicular to the planes of the 
bases. 

In this case, any lateral edge is equal to 
'the altitude. 




M^ 
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5. An Obuqpb Puism is one whose lateral edges are 
oblique to the planes of the bases. 

In this case, auy lateral edge is gi eater tlian the altitude. 



\ 



6. Prisms are named from the number of sides of their 
bases ; a triangular prism is one whose bases are triangles; 

II pentangular prism is one whose bases are pentagons, &c. 

7. A Parallelopipedok is a prism whose bases ai*e 
parallelograms. 

A Right ParalMopipedon is one whose lat- 
eral edges are perpendicular to the planes 
of the bases. 

A Rectangular Parallelopipedon is one 
whose faces are all rectangles. 

A Ctibe is a rectangular parallelopipedon 
vhose faces are squares. 

8. A Ptbamid is a polyedron boimded 
by a polygon called the base^ and by tri- 
angles meeting at a common point, called the 
vertex of the pyramid. 

The triangles taken together make up the 
lateral or convex surface of the pyramid ; 
the lines in which the lateral faces meet, are 
called the lateral edges of the pyramid. 



9. Pyramids are named from the number of sides of 

their bases ; a triangular pyramid is one whose base is a 

triangle ; a quadrangular pyramid is one whose base is a 
quadrilateral, and so on. 

9 

10. The Altitude of a pyramid is the perpendicular 
difitance from the vertex to the plane of its base. 
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11. A Bight Pybamid is one whose base is a regular 
polygon, and in which the perpendicular drawn from the 
vertex to the plane of the base, passes through the centre 
of the base. 

This perpendicular is called the axis of the pyraDiid. 

12 The Slant Height of a right pyramid, is the per- 
pendicular distance from the vertex to any side of the base. 

13. A Truncated Ptbamid is that 
portion of a pyramid included between 
the base and any plane which cuts the 
pyramid. 

When the cutting plane is parallel to 
the base, the truncated pyramid is called 
a FRUSTUM OF A PYRAMID, and the inter- 
section of the cutting plane with the pyramid, is called tlie 
upper base of the frustum ; the base of the pyramid is cal- 
led the lower base of the frustum. 

14. The Altttude of a frustum of a pyramid, is the per- 
pendicular distance between the planes of its bases. 

15. The Slant Height of a frustum of a right pyramid, 
is that portion of the slant height of the pyramid which lies 
between the planes of its upper and lower bases. 

16. Similar Polyedrons are those which are bounded bj 
tiie same number of similar polygons, similarly placed. 

Parts which are similarly placed, whether faces, edges, o" 
angles, are called homologous. 

11. A Diagonal of a polyedron, is a straight line join- 
ing the vortices of two polyedral angles not in the same 
facp. 
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18. The YoLXTMB OF A PoLYEDBON is its numerical value 
expressed in terms of some other polyedron as a unit. 

The unit generally employed is a cube constructed on the 
linear unit as an edge. 



PKOPOSITION I. THEOREM. 

Tht convex surface qf a right prism is equal to the perin^ 
eter of either base multiplied by the altitude. 

Let ABCDE-K be a right prism: then is its convex 
8ar&ce equal to, 

i^AB + BG+ CD ^ DJS+ EA) x AF. 



For, the convex surface is equal to 
the sum of all the rectangles A Q^ BH^ 
CI^ DK^ EF^ which compose it. Now, 
the altitude of each of the rectangles 
AF, BO, CHy Ac, is equal to the 
altitade of the prism, and the area of 
each rectangle is equal to its base mul- 
tiplied by its altitude (B. IV., P. V.) : 
hence, the sum of these rectangles, or 
the convex surfixce of the prism, is equal to. 



{AB -\- BC + CD -^ BE-^ EA) x AF ; 

that is, to the perimeter of the base multiplied by the alti. 
tade ; which was to be proved. 




Car. If two right prisms have the same altitude, their 
OQBvex snr&ces are to each other as the perimeters of their 

bases. 
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PROPOSITION II. THEOREM. 

In any prisma the sections made by parallel planes are polygons 

equal in all their parts. 

Let the prism AS be intersected bj the parallel platies 
NT, SV: then are the sections N'OPQR, STVXY, 
equal polygons. 

For, the sides NO, ST, are parallel, 
being the intersections of parallel planes 
with a third plane AJBGF\ these sides, 
NO, ST, are included between the par- 
allels NS, 0T\ hence, NO is equal to 
ST (B. I., P. XXVm., C. 2). For like 
reasons, the sides OP, PQ, QR, &c., 
of NOPQB, are equal to the sides 
TV, VX, &G., of STVXY, each to 
each ; and since the equal sides are par- 
allel, each to each, it follows that the 
angles NOP, OPQ, Ac, of the first section, are equal to 
the angles STV, TYX, Ac, of the second section, each to 
each (B. VI., P. XIEE.) : hence, the two sections NOPQR, 
BTVXTy are equal in all their parts; which was to ie proved* 

Cor. The bases of a prism, and eyery section of a prism, 
parallel to the bases, are equal in all their parts. 




PROPOSITION HL THEOREM. 

j^ a pyramid be cut by a plane paralki to the base ' 

l*^. The edges and the altitude wiU be divided proportiotuiHy : 
2*. The section wiU be a polygon similar to the base. 

Let the pyramid 8 -ABODE, whose altitude is SO, 
be cut by the plane abcde, parallel to the base ABCDK 
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l". The edges and itltitud« will be divided fHToportionaltjr. 

Fui, conceive a plane to be passed through the verte^t: S, 
par^lel to the plane of the base ; then 
Kill the edges and the altitude be cut 
by ibrce parallel planes, and consequently 
tliej will be divided proportionally (B. VL, 
1', XV., C. 2) ; whicfi teas to be proved. 

2". Thd section abede, will be umilar' 
to the baeo ABQDK For, db is pM-- . 
aliel. to ^B, and Ac to BC (B. VL, 
P, X.) : hence, the angle aba is equal to 
the angle ABC In like manner, it may 
be ahown that each angle of the polygon ahcde ia equal 
to the corresponding angle of the base : hence, the two 
poIygoDB are mntu^ly equiangular. 

Agun, because ai is parallel to AB, we iiave, 

ab : AB : : ab : SB ; 
ind, because ba is pai-^lel to BC, we bave^ 

be : BC : : sb : SB ; 
hence (B, II., P. IV.)) we have, 

ab : AB : : be : BO. 

In like manner, it may be shoi^'n that all the rides of 
abede are proportional to the corresponding sides of the 
polygon ABODE : hence, the section abcch is similar to 
the base ABODE (B. IV., D. 1) ; vshich kkm to x proved. 

Cor. 1. If two pyramids S-ABCDE, and B-XYl, 
hiring a common vertex 8, and their bases in the same 
plaDe, be cut by a plane ode, parallel to tbc plane of 
Uieir bases, the sections will be to each other as the base& 
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For, the polygons abed and ABCD^ being similar, are 
to each other as the squares of their homologous* sides nh 
and AB (B. IV., P. XXVII) ; but, 



a** : AB* : i &i : SA" : JSo' : 80r ; 



Lenoe (B. II., P. IV.), we have, 

ahcde : ABODE : i So : SO". 
In like manner, we have, 



ayz : XYZ : : SS" : SO^ ; ^' 



hence. 




abcde : ABODE : : xyz : XYZ. 



Oor. 2. If the bases are equal, any sections at equal dis- 
tances from the bases will be equal. 

Cor. 8. The area of any section parallel to the base, if; 
proportional to the square of its distance fiom the vertex. 



PROPOSITION IV. THEOREM. 

The convex surf (ice of a right pyramid is eqnai to the 
perimeter of its base multiplied by half the slant height 

Let 8 be the vertex, ABCDE the 

base, and 8F^ perpendicular to EA^ the 

slant height of a right pyramid : then wiH 
the convex surface be equal to, 

(AB + BO + 0D + DE+ EA) x iSE. 

^ • 

Draw 80 perpendicular to the plane of the 
lisse. 
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From the defioition of a right pyramid, the point ia 
tlie centre of the base (D. U) : ht^nce, the lateral edges, 
%A, SB, &c, are all equal (B. VL, P. V.) ; but the sides 
of the base are all equal, being ^des of a regular polygon : 
heDoe, the lateral Sues are all equal, and oonBeqnently their 
altitudes are all equal, each being equal to the slant height 
of the pyramid. 

Now, the area of any lateral face, as SSA, is equal to 
its base SA, multiplied by half its altitude SP : hence, ' 
the amn of the areas of the lateral faces, or the convex snr- 
bce of the pyramid, is equal to, 

{AJi + JJC i- CJ) + DE+EA) X iAF; 

whicK was to be proved. 

Scholium. The convex eur/ace of a Jhtstum of a right 
pyramid is equal to half the sum of the perimeters of its 
ripper and lower bases, multiplied by the slant height. 

Let ABCDE-e be a frustum of a right 
pyramid, whose vertex ia S \ then will the 
sectioD ahcde be similar to the base ABODE, 
md their homologous sides will be parallel, 
(P. m.]. Any lateral face of the frustum, 
ia AEea, is a trapezoid, whose altitude is 
»|u^ to Ff, the slant height of the fi-ustnm ; 
licnce, its area is equal to ^{EA + ea)xFf 
IB. IV., P, Vn.). But the area of the con- 
rex surface of the frustum is equal to the sum of the areas 
of its lateral faces ; it is, therefore, equal to the half sura 
of the perimeters of its upper and lower bafics, multiplied 
by the slant height. 



186 



GEOMETRY. 



PROPOSITION V. THEOREM. 



If the three faoes which iticlude a tHedral angle of a prinn 
are equal in all their parts to the three face$ which include 
a triedral angle of a second prism, each to each, and an 
like placed, the two prisms are equal in all their parts, 

juet B and b be the vertices of two triedi-al angles, 
mcluded by faces respectively equal to each other, and simi- 
larly placed : then will the prism ABCDE-K be equal to 
the prism ahcde-ky in all of its parts. 

For, place the base 
ahcde upon the equal K ^ 

base ABCDEy so that 
they shall coincide ; then 
because the triedral an- 
gles whose vertices are 
h and By are equal, 
the parallelogram hh will 
coincide with BH, and 
the parallelogram hf with 
BF : hence, the two 

sides fg and gh, of one upper base, will coincide with the 
homologous sides of the other upper base ; and because the 
upper bases are equal in all their parts, they must coincide 
throughout; consequently, each of the lateral faces of one 
prism will coincide with the corresponding lateral face of fclie 
other prism : the prisms, therefore, coincide throughout, and 
are therefore equal in all their parts; which was to be proved. 

Cor. If two right prisms have their bases equal in all their 
parts, and have also equal altitudes, the prisms themselves will 
be equal in all their parts. For, the faces which include any 
triedral angle of the one, will be equal in all their parts to 
the faces which include the corresponding triedral angle of 
the other, each to each, and they will be similarly placed. 
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PROPOSITION VI. .THEOREM. 

In any paraUehpipedon^ the opposite faces are equal in all their 
parts, each to each, and their planes are parallel 

Let A BCD -JET be a parallelopipedon : then wDI its 
opposite &Ges be equal and their planes will be parallel 

For, the bases, ABCB and EFGII 
are equal, and their planes parallel by 
definition (D. 7). The opposite faces 
AEHD and BFQC^ have the sides AE 
and BF parallel, because they are oppo- 
site sides of the parallelogram BE ; 
and the sides EH and FG parallel, 
because they are opposite sides of the parallelogram EO ; 
and consequently, the angles AEH and BFO are equal 
'(B. VI., P. Xin.). But the side AE is equal to BF^ and 
the side EH to FQ ; hence, the faces AEHD and 
BFQG are equal ; and because AE is parallel to BF^ 
and EH to FO^ the planes of the faces are parallel 
(B. VI., P. Xin.). In like manner, it may be shown that 
the parallelograms ABFE and DCGH^ are equal and their 
planes parallel : hence, the opposite &oes are equal, each to 
each, and their planes are parallel ; which was to he proved. 

C<yr, 1. Any two opposite faces of a paraUelopipedon 
maj be taken as bases. 

Cor, 2. In a rectangular parallelo- 
pipedon, the square of either of the 
diagonals is equal to the sum of the 
squares of the three edges which meet 
at the same vertex. 

For, let FD be either of the diagonals, and draw JH 
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nien, in the right-angled triangle FHD^ we have, 

FS" = DH" Ar FiP. 



Bat DR is equal to FB, and FS^ 
is equal to FJ? plus AH^ or FG^ i 

hence, 



? 




i?!Z>' = FB' -h i^-4" + i?'(7\ 



Cor, 3. A parallelopipedon may be constructed on three 
straight lines ABy AD, and AE, intersecting in a common 
point A, and not lying in the same plane. For, pass through 
• the extremity of each line, a plane parallel to the plane of 
the other two; then will these planes, together with the 
planes of the given lines, be the faces of a parallelopipedon. 



^''^ 



PROPOSITION VII. THEOREM. 



If a plane he passed through the diagonally opposite edges 
of a parallelopipedon^ it wiU divide the parallelopipedon 
into two equal triangular prisms. 

Let ABCD-H be a parallelopipedon, and let a plane 
be passed through the edges BF and DH * then will the 
prisms ABD-H and BCD-H be equal 
in volume. 

For, through the vertices F and B 
let planes be passed perpendicular to 
FB^ the former cutting the other lateral 
edges in the points e^ h^ gj and the 
latter cutting those edges produced, m 
the points a, d^ and c. The sections 
fkhg and Bade will be- parallelograms, 
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becanse their opposite sides are parallel, each to each (B. VI., 
P. X.) ; they will also be equal (P. 11.) : hence, the poly- 
edron Sadc-g is a right prism (D. 2, 4), as are also the 
poljedrons Bad-h and Bcd-h. 

Place the triangle Feh upon Bad^ so that F shall 
comcide with B^ e with a, and h with d ; then, 
because eJS^ hH^ are perpendicular to the plane Feh^ and 
Oil, d[Z>, to the plane Bad^ the line eF will take the 
direction €lA^ and the line hH the direction dD. The 
lines AF and ae are equal, because each is equal to BF 
(B. L, P. XXV 111.). If we take away from the line aE 
the part ae^ there will remain the part eE ; and if from 
the same line, we take away the part AF^ there will re- 
nudn the part Aa : hence, eF and aA are equal (A. 3) ; 
for a like reason AJT* is equal to dD :' hence, the point 
E win coincide with A^ and the point -fiT with 2>, and 
consequently, the polyedrons Feh-H and Bad-D will 
coincide throughout, and are therefore equal. . 

If from the polyedron Bad-H^ we take away the 
part Bad-D^ there will remain the prism BAD-H ; 
and if from the same polyedron we take away the part 
Feh-B^ there will remain the prism Bad-h : hence, 
these prisms are equal in volume. In like manner, it may 
be shown that the prisms BGD-H and Bad-h are equal 
m Yolume. 

The prisms Bad-h^ and Bcd-h^ have equal ba,ses, be- 
cause these bases are halves of equal parallelograms (B. I., 
P. XXV 111., C. 1) ; they have also equal altitudes ; they are 
therefore equal (P. V., C.) : hence, the prisms BAD-H and 
BCD-S are equal (A. 1) ; which was to he proved. 

Cot, Any triangular prism ABD-H^ is equal to half of 
the parallelopipedon AO^ which has the same triedral angle 
A^ and the same edges AB^ ADy and AF, 
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PROPOSITION Vin. THEOREH. 

If two parcUlelopipedon^ have a common lower base^ and 
their upper buses between the sam^e parallels^ they are 
eqtcal in volume. 

Let the parallelopipedons AG and AL have the com- 
mon lower base ABCD^ and their upper bases EF6H 
and IKLM^ between the same parallels EK and HL : 
tlien will they be equal in volume. 

For, the lines EF and 
IK are equal, because each 
is equal to AB ; hence, 
the sum of EF and FI^ 
or EI^ is equal to the 
sum of FI and IK^ or 
FK. In the triangular 
prisms * AEI-M and 

BFK-L^ we have the line AE equal and parallel to 
BF^ and. EI equal to FK \ hence, the fitoe AEl is 
equal to BFK, In the faces EIMH and FKLG, we havp, 
HE-.QF, EI—FK and HEI:=GFK i hence, the two faces 
are equal (Bk. I. P. xxviiL C. 3) : the faces AEHD and BFGC 
are also eqaal (P. VI.) : hence, the prisms arc equal (P. 

V.) 

If from the polyedron ABKE-H^ we take away tlie 

prism BFK-L^ there will remain the parallelopipedon A G ; 

and if from the same polyedron we take away the prisio 

AEI-M^ there will remain the parallelopipedon AL : hence, 

these parallelopipedons are equal in volume (A. 3) ; whidi 

was to be proved. 




J 
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PROPOSITION IX THEOREM. 

Jf tioo paraJMopipedons Jiave a common lower base and the 
same altitude^ they will be equal in volume. 

Let the parallelopipedons AG and AXt have the com- 
mon lower base ABCD and the same altitude: then will 
ihcy be equal in volume. 

Because they have the same altitude, their upper bases 
will lie in the same plane. 
Let the sides IM and KL 
be prolonged, and also the 
sides FE and QH ; these 
prolongations will form a 
parallelogram §, which 
will be equal to the oom- 
mon base of the given par- 
allelopipedons, because its 
ades are respectively parallel 
and equal to the correspond- 
ing sides of that base. 

Now, if a third parallelopipedon be constnicted, ha^dng 
for its lower base the parallelogram ABCU^ and for its 
upper base NOPQy this third parallelopipedon will be equal 
in volume to the parallelopipedon AG^ since they have the 
same lower base, and their upper bases between the same 
parallels, QG, RF (P. VIII.). For a like reason, this 
Ihird paraUelopipedou will also be equal in volume to the 
parallelopipedon AL : hence, the two parallelopipedons AG 
AL^ are equal in volume ; which was to be proved. 

Cor. Any oblique parallelopipedon may be changed into a 
right parallelopipedon having the same base and the same 
altitude; and they will be equal in volume. 
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PHOPOSmON X. PKOBLEM. 



To construct a rectangvlaT paraHelopipedon which shall be 
equal in volume to a right paraUelopipedon whose base 
is any parallelogram. 



MQ 



LP 

It 




^ 



% 



Let ABGD-M be a right paraUelopipedon, having for 
its base the parallelogram ABCD, 

Through the edges AI and BK pass 
the planes AQ and BP^ respectively 
perpendicular to the plane AK^ the for- 
mer meeting the face DL in OQ^ and 
the latter meeting that face produced in 
NP\ then will the polyedron AP be a 
rectangular paraUelopipedon equal to the 
given paraUelopipedon. It wiU be a rect- 
angular paraUelopipedon, because aU of its 
^u^es are rectangles, and it wiU be equal to the given 
paraUelopipedon, because the two may be regarded as having 
the common base AK (P. YI., C. 1), and an equal altitude 
A (P. IX.). 



\ 



Cor. 1. • Since any oblique paraUelopipedon may be changed 
into a right paraUelopipedon, having the same base and alti- 
tude, (P. IX., •Cor.) ; it follows, that any oblique paraUelopipedon 
may be changed into a rectangular paraUelopipedon, having 
an equal base, an equal altitude, and an equal volume. 

Cor, 2. An oblique paraUelopipedon is equal in volume lo 
a rectangular paraUelopipedon, having an equal base and an 
equal altitude. 

Cor. 3. Any two paraUelopipedons are equal in volume 
when they have equal bases and equal altitudes. 
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PROPOSITION XL THEOBIBJI. 

TSoo reotangtidar paraHelopipedons having a comm<m lower 
baae^ art to each other as their altitudes. 

Lei the paratUelopipedons AG and AL have the com 
moa lower base ABCD: then will they be to each other 
88 their altitades AE and AL 

1®. Let the altitudes be commensurable, and suppose, for 
example, that AE is to AI^ as 15 is to 8. 

Conceive AE to be divided into 16 equal parts, of 
which AI will contain 8 ; through the points of division 
let planes be passed parallel to ABC J). These planes will 
divide the parallelopipedon AO into 15 parallelopipedons^ 
which have equal bases (P. 11. C.) and equal altitudes ; 
hence, they are equal (P. X., Cor. 3), 

Now, AQ contains 15, and AL 8 
of these equal parallelopipedons ; hence, 
^& is to AL^ as 15 is to 8, or as 
^i^ is to AL In like manner, it may 
he shown that ^6^ is to JIZ, as AE 
is to AL^ when the altitudes are to each 
other as any other whole numbers. 



able. 



Let the altitudes be incommensur- 




Now, if ^6? is not to AL^ as AE is to AI^ let ns 
suppose that, 

AG I AL I I AE : AO, 



in which AO is greater than AL 

Divide AE into equal parts, such that eadi shall be 
leas than 01 \ there will be at least one pomt of divisioo 
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m, between O and L Let P denote the parallelopipe- 
don, whose base is ABCD^ and altitude Am ; ranee the 
altitudes AE^ Am^ are to each other as two whole num- 
bers, \i'e have, 



AQ : P : : AE : 

But, by hypothesis, we have, 

AG : AL : : AE 
therefore (B. H., P. IV., C), 
AZ X P M AO 



Am. 



AO; 



Am, 




But AO is greater than Am ; hence, if 
the proportion is true, AL must be greater than JP. On 
the contrary, it is less ; consequently, the fourth term of 
the proportion cannot be greater than AI. In like manner, 
it may be shown that the fourth term cannot be less than 
AI ; it is, therefore, equal to AI. In this case, therefore, 
AG is to ALy as AE is to AI. 

Hence, in all cases, the given parallelopipedons are to 
each other as their altitudes ; tchich toas to be proved. 

8ch, Any two rectangular parallelopipedons whose bases are 
equal in all their parts, are to each other as their altitudes. 



PROPOSITION Xn. THEOREM. 

Two rectangular paraUeiopipedons having equal aUtitudeSy are 

to each other as their baeee. 

Let the rectangular parallelopipedons AG and AE' have 
the same altitude AE : then will they be to each other as 
their bases. 



BOOK VII 



195 



For, place them as shown in the figure, and produce the 
plane of the face NX^ until 
it intersects the plane of the 
&ce JSrC, in PQ\ we shall 
thas form a third rectangular 
parallelopipedon A Q. 

The parallelopipedons AO 
and A Q have a common 
hase All ; they are there- 
fore to each other as their 
altitudes AB and AO 
(P. XL) : hence, we have 
the proportion, 

vol, AO : vol,AQ 

The parallelopipedons AQ and AIT have the common base 
AZ ; they are therefore to each other as their altitudes 
AD and AM : hence, 

vol. AQ : vol. AK : : AD : AM. 

Multiplying these proportions, term by term (B. II., P. XII.), 
aad omitting the common factor, vol. A Q, we have, 

vol AO : voL AK : : AB x AD : AO x AM. 




Bat AB X AD is equal to the area of the base ABCD' 
and AO X AM is equal to the area of the base AMNO 
hence, two rectangular parallelopipedons having equal alti 
tadcs, are to each other as their bases ; %ohich was to he 
proved. 



196 



GEOMETRY. 



PROPosmoN xm. theorkm. 

Any two rectangular paraUdopipedona are to each other as 
the products of their bases and altitudes ; that iSj as th^ 
products of their three dimensions. 

Let AZ and -467 be ^ ^ ^ 

any two rectangular paral- 
lelopipedons : then will they 
be to each other as the 
products of their three di- 
menmons. 

For, place them as in the 
figure, and produce the faces 
necessary to complete the 
rectangular parallelopi pedon 
AK. The parallelopipedons 
AZ and AK have a com- 
mon base AK ; hence (P. XL), 

vol. AZ : vol. AK : : AX : AK 

The parallelopipedons AK and AG have a comn^pn 
Bltitude AB } hence (P. XII.), 




vol. AK : vol. AO 






AMNO : ABCD. 



Multiplying these proportions, term by term, and oimttjng 
the common factor, vol. AKy we have, 

i^LAZ : vol. AG :: AMNO x AX : ABCD y^ AE\ 

or, nnce AMNO is equal to AM x AOj and AS CD tO; 
AB X AD, 

vei.AZ : vol AG : : AMxAOxAX : AD x AD <AE] 

which w€u to be proved. 
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(7or. 1. If we make the three edg^s AM^ AO^ and 

AJTf each equal to the linear unit, the parallelopipedon AZ 

will be a cube constructed on that unit, as an edge ; and 

consequently, it will be the unit of volume. Under thi« 

supposition, the last proportion becomes, 

I 

1 : vol. AG : : 1 : AB x AD x AJE ; 

whence, 

vol. AG = AJS X AD x AK 

Hence, the volume of any rectangukir parallelopipedon U 
equal to the product of its three dimensions ; that is, the 
number of times which it contains the unit of volume, is 
equal to the number of linear units in its length, by the 
number of linear units in its breadth, by the number of 
linear units in its height. 

Cot. 2. The volume of a rectangular parallelopipedon is 
equal to the product of its base and altitude / that is, the 
number of times which it contains the unit of volume, is 
equal to the number of superficial units in its base, multi- 
plied by the number of linear units in its altitude. 

Cor. 3. The volume of any parallelopipedon is equal to 
the product of its base and altitude (P. X., C. 2). 

PROPOSITION XIV. THEOREM. 

The volume of any prism is equal to the product of its 
' ba>se and altititde. 

Let ABCDE-K be any prism : then is its volume 
equal to the product of its base and altitude. 

For, through any lateral edge, as AF^ and the other lateral 
edges not in the same faces, pass the planes AH^ AI^ dividing 
the prism into triangular prisms. These prisms will all have 
a common altitude equal to that of the given prism. 
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Now, the volume of any one of the triangular prisms, as 
ABG-H^ is equal to half that of a parallelopipedon coo- 
structed on the edges BA^ BG^ BQ 
(P. VII., C.) ; but the volume of this par- 
allelopipedon is equal to the product of its 
)>asc and altitude (P. Xm., C. 3) ; and 
because the base of the prism is half 
that of the parallelopipedon, the volume 
of the prism is also equal to the pro- 
duct of its base and altitude : hence, 
the sum of the triangular prisms, which 
make up the given prism, is equal to the sum 
bases, which make up the base of the given prism, 
their common altitude ; which w(M3 to be proved. 




of theirl 
•ism, injo 



Cor, Any two prisms are to each other as the products 
of their bases and altitudes. Prisms having equal bases are 
to each other as their altitudes. Prisms having equal alti- 
tudes are to each other as their bases. 



PROPOSITION XV. THEOREM. 



7\oo triangular pyramids having equal bases and equal aid- 

tudeSj are equal in volume. 

Let 8- ABC J and S-abc^ be two pyramids having their 
eqaal bases ABC and abc in the same plane, and let AT 
be their common altitude : then will they be equal in vol- 
ume. 

For, if they are not equal in yolume, suppose one of 
them, as S-ABCj to be the. greater, and let their differ- 
ence be equal to a prism whose base is ABCy and whose 
altitude is Aa. 
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Divide the altitude AT ioto eqosl parts Ax, ssy, Ssa., 
each of whiot ia less than Aa, and let k denote one of 
tbeao parts ; throagh tlie points of division pa^ planes par- 
lUlel to the plane of the bases ; tbe sections of the two 
PYnuuids, by each of theae planes, will be equal, namely, 
DE^ to rfg/; GSI to ghi, &a (P. Dl, C. 2). 




On the triangles ABC, DEF, &Ct as lower bases, coiv- 
stnict exterior prisms whose lateral edges Bhall be parallel 
ko ASt and whose altitudes shall be equal to k: and on tha 
triangles def, ghi, &c., taken as upper bases, construct inte- 
rior prisms, whose lateral edc;es shall be parallel to 8a, and 
whose altitudes shall be equal to k. It is evident that the 
Buoi of the exteiior prisms is greater than the pyramid 
S-A3C, and also that the sum of the interior prisms is leijs 
than the pyramid Saba ; hence, the difference between the 
Bnm of the exterior and the sum of the interior prisms, is 
greater than the difference between the two pyramids. 

Now, beginidng at the bases, the second exterior 
prism EFD-Q, is equal to the first btcrior prism efd a, 
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bec^nse th6y have the same altitude k^ and their bases 
JSJD^ efdj are equal : for a like reason, t&e third exterior 
|>ii.sm HIGr-K^ and the second interior pi-ism hig-d^ are 
equal, and so on to the last in each set : hence, each of the 
exterior prisms, excepting the first BCA-Dy has an equal 
corresponding interior prism ; the prism BCA-^D^ is, there- 
fore, the difference between the sum of all the exterior 
prisms, and the sum of all the interior prisms. Bat the 
difference between these two sets of prisms is greater than 
that between the two pyramids, which latter difference was 
supposed to be equal to a prism whose base is BCA^ and 
whose altitude is equal to Aa^ greater than h ; conse- 
quently, the prism BCA-D is greater than a prism haying 
the same base and a greater altitude, which is impossible . 
hence, the supposed inequality between the two pyramids 
cannot exist ; they are, therefore, equal in volume ; vihich 
wa% to be proved, 

PROPOSITION XVI. TIIEOKIOf. 



Any trianffuiar prism may he divided into three triangviat 
pyramids^ equal to each other in volume. 

Let ^ABO-D be a triangular 
prism : then can it be dirided into 
ihree equal triangular pyramids. 

For, through the edge AC^ 
pass the plane ACJFy and through 
the e^gQ JEP pass the plane 
EFC. The pyramids ACR-F and 
ECD-F^ hare their bases ACE 
and ECD equal, because they are 
halves of the same parallelogram 
ACDE\ and they have a conunon 
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dtHnde, becftose their bases are in the same plane ^^, and 
their vertices at the Bame point F; hence, they are equal 
in volume (P. XT.)- The pyramids ABO-F and DEF-C, 
liave their bases ABC and BEF, eqiw) because they are 
the bases of the giTen prism, and their altitndes are equal 
bc^cause each is equal to the altitude of the prism ; they 
are, therefore, equal in volume : hence, the three pyramids 
into which the prism ia divided, are all equal in volume ; 
vihich aaa to be proved. 

Cor. 1. A triangular pyramid is one-third of a prism, 
baring an equal base and an equal altitude. 

Cor. 2. The volume of a triangular pyramid is equal to 
one-third of the product of its base and altitude. 



PROPOSITION XVII. THEOEEM. 

The volume of any pyramid ia equal to otte4kird iff &e 
product of its base and altitude. 

Let S-AB CBM, be any pyramid : then is its volume 
eqoal to one-third of the product of its base and altitude. 

For, through any lateral edge, as 8M, 
piaa the planes 8EB, SEC, dividing tfae 
pyramid into triangular pyramida. The alti- 
tudes of these pyramids will be equal to 
each other, because each ia equal to that 
«f the pven pyramid. Now, the volume 
of eafii triangular pyramid is equal to ono- 
third of the product of its base and alti- A' 
tade (P. SVl, C. 2) ; hence, the sum of 
the volumes of the triangular pyramids, is 
eqnal to one-third of the product of the sum of th^ bases 
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by their oommon altitude. But the sum of the triangolar 
pyramids is equal to the given pyramid, and the sum of 
their bases is equal to the base of the given pyramid: 
hence, the volume of the given pyramid is equal to cue- 
third of the product of its base and altitude ; which was to 
be proved. 

Cor. 1. The volume of a pyramid is equal to one-third 
of the volume of a prism having an equal base and an equal 
altitude. 

Cor. 2. Any two pyramids are to each other as the 
products of their bases and altitudes. Pyramids having equal 
b;ises are to* each other as their altitudes. Pyramids having 
equal altitudes are to each other as their bases. 

« 

Scholium. The volume of a polyedron may be found hy 
dividing it into triangular pyramids, and computing their 
volumes separately. The sum of these volumes will be equal 
to the volume of the polyedron. 



PBOPosmoN xvni. theobem. 

The volume of a frustum of any triangular pyramid is 
eqttal to the sum of tJie volumes of three pyramids 
whose common altitude is that of the frustum^ and whose 
bases are the lower base of the frustuin^ the upper base 

of the frustum^ and a m^ean proportio7ial between the tuo 

i 

' bases. 

Let FOH-h be a fiustum of any triangular pyramid: 
then will its volume be equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base FOH^ the upper base fgh^ and 
a mean proportional between their bases. 
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For, througL the edge FJS'y pass the plane JPIfgy and 
through the edge /g^ pass the plane fg-ETj dividing the 
frustum into three pyramids. The pyra- 
mid g-FOH^ has for its base the lower 
base FQH of the frustum, and its al- 
itude is equal to that of the frustum, 
)ecause its vertex g^ is in the plane of 
he upper base. The pyramid H-fghy . 
has for its base the upper base fgh of 
the frustum, and its altitude is equal to 
that of the fi-ustum, because its vertex 
lies in the plane of the lower base. 

The remaining pyramid may be regarded as having the 
triangle FfH for its base, and the point g for its vertex. 
From g^ draw gK parallel to fF^ and draw also KH and 
Kf, Then will the pyramids K-FfH and g-FfH^ be equal; 
for they have a common base, and their altitudes are equal, 
because their vertices K and g are in a line parallel to 
the base (B. VI., P. XII., C. 2). 

Now, the pyramid K-FfH may be regarded as having 
FKH for its base and / for its vertex. From K^ draw 
KL parallel to GH ; it will be parallel to gh : then will 
the triangle FKL be equal to fghy for the side FK is 
equal to fg^ the angle F to the angle /, and the angle K 
to the angle g. But, FKH is a mean proportional between 
FEL and FGH (B. IV., P. XXIV., C), or between fgh 
and FGH. The pyramid f-FKH^ has, therefore, for its 
base a mean proportional between the upper and lower bases 
of the frustum, and its altitude is equal to that of the frus^ 
turn ; but the pyramid f-FKH is equal in volume to the 
pyramid g-FfHi hence, the volume of the given frustum is 
equal to that of three pyramids whose common altitude is 
equal to that of the frustum, and whose bases are the upper 
base, the lower base, and a mean proportional between 
them ; tohich teas to he proved. 
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(7or. The volume of the frustum of any pyramid is 
equal to the sum of the volumes of three pyramids whose 
comsnon altitude is that of the frustum^ and whose bases 
are the lower base of the frustum^ the upper base of iht 
frustum,^ and a mean proportional between them. 

For, let AJBCDJS-e be a frustum of 
any pyramid. Through any lateral edge, as 
e^ pass the planes eEBb^ eJEJCCy divid- 
ing it into triangular frustums. Now, the 
sum of the volumes of the triangular frus- 
tums is equal to the sum of three sets of 
p^Tamids, whose common altitude is that of 
the given frustum. The bases of the first 
set make up the lower base of the given 
frustimi, the bases of the second set make up the upper base 
of the given frustum, and the bases of the third set make 
op a mean proportional between the upper and lower hase 
of the given frustum : hence, the sum of the volumes of 
the £rst set is equal to that of a pyramid whose altitude is 
that of the fiiistum, and whose base is the lower base of 
of the fiiistum ; the sum of the volumes of the second set 
is equal to that of a pyramid whose altitude is that of the 
frustum, and whose base is the upper base of the frustum ; 
and, the sum of the third set is equal to that of a pyra- 
mid whose altitude is. that of the frustum, and whose hase 
is a mean proportional between the two bases. 

PEOPOSmON XIX. THEOREM. 

Similar triangular prisms are to each other as the cubes of 

their homologous edges. 

Let CBD'Pj obd'Pj be two similar triangular prisms, 
and let j5(7, bcy be any two homologous edges: then will 

the prism CBD-P be to the prism cbd-p, as Z? (7^ to bc^ 
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For, the homologous angles J^ and b are equal, and 
the &ces which bound them are Edmilar (D. 16) : henoe, 
theae triedral angles may be 
applied, one to the other, so 
that the angle cbd will coin- 
cide with CBD^ the edge ha 
^ith BA. In this case, the 
prism chi'P will take the 
position Bcd-p. From A 
draw AS perpendicular to 

the common base of the prisms : then will the plane BAH 
be perpendicular to the plane of the common base' (B. VI., 
P. XVI.). From a, in the plane BAH^ draw ah 
perpendicular to BH : then will ah also be perpendicular 
to the base BDG (B. VI., P. XVII.) ; and AH^ aft, will 
be the altitudes of the two prisms. 

Since the bases CBD^ cbd^ are similar, we have (B. IV., 
P. XXV.), 




base CBD : ba^e cbd 






CW : cP. 



Now, because of the similar triangles ABH^ aBh^ and of 
the similar parallelograms ACy <xCj we have, 



AS : 



: : CB : eb ; 



hence, multiplying these proportions term by term, we have, 

base CBD x AS : base cbd x ah : : ClP : eft*. 

But, boM CBD X AS is equal to the volume of the prism 
CDB-Ay and base cbd x ah is equal to the volume of 
the prism cbd-p ; hence, 

primi CDB-P : prism cbd-p : : C& : 3* ; 
wAicA was to be proved. 
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Cot. 1. Any two similar prisms are to each other as 
the cubes of their homologous edges. 

For, since the prisms are similar, their bases are similar 
polygons (D. 16) ; and these similar polygons may each he 
divided into the same number of dmilar triangles, similarly 
placed (B. IV., P. XXYL) ; therefore, each prism may he 
divided into the same number of triangular prisms, having 
their faces similar and like placed ; consequently, the tri« 
angular prisms are similar (D. 16). But these triangular 
prisms are to each other as the cubes of their homologous 
edges, and being like parts of the polygonal prisms, the 
polygonal prisms themselves are to each other as the cubes 
of their homologous edges. 

Cor. 2. Similar prisms are to each other as the cubes 
of their altitudes, or as the cubes of any other homologons 
lines. 



PROPOSITION 



THEOREM. 



Similar pyramids are to each other as the cubes of their 

homologous edges. 

Let S-ABCBE^ and S-^bcde^ be two similar pyra- 
mids, so placed that their homologous angles at the vertex 
shall coincide, and let AJ3 and ab be 
any two homologous edges : then will the 
pyramids be to each other as the cubes 
c^f AB and ab. 

For, the face SAB^ being similar to 
Saby the edge AB is parallel to the 
edge aft, and the face SBC being simi- 
lar to SbCy the edge BC is parallel to 
be ; hence, the planes of the bases are 
paraUel (B. VL, P. XIH.). 
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Draw SO perpendicular to the base ABODE; H wiB 
abo Im perpendicular to the base abcde. Let it pierce tliat 
pline at the point o : then will SO 
be W ^, as SA is to ^ (P. IIL), 
or as AS is to a( ; hence, 

^SO : \8o : : AB t ab. 

Bat the bases being rimilar polygons, we 
bare (B. IV^ P. XXVn.), 

hoM ABCDE : haaaabcde :: JW : S**. 

Multiplying tliese proportions, term by term, we have, 

hone ABCDE X \S0 : ban abcde X \So : : AB' : oA'. 

But, base ABCDE x ^80 is eqnal to the volume of the 
p^amid S- ABCDE ^^^ base abcde x \So ia equal t« 
the volome of the pyramid S-aboda ; benoe, 

pyramid 8-ABCDE : pyramid 8-ahcde : ! A^ • oF ; 

«hick vsaa to be proved. 

Cor. Similftr pyramids are to each other as the cnbee of 
tbeir alUtodee, or as the onbei of any other homoIc^oTie 
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GENERAL FOBMULAS. 

If we denote the volume of any prism by "F", its base 
by -B, and its altitude by JSJ we shall have (P. XIV.), 

r ^ B X IT (1.) 

If we denote the volume of any pyramid by "Pi its 
base by J5, and its altitude by -H; we have (P. XVU.), 

V=^ \B X H (2.) 

If we denote the volume of the frustum of any pyramid 
by "FJ its lower base by jB, its upper base by 8, and 
its altitude by J2; we shall have (P. XVIII., C), 



F = i(^ + » + VB X b) X JSr . • (8.) 

REGULAR POLYEDRONS. 

A Begulab PoLTEBBOia' is one whose fSaces are all equal 
regular polygons, and whose polyedral angles are equal, 
each to each. 

There are five regular polyedrons, namely : 

1. The Tetraedbon, or regular pyramid — a polyedron 
bounded by four equal equilateral triangles. 

2. The Hexaedbon, or cube — a polyedron bounded by 
six equal squares. 

3. The OcrAEDBON — a polyedron bounded by eight equal 
equilateral triangles. 

4. The DoDECAEDBON — a polyedron bounded by twelve 
equal and regular pentagons. 
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5. The IcosAKDBON — a polyedron bounded by twenty 
equal equilateral triangles. 

In the Tetraedron, the. triangles are grouped about the 
polyedral angles in sets of three, in the Octaedron they are 
grouped in sets of four, and in the Icosaedron they are 
grouped in sets of five. Now, a greater number of equi- 
lateral triangles cannot be grouped so as to form a salient 
poJyedral angle ; for, if they could, the sum of the plane 
angles formed by the edges would be equal to, or greater 
than, four right angles, which is impossible (B. VI., P. XX.). 

In the Hexaedron, the squares are grouped about the 
polyedral angles in sets of three. Now, a greater number 
of squares cannot be grouped so as to form a salient polye- 
dral angle ; for the same reason as before. 

In the Dodecaedron, the regular pentagons are grouped 
about the polyedral angles in sets of three, and for the same 
reason as before, they cannot be grouped in any greater 
number, so as to form a salient polyedral angle. 

Furthermore^ no other regular polygons can be grouped 
Bo as to form a salient polyedral angle ; therefore, 

Only five regular polyedrons can be fonned. 



^ 
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THE CTLINDSB, THE CONE, AND THE BPHBBB. 



DEFUnnONS. 



1. A Cylindek is a volame which may be generated by 
a rectangle revolving ^bout one of its sides as an axis* 

Thus, if the rectangle ABCD be turned about the side 
AB^ as an axis, it will generate the cylinder FOCQ-P, 

The fixed line AB is called ths axtia 
of the cylinder ; the curved surface generated 
by the side (7Z>, opposite the axis, is called 
the convex eurfcice of ths cylinder ; the equal 
circles FGCQy and EHDP^ generated by 
the remaining sides BG and AD^ are called 
hoMes of the cylinder ; and the perpendicular 
distance between the planes of the bases, is 
called the altitude of the cylinder* 

The line 2>(7, which generates the convex sur&ce, is, in 
any position, called an dement of the varface ; the elements 
are all perpendicular to the planes of the bases, and any 
one of them is equal to the altitude of the cylinder. 

Any line of the generating rectangle ABCD^ as /iT, 
which is perpendicular to the axis, will generate a circle 
whose plane is perpendicular to the axis, and which u equa 
1/) either base : hence, any section of a cylinder by a plan 
perpendicular to the axis, b a circle equal to either base 
Any section, FCBE^ made by a plane through the axis 
W a rectangle double the generating rectangle. 
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2. Sihuab Cylinders are those which may be generated 
by similar rectangles revolving about homologous sides. 

The axes of similar cylinders are proportional to the radii 
of their bases (B. IV., D. 1) ; they are also proportional to 
any other homologous lines of the cylinders. 




3. A pnsm is said to be inscribed 
in a cylinder^ when its bases are in- 
scribed in the bases of the cylinder. 
In this case, the cylinder is said to 
be circumscribed about the prism. 

The lateral edges of the inscribed 
prism are elements of the surface of 
the drcumscnbing cylinder. 



4. A prism is said to be circumr 
9mJbed about a cylind^y when its 

bases are circumscribed about the bases of the cylinder. 
In this case, the cylinder is said to ' be inscribed in th$ 
pnsm. 

The straight lines which join the 
corresponding points of contact in the 
upper and lower bases, are common to 
the surface of the cylinder and to the 
lateral &ces of the prism, and they 
are the only lines which are common. 
The lateral faces of the prism are said 
to be tangent to the cylinder along 
these lines, which are then called ete- 
ments of contact, 

5. A CoNB is a volume which may be generated by a 
right-angled triangle revohang about one of the sides adja- 
oent to the right angle, as an axis. 
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Thus, if the triangle SAB^ right-angled at A^ be tarned 
about the ride 8A^ as an axis, it will generate the cone 
S-CDBR 

The fixed line SA^ is called the 
oobU of tJie cone ; the curved sur&ce 
generated by the hypothenuse 8By is 
called t?ie convex surface of the cone / 
the circle generated by the side ABy 
is called t?ie base of the cone / and 
the point S^ is called the vertex of 
the cone / the distance from the vertex 
to any point in the circumference of the 
base, is called the slant height of the cone / and the per- 
pendicular distance from the vertex to the plane of the base, 
is called the altitude of the cone. 

The line SBj which generates the convex snrfiice, is, in 
any position, called an element of the surface / the elements 
are all equal, and any one is equal to the slant height ; the 
axis is equal to the altitude. 

Any line of the generating triangle SABy as GH^ 
which is perpendicular to the axis, generates a cirde wh^se 
plane is perpendicular to the axis : hence, any section of a 
cone by a plane perpendicular to the axis, is a circle. Any 
section SBCj made by a plane through the axis, is an 
isosceles triangle, double the generating triangle. 

6. A Truncated Conb is that portion of a cone indndcd 
between the base and any plane which cuts the cone. 

When the cutting plane is paraUel to the plane of the 
bofle, the truncated cone b called a Frustum of a Gone, and 
the intersection of the cutting plane with t?ie cone is called 
the tipper base of the frustum ; the base of the cone is 
called the lower base of the frustum. 
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It the trapezoid HOAB^ right-an- 
gled A and O^ be reyolved about 
id^, as an axis, it will generate a frus- 
tum of a cone, whose bases are ECDB 
and FKH^ whose altitude is AQ^ and 
whose slant height is BH. 



7. SnaiiAR Cones are those which may be generated 
by amikr right^ngled triangles revolving about homologous 
aides. 

The axes of similar cones are propoilional to the radii 
of their bases (6. IV., D. 1) ; they are also proportional to 
any other homologous lines of the cones. 



8. A pyramid is said to be in- 
icribed in a cone^ when its base is 
inscribed in the base of the cone, and 
when its vertex coincides with that of 
the cone. 

The lateral edges of the inscribed 
pyramid are elements of the sur&ce of 
the circumscribing cone. 



9. A pyramid is said to be circumscribed cAout a concj 
when its base is circumscribed about the base of the cone, 
and when its vertex coincides with that of the cone. 

In this case, the cone is said to be inscribed in the 
pyramid. 

The lateral faces of the circumscribing pyramid are tan- 
gent to the surface of the inscribed cone, along lines which 
are called elements of contact. 




10 A frustum of a pyramid is inscribed in a frustum 
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of a coiie^ when its bases are inscribed in the bases of the 
fiiistum of the cone. 

The lateral edges of the inscribed firastom of a pyramid 
are elements of the surface of the circumscribing frustum of 
a cone. 

11. A frustum of a pyramid is circumscinbed abotit 
frustum of a cone, when its bases are circumscribed about 
those of the frustum of the cone. 

Its lateral faces are tangent to the surface of the frustum 
of the cone, along lines which are called elements of contact. 

12. A Sphere is a volume bounded by a surface, every 
point of which is equally distant from a point within called 
the centre. 

A sphere may be generated by a semicircle revolving 
about its diameter as an axis. 

13. A Radius of a sphere is a straight line drawn from 
the centre to any point of the surface. A Diameter is any 
straight line drawn through the centre and limited at both 
extremities by the surface. 

All the radii of a sphere are equal : the diameters are 
also equal, and each is double the radius. 

14. A Spherical Sector is a volume which may be ppn- 
erated by a sector of a circle revolving about the diameter 
passing through either extremity of the arc. 

The surface generated by the arc is called the base of 
the sector, 

15. A plane is Tangent to a Sphere when it touches 
it in a single point. 

16. A Zone is a portion of the surface of a sphere 
included between two parallel planes. The bounding lines 
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of the sections are called bases of the zone, and the distance 
between the planes is called the altitude of the zone. 

If one of the planes is tangetl to the sphere, the zone 
\m bat one base. 

17. A Sphbbical Segment is a portion of a sphere in- 
cluded between two parallel planes. Tlie sections made by 
the planes are called bases of the segment, and the distance 
between them is called the aUititde of the segment. 

If one of the planes is tangent to the sphere, the seg* 
meat has but one base. 

The Cylinder, the Coke, and the Sphere, are sometimei 
called The. Three Round Bodies. 



PROPOSITION I. THKOR£M. 



The convex surface of a cylinder is equal to the circvmr 
ference of its base multiplied by tJ^e altitude. 




Let ABD be the base of a cylinder whose altitude is 
B\ then will its convex surface be equal to the circum- 
ference of its base multiplied by the altitude. 

For, inscribe within the cylinder a i 

prism whose base is a regular polygon. 
The convex surface of this prism will 
be equal to the perimeter of its base 
multiplied by its altitude (B. VU., P. I.), 
whatever may be the number of sides 
of its base. Bat, when the number of 
Qdes is infinite (6. V., P. X., C. I), the 
convex sur&ce of the prism coincides with 
that of the cylinder, the perimeter of 
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the base of the prism coincides vnth the' circtunfcrenoe of 
the base of the cylinder, and the altitude of the prism is 
the same as that of the cylinder : henoe, the convex surface 
of the cylinder is equal to the circumference of its base 
multi{^ed by the altitude ; which was to he proved. 

Cor, The convex sur&ces of cylinders having equal alti- 
tudes are to each other as the circumferences of their bases. 



PROPOSITION n. THEOREM. 

The vohtme of a cylinder is equal to the product of its 

base and altitude. 

Let ABD be the base of a cylinder whose altitude is 
H\ then will its volume be equal to the product of its 
base and altitude. 

For, inscribe within it a prism whose 
base is a regular polygon. The volume 
of this prism is equal to the product 
of its base and altitude (B. VII., P. 
XrV.), whatever may be the number of 
sides of its base. But, when the num- 
ber of sides is infinite, the prism coin- 
cides with the cylinder, the base of the j 
piism with the base of the cylinder, and 
the altitude of the prism is the same 

as that of the cylinder : hence, the volume of the cyfinder 
is equal to the product of its base and altitude ; which \da$ 
to he proved. 

Cor. 1. Cylinders are to each other as the products of 
their bases and altitudes ; cylinders having equal bases vnt 
to each other as their altitudes ; cylindeis having equal aili* 
tudes are to each other as their bases. 
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Cor, 2. Similar cylinders are to each other as the cnbci 
of thdr altitudes, or as the cubes of the radii of their 
bases. 

For, the baaes are as the squares of their radii (B, V^ 
r. Xm.), and the cylinders being ramilar, these radii are to 
eadi other as their altitudes (D. 2) : hence, the bases are 
s the squares of the altitudes ; therefore, the bases mnltiplied 
by the altitudes, or the cylinders themselves, are as the 
cubes of the altitudes. 



PROPOSITION m. THEOREM. 

The convex surface of a cone is equal to the circ^anferene» 
of its base multiplied by fudf the slant height. 

Let 8-ACD be a, cone whose base is ACX>, and whose 
slant height i? SA : then will its convex sor&oe be equal 
to the circumference of its base multiplied by half the slant 
height. 

For, inscribe within it a right pyramid. * 

The convex snr&ce of this pyramid is 
equal to the perimeter of its bnae mnl- 
tipUed by half the slant height (B. VIL, 
P. rV.), whatever may be the number 
of sides of its base. But when the num- 
ber of ddes of the base is infinite, the 
convex surfeoe coincides with that of the 
cone, the perimeter of the base of the pyramid coincides with 
the circumference of the base of the cone, and the slant height 
of the pyramid is equal to the slant height of the cone : 
faenoe, the convex sar&ce of the cone ia equal to the cir- 
cumference of its base multiplied by half the slant height ; 
wftiVA was to he proved. 
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PROPOSITION IV. THBOREM. 

The eanoex wrface of a frustum of a cone 18 equal to 
half the Mm of the circumferences of its two bases 
multiplied by the slant lieight. 

Let BIA'D be a frustum of a cone, BIA and EQT> 
its two bases, and EB its slant height: then is its convex 
Burfece equal to h;ilf the sum of the circumferences of ito 
two bases multiplied by its slant height. 

For, inscribe within it the frustum 
of a right pyramid. The convex sur- 
face of this frustum is equal to half 
the sum of the perimeters of its bases, 
multiplied by the slant height (6. VIL, 
P. IV., C), whatever may be the 
number of its lateral &ces. But when 
the number of these £ices is infinite, 

the convex surface of the frustum of the pyramid coincides 
with that of the cone, the perimeters of its bases coincide 
with the circumferences of the bases of the frustum of the 
cone, and its slant height is equal to that of the cone: 
hence, the convex snrfiice of the frustum of a cone is equal 
to half the sum of the drcumferences of its bases multiplied 
by the slant height ; vohich vaas to be proved. 

Scholium. From the extremities A and 2>, and from 
the middle point /,,j of a line AD^ let the lines -4 0, 2>C, 
and lE^ be drawn perpendicular to the axis OC: then "will 
UT be equal to half the sum of AO and J}G. For, 
draw Bd and li^ perpendicular to AO : then, because Al 
is equal to IB^ we shall have Ai equal to id (6. IV., P. 
XV.), and consequently to Is ; that is, AO exceeds IK 
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Bfi much as IK exceeds DC: hence, Zf' is equal to the 
half sum o{ AO and DO. 

Now, if the line AD be revolved about 0(7, as an 
axis, it will generate the surface of a frustum of a cone 
whose slant height is AD ; the point / will generate a 
uromnference which is equal to half the sum of the circum- 
erences generated by A and D : hence, if a straight lifie 
)e revolved about another straight line^ it toiU generate a 
surface whose measure is eqtial to the procbict of the ger^e- 
rating line and the circumferetice generated by its middle 
point. 

This proposition holds true when the line AD meets 
0(7, and also when AD is parallel to 00. 

PROPOSITION V. THEOREM. 

The volume of a cone is eqtial to its base multiplied by 

one-third of its altitude. 

Let ADDJS be the base of a cone whose vertex is S^ 
and whose altitude is So : then will its volume be equal to 
the base multiplied by one-thii*d of the altitude. 

For, inscribe in the cone a right 
pyramid. The volume of this pyramid 
is equal to its base multiplied by one- 
thu-d of its altitude (B. VH., P. XVU.), 
whatever may be the number of its 
lateral £ices. But, when the number 
of lateral faces is infinite, the pyramid 
coincides with the cone, the base of 
the pyramid coincides with that of the 

eone, and their altitudes are equal : hence, the volume of a 
oone is equal to the base multiplied by one-third of the 
altitude ; which Ufos to be proved. 
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Cot. 1. A oone is eqnal to one-third of a cylinder hav- 
ing an equal base and an equal altitude. 

Cor. 2. Cones are to each other as the products of 
their bases and altitudes. Cones having equal bases are to 
each other as their altitudes. Cones having equal altitudes 
ai« to each other as their bases. 



PROPOSITION VI. THEOREM. 

The volume of a JHutum of a cons is equal to the sum 
of the volumes of three coneSj having for a common 
altitude the altitude of the frustum^ and for bases the 
lower base of the frustum^ the upper base of the frus 
tumj and a mean proportional between the bases^ 

Let 3IA be the lower base of a frustum of a cone, 
JBJGD its upper base, and OG its altitude : then will its 
volume be equal to the sum of three cones whose common 
altitude is 0(7, and whose bases are the lower base, the 
upper base, and a mean proportional between them. 

For, inscribe a frustum of a right 
pyramid in the given frustum. The 
volume of this frustum is equal to 
the sum of the volumes of three 
pyramids whose common altitude is 
that of the frustum, and whose bases 
re the lower base, the upper base, 
and a mean proportional between the 
two (B. Vn., P. XVin.), whatever 

may be the number of lateral &ces. But when the numbei 
of &ces is infinite, the frustum of the pyramid coincides 
with the frustum of the cone, its bases with the bases of 
die cone, the three pyramids become cones, and their altitudes 
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are equal to that of the frustum ; hence, the volume of the 
frastum of a cone is equal to the sum of the volumes of 
three cones whose common altitude is that of the frustum, 
and whose bases are the lower base of the frustum, the 
apper base of the fi*ustum, and a mean proportional between 
them ; which was to be proved. 



PROPOSniON VEU THEOREM. 

Any section of a sphere made by a plane^ is a circle. 

Let C be the centre of a sphere, CA one of its 
radii, and AMB any section made by a plane : then will 
this section be a circle. 

For, draw a radius CO perpen- 
dicular to the cutting plane, and let 
it pierce the plane of the section at 
0. Draw radii of the sphere to any 
two points My M\ of the curve isrhich 
bounds the section, and join these 
pomts with : then, because the radii 
CMy CM' are equal, the points 

if, M\ will be equally distant from (B. VI., P. V., C.) ; 
hence, the section is a circle ; v>hich wcls to be proved. 

Cor. 1. When the cutting plane passes through the centre 
of the sphere, the radius of the section is equal to tliat of 
the sphere ; when the cutting plane does not p.iss through 
the centre of the sphere, the radius of the section will be 
less than that of the sphere. 

A section whose plane passes through the centre of the 
sphere, is called a greoit circle of the sphere. A section 
vbose plane does not pass through the centre of the sphere, 
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is called a $maU circle of the sphere. All great cirdes of 
the same, or of equal spheres, are eqaaL 

Cor. 2. Any great drde divides the sphere, and also 
the surface of the sphere, into equal parts. For, the parts 
may be so placed as to coincide, otherwise there would be 
some points of the sur&ce unequally distant from the centre, 
which is impoadble. 

Cor. 3. The centre of a sphere, and the centre of any 
small circle of that sphere, are in a straight line perpen- 
dicular to the plane of the circle. 

Cor. 4. The square of the radius of any small circle is 
equal to the square of the radius of the sphere diniinished 
by the square of the distance from the centre of the sphere 
to the plane of the circle (B. IV., P. XL, C. 1) : hence, 
circles which are equally distant from the centre, are equal; 
and of two circles which are unequally distant from the 
centre, that one is the less whose plane is at the greater 
dlntance from the centre. 

Cor. 6. The circumference of a great circle may alwaya 
be made to pass through any two points on the surface of 
a sphere. For, a plane can always be passed through these 
points and the centre of the sphere (B. VI., P. 11.), and its 
section will be a great circle. If the two points are the 
extremities of a diameter, an infinite number of planes can 
be passed through them and the centre of the sphere (B. VI^ 
P. I., S.) ; in this case, an infinite number of great drcles 
can be made to pass through the two points. 

Cor. 6. The bases of a zone are the circumferences of 
circles (D. 16), and the bases of a segment of a sphere are 
drdee. 
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Any plana perpendicular to a radius of a sphere at Us ouler 
extremity, is tangent to ike sphere at that point. 

Let be the centre of a sphere, CA any radius, and 
FA& a, plane perpeodicnlar to CA at A : then will the 
plane FAQ be tangent to the sphere at A. 

For, from any other point of the 
plane, as M, draw the line MG : 
then becaaee CA ia a perpendicular 
to the plane, and CM an oblique 
line, CM will be greater than CA 
(B. VI, P, V.) : hence, the point M 
Tics without the sphere. The plane 
FAG, therefore, touches the sphere 

U A, and consequently is tangent to it at that point , 
vhkh was to be proved. 

Scholium. It may be shown, by a course of reasoning 
malogong to that employed in Book HI., Propositions XI., 
XII, Xm., and XTV^ that two spheres may hare any one 
of ax positions with respect to each other, viz. : 

1°. When the distance between their centres is greater than 
the sum of their radii, they are aetemal, one to the other : 

2°. When the distance is equal to the sum of their 
radii, they are tangent, externally : 

3°, When this distance is less than the sum, and greater 
tliaa the difference of their radii, they intersect each cither : 

i". When this distance is equal to the difference of their 
rada, they are tangent internally : 

6". When this distance is loss than the ^fference of their 
radii, one is wfioUy within the other : 

V. When this distance is equal to eero, they have a 
oommon centre, or, are concentric. 
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DEFINinOKS. 

1^. If a semi-circamferenoe be divided into equal arcs, tbe 
chords of these arcs form half of the perimeter of a regular 
inscribed polygon ; this half perimeter is called a regular 
semupenmeter. The figure bounded by the regular semi- 
perimeter and the diameter of the semi-circumference is called 
a regular semi-polygon. The diameter itself is called the 
aaoU of the semi-polygon. 

2°. If lines be drawn from the extremi- 
ties of any side, and perpendicular to the 
aris, the intercepted portion of the axis is 
called the projection of that side. 

The broken line ABCDOP is a regu- 
lar semi-perimeter ; the figure bounded by 
it and the diameter AP^ is a regular 
semi-polygon, AP is its axis, HK is the 
projection of the side BC^ and the axis, 
AP^ is the projection of the entire semi-perimeter. 

PROPOSITION IX. LEMMA. 

If a regular semi-polygon he resolved about its aoRiSj the 
surface generated by the semi-perimeter tciH be equal to 
the axis multiplied by tJi/e circumference of the inscribed 
circle. 

Let ABGDEF be a regular semi-polygon, AF its axis, 
and ON its apothem : then will the surface generated by 
the regular semi-perimeter be equal to AF x drc. ON. 

From the extremities of any dde, as DE^ draw Bl 
and EH perpendicular to AF ; draw also NM perpen 
dicular to AF^ and EK perpendicular to DL Now, the 
oiir&oe generated by EB is equal to DE x drc. NM 




BOOK VIII. 



22& 




(P. IV., S.). But, because the triangles EDK and ONM 
are stmilar (B. IV., P. XXI.), we have, 

DE : JEST or IR i : ON : iOf : : circOUT : etrcNM; 
wlience, 

Z>^ X eirc. NM ^ JJT x circON ; 

that is, the surface generated by any side 
is eqoal to the projection of that side 
multiplied by the circumference of the in- 
scribed circle : hence, the surface gene- 
rated by the entire semi-periraeter is equal 
to the sum of the projections of its sides, 
or the axis, multiplied by the circumfer- 
ence of the inscribed ciix^le ; aoJiich was to be proved. 

Cor. The surface generated by any portion of the peiim- 
eter, as CDJBj is equal to its projection PIIj multiplied 
by the circamferenoe of the inscribed circle, 

PROPOSITION X, THEOREM. 

The surface of a sphere is equ<d to its diameter mitUiplied 
by the circumference of a great circle. 

Let ABODE be a semi-circumference, 
its centre, and AE its diameter : then 
will the surface of the sphere generated 
by revolving the semi-circumference about 
AE^ be equal to AE x circ, OE. 

For, the semi-circumference may be re- 

gwdcd as a regular semi-perimeter with an 

infinite number of sides, whose axis is AE^ 

and the radius of whose inscribed circle 

b OE : hence (P. IX.), the surfiice generated by it is equal. 

to AE X circ 0E\ vshidi fffos to be proved. 

16 
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Cor. 1. The drcumference of a great cirele is equal to 
2 It OE (B. v., P. XVI.) : hence, the area of the Bnrfacc 
of the sphere is equal to *lOE X 2*0^ or to UOT 
that is, the area of the mrface of a sphere is equal to fmr 
great circles. 

Cor. 2. The surface generated by any ^^ 

arc of the semicircle, as JBCy will be a //^ — 

2one, whose altitude is equal to the jwo- /^ 

jection of that arc on the diameter. But, n 

the arc ^(7 is a portion of a semi- II 

perimeter having an infinite number of v- 

Aides, and the radius of whose inscribed ^^ 

circle is equal to that of the sphere : ^5=::::::^. 

hence (P. IX., C), the surface of a zone 
is equal to its altitude multiplied by the circumference of a 
great circle of the sphere. 

Cor. 3. Zones, on the same sphere, or on equal spheres, 
are to each other as their altitudes. 



PllOPOSinON XI. LEMMA. 

^ a triangle and a rectangle having the same base oml 
equal altitudes^ be revolved about the common base, the 
volume generated by the triangle will be one-third of thai 
generated by the rectangle. 

Let ABC be a triangle, and EFBC a rectangle, havinjj 
the same base BC^ and an equal altitude AD^ and let 
them both be revolved about BC \ then will the volume 
generated by ABC be one-third of that generated by 
EFBC. 

For, the cone generated by the right-angled triangle 
ADB, is equal to one-third of the cylinder generated ly 
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the rectangle ADBF (P. . V., C. 1), and the cone generated 
by the triangle ADCy is equal to one-third of the cylinder 
generated by the rectangle ADOE. 

When AD falls within the triangle, the 
sum of the cones generated by ADB and 
ADC, is equal to the volume generated by 
the triangle ABO', and the sum of the 
cylinders generated by ADBFemd ADCE, 
is equal to the volume generated by the 
rectangle EFBC. 

When AD falls without the triangle, the diflTerence of the cones 
generated by ADB and ADC, is equal to the volume generated by 
ABG\ and the diflTerence (X the cylinders 
generated by ADBF and ADCE, is equal 
to the volume generated by EFBGx hence, 
in either case, the volume generated by 
the triangle ABO,r& equal to one-third of 
the volume generated by the rectangle 
EFBC] which was to be proved. 

Cor. The volume of the cylinder generated by EFBC, is 
equal to the product of its base and altitude, or to * AD* X BC: 
hence, the volume generated by the triangle ABC, is equal to 
i*A&xBC 




PROPOSITION XII. LEMMA. 

If an isosceles triangle be revolved about a straight line 
passing through its vertex, the volume generated will be 
equal to the surface generated by the base multiplied by 
one^third of the altitude. 

Let CAB be an isosceles triangle, C its vertex, AB its 
base, CI its altitude, and let it be revolved about the line CL, 
aa an axis: then will the volume generated be equal to swf 
AB X i CL There may be three cases: 
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1°. SnppoBe the base^ when produced^ to meet the axis at 
D; draw AM, IKy and BN^ 
l)erpendicular to CDy and BO 
parallel to DC. Now, the 
volume generated by CAB is 
equal to the difference of the 
Tolumes generated by CAD and 
CBD\ hence (P. XL, C), 

vol. CAB^^neAM^xCD-'^^WlPxCD:=^\^{AW-WN^XCD. 

But, AM^ - BW is equal to {AM + BN) {AM - BN), 
(B. IV., P. X.) ; and because AM + BN is equal to 2/jr 
(P. IV., S.), and AM - BN to AO, we have, 

wt CAB -\^IKXA0X CD. 

But, the right-angled triangles AOB and CD/ are similar 
(B. IV., P. XVIII.; hence, 

AO : AB :: CI : CD; or, AO X CD = AB X CI 

Substituting, and changing the order of the factors, we have, 

vol CAB =z AB X2^ IKX ICI. 

m 

But, AB X 2 * IIT = the surfj^je generated by AB ; hence, 

vol CAB = surf. AB X i CI. 



2°. Suppose the axis to coincide with one of the equal sides. 

Draw CT perpendicular to AB and AM, 
and IB! perpendicular to CB. Then, 

vol CAB = J * aM^ xCBz=\^ AMX 

AMx CB. 

But, since AMB and Cllf^ are similar, 

AM : AB : : CI : CB; whence AM X CB ^ AB X CI 

Also, AM = 2 IK; hence, by substitution, we have, 

vol CAB =^ABx2*IirxiCI=^ atirf. AB X i CL 
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3^. Suppose the base to be parallel to the axis. 

Draw AM and BN perpendicular to the axia The 
volume generated by GAB^ is equal ^ 
to the cylinder generated by the rectan- 
gle ABNMy diminished by the sum of 
tlie cones generated by the triangles 
CAM and BCN\ hence, 




vol CAB =^* or XAB -i'lr or X Al-i* or X IB. 

But the sum of AI and IB is equal to AB: hence, we 
have, by reducing, and changing the order of the factors, 

vol CAB r=:ABx2itCIXiCI. 

But AB X 2* 01 is equal to the surface generated by AB ; 
consequently, 

vol CAB = surf. AB X i 01; 

hence, in all cases, the volume generated by CAB is equal 
to surf. AB X i 01; which was to be proved. 



PROPOSITION Xni. LEMMA. 

9 * 

If a regular semi-polygon be revolved about its axisy the volume 
generated will be equal to the surface generated by the semi- 
perimeter multiplied by one-third of the apothem. 

Let FBDO be a regular semi-poly- 
gon, FG its axis, 01 its apothem, and 
let the semi-polygon be revolved about 
FG : then will the volume generated 
be equal to mrf. FDBQ x \0L 

For, draw lines from the vertices to 
the centre O. These lines will divide 
tie Bcmi-polygon into isosceles triangles 
whose bases are sides of the semi-polygon, 
and whoee altitudes are equal to OL 
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Now, the sum of the volumes generated by these triaD* 
glos is equal to the volume generated by the senii-polygon. 
But, the volume generated by any tiiangle, as OAB^ is 
equal to surf. AB x \ 01 (P. XII.) : hence, the volume 
generated by the semi-polygon is equal to surf. FBDG x {0I\ 
ohich was to be proved. 

Cor. The volume generated by a portion of the senu 
polygon, OABCj Hmited by radii 0(7, OA, is equal to 
mrf ABC X \0I. 



PR0P06ITI0K XIV, THEOREM, 

The volume of a sphere is equal to its surface mtdtipliei 

by one-third of its radius. 

Let ACJS be a semicircle, AJE its 
diameter, its centre, and let the semi- 
circle be revolved about AF: then will 
the volume generated be equal to the 
surface generated by the semi-circumfer- 
ence multiplied by one-third of the radius 
OA. 

For, the semicircle may be regarded 
as a regular semi-polygon having an infi- 
Eite number of sides, whose semi-perimeter 
coincides with the semi-circumference, and whose apothem is 
equal to the radius: hence (P. XIII.), the volume gene- 
rated by the semicircle is equal to the surface generated by 
the semi-circmnference multiplied by one-third of the radius ; 
which was to be proved. 

Cor. I. Any portion of the semicircle, as OBCy bounded 
by two radii, will generate a volume equal to the surface 
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generated by the arc BC multiplied by one-third of the 
radios (P. XIU., C). But this portion of the semicircle k 
a circular sector, the volume which it generates is a spheri- 
oil sector, aud the sur&ce generated by the arc is a zone : 
iicDCc, the volume of a ^lierical sector is equal to the zone 
whiiih forms its base multiplied by one^kird of the radius 

Cor. 2. If we denote the volume of a sphere by V\ 
and its radius by tS, the area of the surface will be equal 
\/i) if(B^ (P. X., C. 1), and the volume of the sphere will be 
equai to i^R^ X \R\ consequently, we have, 

Again, il' we denote the diameter of the sphere by -D, we 
M have It equal to ^i?, and B^ equal to \D^^ and 
(OB^equently, 

race, t^ie volumes of spheres are to each other as the cubes 

4 

^ their radii^ or as. the cubes of their diameters. 

Molium. If the figure EBDF, formed ^ 

drawing line^ from the extremities of the ^^^^^ 

c BD perpendicular to CA, be revolved ^/\ 
out CAy as an axis, it will generate a seg- ^ ^f \ 
at of a sphere whose volume may be found /^^"^"^-^s^ \, 

adding" to the spherical sector generated by L .7^ 

% the cone generated by CBE^ and sub- \ ^..--''' 

eting from their sum the cone generated j^r 

CDF. If the arc BD is so taken that the 
kits jEJ aod F fell on opposite sides of the centre <7, the 
fcr cone must be added, instead of subtracted: zone BD 
U CD X JSF'^ hence, 

}eni. EBX>F = J * (2 C5' X EF -^ BW X CEzpDF^ X OF). 



1 
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FROPOSmON XV. THEOREM 

TAe sitr/ace of a sphere ia to the entire surface oj^ tfu 
circumscribed cylinder^ including its bases^ as 2 is to Z : 
and the volumes are to each other in the same ratio. 

Let PMQ be a semicircle, and PA1>Q a rectangle, 
whose sides PA and QD are tangent to the semicircle at 
P and Qy and whose side AD^ is tangent to the semi- 
inrcle at Jfl If the semicircle and the rectangle be rerolyed 
about PQ^ as an axis, the former will generate a sphere, 
and the latter a circumscribed cylinder. 

1^. The surface of the sphere is to the entire surface of 
the cylinder, as 2 is to 3. 

For, the surface of the sphere is 
equal to four great circles (P. X., C. 1), 
the convex surface of the cylinder is 
equal to the circumference of its base 
multiplied by its altitude (P. I.) ; 
that is, it is equal to the circumfer- 
ence of a great circle multiplied by 
its diameter, or to four great circles 
(B. v., P. XV.) ; adding to this the 

two bases, each of which is equal to a great circle, we have 
the entire surface of the cylinder equal to six great circles: 
hence, the surface of the sphere is to the entire sui-face of 
he circumscribed cylinder, as 4 is to 6, or as 2 is to 3; 
which was to be proved. 

2^. The volume of the sphere is to the volume of the 
eylinder as 2 is to 3. 

For, the volume of the sphere is equal to | ^^ (P. XIV^ 
C. 2) ; the volume of the cylinder is equal to its base 
multiplied by its altitude (P. 11.) ; that is, it is equal to 
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riP X 2i?, or to f iriP : hence, the volume of the sphere 
is to that of the cylinder as 4 is to 6, or as 2 is to 3 ; 
which was to be proved. 

Gar. The surface of a sphere is to the entire sur&ce of 
a circumscribed cylinder, as the volume of the sphere is to 
volume of the cylinder. 

Scholium, Any polyedron which is circumscribed about a 
sphere, that is, whose faces are all tangent to the sphere, 
may be regarded as made up of pyramids, whose bases are 
the faces of the polyedron, whose common vertex is at the 
centre of the sphere, and each of whose altitudes is equal 
to the radius of the sphere. But, the volume of any one 
of these pyramids is equal to its base multiplied by one- 
third of lis altitude : hence, the volume of a circumscribed 
polyedron is equal to its surface midtiplied by one-third of 
the radius of the inscribed sphere. 

Now, because the volume of the sphere is also equal to 
its surface multiplied by one-tliird of its radius, it follows 
that the volume of a sphere is ' to the volume of any cir- 
cnmscribed polyedron, as the surface of the sphere is to the 
8ur&ce of the polyedron. 

Polyedrons circumsciibed about the same, or about equal 
spheres, are proportional to their surfaces. 



GENERAL FORMULAS. 

If we denote the convex surface of a cylinder by S, its 
volume by V, the radius of its base by jR, and its alti- 
tude by JST, we have (P. L, 11.), 

8 = 2^JR xJI (1.) 

F= fl-iP X J5r (2.) 
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• denote the convex earface of a cone hy 8, Tit 
^ I'; the radius of ita base b^ S, its altitude by S, 
ijgi height by M', we have (P. III., V.), 

3= 'Rxir (3.) 

F=i'i?x^fl' (4.) 

denote tbe convex surface of a frustum of a cone 
I volume by V, tbe radius of its lower base by S, 
■ of its upper base by R, its altitude by S, and ita 
^t by IT, we have (P. IV, VI.), 

S = *(£ + IT) X S' (5.) 

F= l*(iP + JJ" + JBx J20 x-ff- ' • (8-) 

denote the surface of a sphere by S, ita volume 
its radius by -ffi, and its diameter by -Z>, we have 
!. 1, XIV., C. 2, XIV., C. 1), 

S = i^H^ (7.) 

V = J*:fi3 =.Jt-Z)' (8.) 

denote tbe radios of a sphere by R, the area of 
of the sphere by S, its altitude by H, and the 

>f the corresponding spherical sector by Y, we 

B (P. X, C. 2), 

8 = i-rRx S ■ • • (9.) 

V = \-!Ji' X ff (10.) 

denote the Tolame of the corresponding spherical 
by V, its altitude by ff, tbe radius of its upper base 
le radius of its lower baae by B", the distance of 
base from the centre by H', and of its lower base 
centre by ff", we shall have (P. XIV., S.) : ' 

t T (3 .K* X fi' + ii" i7" T -B"' X JT") . . (11.) 
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SPHEBIGAL OEOMETBY. 
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DEFINITIONS. 

1. A Spherical Angle is an angle included between the 
arcs of two gi'eat circles of a sphere meeting at a point. The 
arcs are called sides of the angle, and their point of 
intersection is called the vertex of the angle. 

The measure of a spherical angle is the same as that of 
the diedral angle included between the planes of its sides. 
Spherical angles may be acute, right, or obtuse. 

2. A Spherical Polygon is a portion of the surface of 
a sphere bounded by three or more arcs of great circles. 
The bounding arcs are called sides of the polygon, and the 
points in which the sides meet, are called vertices of the 
polygon. Each side is supposed to be less than a semi-cir- 
cumference. 

Spherical polygons are classified in the same manner as 
plane polygons. 

3. A Spherical Triangle is a spherical polygon of three 
sides. 

Spherical triangles are classified in the same manner as 
plane triangles. 

4. A LuNE is a portion of the surface of a sphere bounded 
by two semi-circumferences of great circles. 

5. A Spherical "Wedge is a portion of a sphere bounded 
by a lune and two semicircles, which intersect in a diameter 
of the sphere. 
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6. A SphkrtcaTi Pysamid is a portion of a sphere 
bounded by a spherical polygon and sectors of circles whose 
common centre is the centre of the sphere. 

The spherical polygon is called the base of the pyramid, 
and the centre of the sphere is called the vertex of the 
pyramid. 

7. A Pole of ▲ Cibclb is a point on the sur&ce of 
the sphere, equally distant from all the points of the cir 
camference of the circle. 

8. A Diagonal of a spherical polygon is an arc of a 
great circle joining the vertices of any two angles which are 
not consecutive. 



PROPOSITION I. THEOREM. 

Any side of a spherical triangle is less than the sum of 

the other two. 

Let AJBG be a spherical triangle situated on a sphere 
whose eentre is : then will any side, as A£y be less 
than the sum of the sides AG and JBO. 

For, draw the radii OA^ OBj and 
00: these radii form the edges of a 
triedral angle whose vertex is 0, and 
the plane angles included between them 
are measured by the arcs AB^ AG^ 
and BG (B. m., P. XVIL, Sch.). 
But any plane angle, as AOB^ is less 
than the sum of the plane angles AOG 
and BOG (B. VI., P. XK.) : hence, 
the arc AB is less than the sum of the arcs AG ani 
BG\ which was to be proved. 
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Cor. 1. Any side AB^ of a spherical polygon ABCDE^ 
is less than the sum of all the other sides. 

For, draw the diagonals AG and AD^ dividing the 
polygon into triangles. The arc AB is less than the sum 
of AC and BC^ the arc AC \a 
less than the sum of AD and 2>(7, 
and the arc AD is less than the 
sum of DJS and EA ; hence, AB 
is less than the sum of BC^ CDy 
BE, and EA. 

Cor. 2. The arc of a small circle, on the surface of a 
sphere, is greater than tlie arc of a great circle joining its 
two extremities. 

For, diyide the arc of the small circle into equal parts, 
and through the two extremities of each part, suppose the 
arc of a great circle to be drawn. The sum of these arcs, 
whatever may be their number, will be greater than the arc 
of the great circle joining the given points (C. 1). But when 
this number is infinite, each arc of the great circle will coin- 
cide with the corresponding arc of the small circle, and 
their sum is equal to the entire arc of the small circle, which 
is, consequently, greater than the arc of the great circle. 

CSw. 3. The shortest distance from one point to another 
on the surface of a sphere, is measured on the arc of a 
great circle joining them. 

PROPOSITION n. THEOKEM. 

Th^ sum of the sides of a spherical polygon is less than 
tJie drcumference of a ffreat circle. 

Let ABCDE be a spherical polygon situated on a 
sphere whose centre is : then will the sum of its "ddes 
be less than the circumference of a great cirde. 
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For, draw the radii OAy OB, OC, OB, and 0E\ 
these radii form the edges of a polyednd angle whose vertex 
is at 0, and the angles included between 
them are measured by the arcs AB, BC, 
CD, DE, and EA. But the sum of 
these angles is less than four right angles 
(B. VI., P. XX.) : hence, the sum of the 
arcs which measure them is less than the 
circumference of a great circle ; vslhich vxu 
to be proved. 




PROPOSITION in. THEOREM. 

J[f^ a diameter of a sphere be drawn perpendicular to the 
plane of any circle of the sphere, its extremities wiU he 
poles of that circle. 

Let C be the centre of a sphere, FJfG any circle of 
the sphere, and DE a diameter of the sphere perpendicular 
to the plane of FITO : then will the extremities D and E^ 
be poles of the circle FNO. 

The diameter BE, being 
perpendicular to the plane of 
FNO, must pass through 
the centre (B. Vm., 
P. Vn., C. 3). If arcs of 
great circles DN, DF, DO, 
•fee, be drawn from D to 
different points of the cir- 
cumference FNQ, and chords 
of these arcs be drawn, these 
chords will be equal (B. VI., 

P. v.), consequently, the aics themselves will be equal But 
these arcs are the shortest lines that can be drawn from tbe 
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point 2>, to the different points of the circumference (P. L, 
C. 2) : hence, the point 2>, is equally distant from all the 
points of the circumference, and consequently is a pole of 
the circle (D. 7). In like manner, it may be shown that 
the point E is also a pole of the circle : hence, both 2>, 
and -EJ are poles of the circle FITO ; which was to he 
proved. 

Cor. 1. Let AMB be a great circle perpendicular to 
BE: then will the angles DCM^ EC My Ac, be right 
angles ; and consequently, the arcs DM^ EM^ Ac, will 
each be equal to a quadrant (B. HI., P. XVII., S.) : hence, 
the two poles of a great circle are at equal distances from 
the circumference. 

Cot. 2. The two poles of a small' circle are at unequal 
distances from the circumference, the sum of the distances 
being equal to a semi-circumference. 

Cot. 3. If any point, as M, in the circumference of a great 
circle, be joined with either pole, by the arc of a great circle, 
such arc will be perpendicular to the circumference AMB, since 
its plane passes through CD, which is perpendicular to AMB. 
Conversely : if MN be perpendicular to the arc AMB, it will pass 
through the poles D and E\ for, the plane of MN being per- 
pendicular to AMB and passing through C, will contain CD, 
which is perpendicular to the plane AMB (B. VI., P. XVIII.). 

Cor, 4. If the distance of a point D, from each of the points 
A and M, in the circumference of a great circle, is equal to a 
quadrant, the point D, is the pole of the arc AM. 

For, let C be the centre of the sphere, and draw the 
radii CD, CA, CM. Since the aigles ACD, MCD, are 
right angles, the line CD is *erpendicular to the two 
straight lines CA, CM*, it is^ t? jrefore, perpendicular to theii 
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plane (B. YL, P. IV.) : hence, the point 2>, is the pole of 
the arc AM. 

Scholium. The properties of these poles enable ns to 
describe arcs of a circle on the sariace of a sphere, with 
the same facility ajB on a plane surface. For, by taming 
the arc DF aboat the point 2>, the extremity F will 
describe the small circle FNO ; and by turning the quad- 
rant DFA round the point 2>, its extremity A will 
describe an arc of a great circle. 



PROPOSITION IV. THEOBBM. 

The angle formed by two arcs of grecU circles^ is equal to 
that formed by tfie tangents to these arcs at their point 
of intersection^ and is measured by the arc of a greal 
cirde described from the vertex as a pole^ and limited 
by the sideSy produced if necessary. 

Let the angle BAG be formed by the two arcs AB^ 
AC I then is it equal to the angle FAG formed by the 
tangents AF^ AG, and is *measured by the arc DF of 
a great circle, described about .^ as a pole. 

For, the tangent AF^ drawn in the 
plane of the arc AB^ is perpendicular 
to the radius A ; and the tangent 
AGi drawn in the plane of the arc 
AGj is perpendicular to the same radius 
AO: hence, the angle FAG is equal 
to the angle contained by the planes 
ABBH, ACER (B. VI., D. 4) ; which 
is that of the arcs Ah^ AC. Now, if 
the arcs AD and AE a e both quad- 
rants, the lines Oi>, OEy i,re perpendicular to OA^ and 
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the angle DOE is. equal to the angle of the planes ABDH^ 
ACEH: hence, the arc DE is the measure of the anijle 
contained by these planes, or of the angle CAB ; vshicli 
was to be proved. 

Cor. 1." The angles of spherical triangles may be com 
paued by means of the arcs of great circles described from, 
their vertices as poles, and included between their sides. 

A e^herical angle can always be constructed equal to a 
givai spherical angle. 

Cor, 2. Vertical angles, such as 
ACQ and BCN are equsd ; for 
either of them is the angle formed 
by the two planes ACB^ OCN. 
When two arcs ACB^ OCJV^ in- 
tersect, the sum of two adjacent 
angles, as ACOy OCB^ is equal 
to two right angles. 




PROPOSITION V. THEOREM. 

^ from the vertices of the angles of a spherical triangle^ 
as poleSj arcs be described forming a spherical triangle^ 
the vertices of the angles of this second triangle unQ be 
respectively/ poles qf the sides of the first. 

From the vertices .1, -5, (7, 
as poles, let the arcs EF^ FD^ 
EDy be described, forming the 
tiiangle DFEx then will the 
vertices D^ E^ and F^ be 
respectively poles of the sides 
BC, AG, AB. 

For, the point A being 

16 
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the pole of the arc JEF^ the dktanee AE^ k a quadrant; 
the point C being the pole of the arc DJS^ tho distanoe 
CJE, is likewise a quadrant : hence, the point J^ is at a 
qnadraut's distance from the points A and Ci heuce, it is 
the pole of the arc AC (P. IIL, C. 4). It may be shown, 
in like manner, that D is the pole of the arc .BC\ and 
F that of the arc AB ; which %o<m to be proved. 

Scholium. The triangle ABC, maj be described by 

means of DEF^ as DEF is described by means of ABC, 

Triangles thns related are called pciar triangh^^ or mpple- 
mentcU triangles. 



PROPOSITION n. THE0RE3r. 



Any angle, in one of two polar triangles, U measured htf a 
semucircum/erence, minus t/^ side lying opposite to it m 
the other triangle. 

Let ABC, and EFD, be any two polar triangles: 
ithen will any angle in either triangle be measured bj a 
eemi-circamference, minus the side lying opposite to it in tbe 
other triangle. 

For, produce the sides AB, 
AC, if necessary, till they 
meet EF, in (? and iZl The 
point A being the pole of 
the arc OH, the ,angle A is 
measured by that arc (P. IV.). 
But, since E is the pole of 
AS, the arc EH is a quad- 
rant ; and since F is the 

pole of A Q, FO is a quadrant : hence, the * sum of the 
arcs EH and OF, is equal to a semi-circumference. Butr 
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the sum of the arcs EH and QF^ is eq«al to the sam 
of the arcs EF and OH \ hence, the arc QH, whfch 
measures the angle A^ is equal to a semi-circumference, 
minus the arc EF, In like manner, it may be shown, that 
any other angle, in either triangle, is measared by a semt- 
circumference, minus the side lying opposite to it in the 
other triangle ; which was to be proved. 

Scholium, Besides the triangle DEFy /.*,^ 

three others may be formed by the inter- / \ 

section of the arcs DEy EF, DF, But / V 

the proposition is applicable only to the ^"j/C^'^^x ^ 
central triangle, which is distinguished / \ v / / 

from the other three by the circumstance, / ^v!^/ • .-''^ 

that the two vertices, A and Z>, lie on the \ yi 

same side of BC; the two vertices, B 
Mid Ey on the same side o{ AC] and 
the two vertices, C and Fy on the same side of AB. 

^ PROPOSITION Vn. THEOREM. 

If from the vertices of any two angles of a spherical tri- 
anglcy as poles^ arcs of circles be described passing 
through the vertex of the third angle / and if from the 
second point in which these arcs intersect^ arcs of greai 
circles be drawn to the verticesy used as poleSy the parte 
of the triangle thus formed wiU be equal to those of the 
given trian^fi^ eadi to each. 

Let ABC be a spherical triangle situated on a sphere 
whose centre is 0, CED and CFD arcs of circles 
described about B and A as poles, and let DA and 
I^B be ares of great circles : then will the parts of the 



244 



GEOMETRY. 




triangle ABD be equal to those of the given trian^e 
ABOf each to each. 

For, by construction, the side AD 
is equal to AC^ the side DS is 
equal to JBC^ and the side AJB is 
common : hence, the sides are equal, 
each to each. Draw the radii OAy 
OB, OC, and OB. The radii OA, 
OB, and 00, will form the edges 
of a triedral angle whose vertex is 
O; and the radii OA, OB, and 
edges of a second triedral angle whose vertex is also at ; 
and the plane angles formed hj these edges will be equal, 
each to each : hence, the planes of the equal angles are 
equally inclined to each other (B. VL, P. XXL). But, the 
angles made by these planes are equal to the corresponding 
s]^erical angles ; consequently, the angle BAB is equal to 
BAG, the angle ABB to ABC, and the angle ADB 
to A GB : hence, the parts of the triangle ABB are equal 
to the parts of the triangle A CB, each to each ; which 
was to be proved. 



OD,^ will form the 



Scholium 1. The triangles ABC and ABB, are not, 
in general, capable of superposition, but their parts are 
symmetrically disposed with respect to AB. Triangles which 
have all the parts of the one equal to all the parts of the 
(fiher, each to each, but not capable of superposition, an 
called, symmetrical triangles. 



Scholium 2. If symmetrical triangles are isosceles, thej 
can be so placed as to coincide throughout : bence, they are 
equcd in area. 



-""TT"- " "^ 
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PROPOSITION Vm. THEOREM. 

If two sphericcU trianglea^ on the same^ or on equal sphere 
have two aides and the included angle of the one equal 
to two sides and the included angle of the other^ ea>ch 
to eac?iy the remaining parts are equals each to each. 

Let the spherical triangles ABC and JSFO^ have, the 
fflde EF equal to AB^ the side JEQ equal to AC^ and 
the angle FEG equal to BA C : then will the side FG be 
equal to BC^ the angle EFG to ABCy and the angle 
EGF to ACB. 

For, the triangle JEFG may 
be placed upon ABCy or upon 
its symmetrica] triangle ABB^ so 
OB to coincide Tvith it throughout, 
as may be shown by the same j)/ / \q q- 
course of reasoning as that em- 
ployed in Book I., Proposition V. : 
hence, the side FG is equal to 

BC, the angle BFG to ABC, and the angle JSGF to 
ACB I which was to be proved. 





PROPOSITION IX. THEOREM. 

If two spherical triangles on the same, or on eqruai spheres^ 
have two angles and the included side of the OTie equal 
to two angles and the included side of the other, each 
to each, the remaining parts will be equal, each to e<zch 

Let the spherical triangles ABC and EFG, have the 
angle FEG equal to BAC, the angle EFG equal to 
ABC^ and the side EF equal to AB : then will the 
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ride JEG be equal to AC^ the ride FO to BC^ uA 
the angle FOS to BCA. 

For, the triangle EFG maj 
be placed upon ABCy or spon 
its symmetrical triangle ABB^ bo 
as to coincide with it throughout, 
as may be shown by the same 
coarse of reasoning as that em- 
ployed in Book L, Proposition 
VX : hence, the ride EO is equal 

to ui(7, the ride FG to BC^ and the angle FOE io 
BCA ; which vhju to be proved. 

PBOPosmoiir z. theorem. 

J(f two epherical triangles an the same, or on equal spheret, 
have their sides equaiy each to each, their angles vnU he 
equalj each to each, the equal angles lying opposite the 
equal sides. 

Let the spherical triangles EFG and ABC haye the 
ride EF equal to AB, the ride EG equal to AC, and 
the ride FG equal to BC: th^ will the angle FEG be 
equal to BAC, the angle EFG to ABC, and the angle 
EGF to ACB, and the equal angles will lie opporite the 
equal rides. 

For, it may be shown by the 
same course of reasoning as that 
employed in B. I., P. X., that the 
triangle EFG is equal in all 
respects, either to the triangle ^^ / y^ ^' 
ABC, or to its symmetrical tri- 
angle ABB ; hence, the angle 
FEG, opporite to the ride FG, is equal to the angle BACy 
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opposite to J?(7,' the angle EFO^ opposite to JSOy is equal 
to the angle ABC, opposite to AC; and the angle EOJP\ 
opposite to EF, is equal to the angle A CB, opposite to 
AB\ which fjocu to be proved. 



> PKOPOsrrioN xi, thsobsm. 

[n any isosceles spherical triangle, the angles opposite the 
eqwd sides are equal ; and conversely^ if ttoo angles of 
a tpherical triangle are equals the triangle is isosceles, 

1®. Let ABC be a spherical triangle, having the side 
AB equal to AC: then will the angle C be equal to 
the angle B. 

For, draw the arc of a great circle 
from the veitex A, to the middle point 
Z>, of the base BC: then in the two 
triangles ADB and ADC, we shall have 
the fflde AB equal to AC, by hypothe- 
sis, the side BD equal to DC, by con- 
sti-uction, and the side AD common ; 
consequently, the tiiangles have their angles equal, each to 
each (P. X.) : hence, the angle C ifl equal to the angle 
B\ which was to be proved, 

2°. Let ABC be a spherical triangle having the angle 
C equal to the angle B : then will the side AB be 
e<|ual to the side AC, and consequently the triangle will 
be isosceles. 

Fer, suppose that AB and J. (7 are not equal, but that 
one of them, as AB, is the greater. On AB lay off the 
arc BO equal to AC, and draw the arc of a great circle 
from O to C : then in the triangles ACB and OBC, 
we shall have the side AC eqial to OB, by construction^ 
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the side BO common, and the included angle ACB equal 
to the included angle OBC^ by hypothesis : hence, the 
remaining parts of the triangles are equal, 
each to each, and consequently, the angle 
OCB is equal to the angle ABC. But, 
the angle ACB is equal to ABC^ by 
liypothesis, and therefore, the angle OCB 
is equal to ACB^ or a part is equal to 
the whole, which is impossible : hence, the 
supposition that AB and AC ar6 un- 
equal, is absurd ; they are therefore equal, and consequentlj, 
the triangle ABO is isosceles ; which was to he proved. 

Cor. The triangles ABB and ADG^ having all of 
their parts equal, each to each, the angle ABB is equal 
to AD (7, and the angle DAB is equal to DA C ; that 
is, (^ on arc of a great circle he dravm from the vertex 
of an isosceles spherical triangle to the middle of its base^ 
it wiU he perpendicular to the hase^ and wiS hisect the verti- 
€al angle of the triangle. 

PROPOSITION Xn. THEOREM. 

In any spherical triangle^ the greater side is opposite the 
greater angle / and conversely^ tJie greater angle is oppw 
site the greater side. 

1°. Let ABC be a spherical triangle, in which the angk 
A IS greater than the angle B : then will the side BO 
be greater than the side AC. 
For, draw the arc AD^ 
making the angle BAD equal 
to ABDi then will AD be 
equal to BD (P. XL). But, 
the sum of AD and DC is 
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greateir than AC (P. I.); or, pulting for AD its equal 
BJD^ we hare the sum of BD and 2X7, or BOy greater 
than AC \ which was to be proved, 

2°, In the triangle ABC^ let the side BC he greater 
than AC: then will the angle A be greater than the 
angle B. 

For, if the angles A and B were equal, the sides BC 
and -4(7 would be equal ; or if the angle A waa less 
than the angle J?, the side BC would be less than AC^ 
either of which conclusions is contrary to the hypothesis: hence, 
the angle A is greater than the angle B ; whicJi was to be proved, 

PEOPosmcK xm. theorem. 

jy two triangles on the aame^ or on equal spheres^ are 
mutually equiangular^ they are also mutually equilateral. 

Let the spherical triangles A and j5, be mutually equi- 
angular : then will they also be mutually equilateral. 

For, let P be the polar triangle of -4, 
and Q the polar triangle of B : then, be- 
cause the triangles A and B are mutually 
equiangular, their polar triangles P and §, 
must be mutually equilateral (P. VI.), and con- 
sequently mutually equiangular (P. X.). But, 
the triangles P and Q being mutually equi- 
angular, their polar triangles A and J^, are 
mutually equilateral (P. VI.) ; which was to be proved. 

Scholium, This proposition does not hold good for plane 
triangles, for all similar plane triangles are mutually equi- 
angular, but not necessarily mutually equilateral. Two 
spherical triangles on the same or on equal spheres, cannot 
be similar without being equg,! in all their parts. 
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PKOPOSmON XIV. THEOREM. 

The sum of the angles of a spJierical triangle is less than 
six fight angles^ and greater than two right angles. 

Let ABC be a spherical triangle, and DBIf" its polar 
triangle : then will the sum of the angles A^ JB^ and (7, 
be less than six right angles and greater than two. 

For, any angle, as -4, be- 
ing measured by a semi-cir- 
oumference, minus the side 
JEJIf (P. VI.), is less than two 
right angles: henee, the sum 
of the three angles h less than 
six right angles. Again, be- 
cause the measure of each angle 
is equal to a semi-circumference 
minus the side lying opposite 

to it, in the polar triangle, the measure of the sum of the 
three angles is equal to three semi-circumferences, minus tbe 
sum of the sides of the polar triangle DEF. But the 
Litter sum is less than a circumference ; consequently, the 
measure of the sum of the angles A^ B^ and (7, is 
greater than a semi-circumference, and therefore the sum of 
the angles is greater than two right angles : hence, the smu 
of the angles A^ J?, and (7, is less than six right angits, 
and greater than two ; which was to be proved. 

Cor, 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a rectilineal 
triangle, but varies between two right angles and six, with- 
out ever reaching either of these limits. Two angles, there- 
fore, do not serve to determine the third. 
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Cor. 2. A spherical triangle may have two, or e/en throe 
of its angles right angles ; also two, or even three of its 
angles obtuse. 

Cor, 3. If a triangle, ABO^ is bi-rectanffular, 
that isy has two right angles JB and O, the vertex 
A will be the pole of the other side BC, and 
A By AC, will be quadrants. 

For, since the arcs AB and AC are perpen- 
dicular to BO, each must pass through its 
pole (P. III., Cor. 3) : hence, their intersection A is that pole, 
and consequently, AB and AC are quadrants. 

If the angle A is also a right angle, the triangle ABC 
is trUrectangtdar ; each of its angles is a right angle, and 
hs sides are quadrants. Four tri-rectangular triangles make 
np the sur&ce of a hemisphere, and eight the entire sur&ce 
of a sphere. 

Scholium, The right angle is taken as the unit of mea- 
Bare of spherical angles, and is denoted by 1. 

The excess of the sum of the angles of a spuerical tri- 
angle over two right angles, is called the spherical excess. 
]1 we denote the spherical excess by Ey and the three 
angles expressed in terms of the right angle, as a unit, by 
Ay By and (7, we shall have, 

E=zA + B+C-2. 

The spherical excess of any spherical polygon is equal to 
the excess of the sum of its angles over two right angles 
taken as many times as the polygon has sides, less two. 
If we denote the spherical excess by My the sum of the 
angles by 8y and the number of sides by riy we shall 

have, 

E - 5 - 2(w - 2) = 5 - 2» + 4. 
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PROPOSITION' XT. THEOREM. 

Any luney is to the surface of the sphere^ as the arc whiA 
measures its angle is to the circumference of a great 
circle ; or, as the angle of the lune is to four right 
angles. 

Let AMBN be a lune, and MCN the angle of the lune, 
then will the area of the lune be to the surface of the sphere, 
as the arc MN is to the circumference of a great circle 
MNPQ ; or, as the angle MCN is to four right angles 
(B. III., P. XVIL, 0. 2). 

In the first place, suppose the arc 
MN and the circumference MNPQ 
to be commensurable. For example, 
let them be to each other as 5 is 
to 48. Divide the circumference 
MNPQ into 48 equal parts, be- 
ginning at M ; MN will contain 
five of these parts. Join each point 

'of division with the points A and J?, by a quadraut: 
there will be formed 96 equal isosceles spherical triangles 
(P. VLL, S. 2) on the surface of the sphere, of which the 
lune will contain 10 : hence, in this case, the area of the 
lune is to the sur&ce of the sphere, as 10 is to 06, or 
as 5 is to 48 ; that is, as the arc MN is to the circum- 
ference MNPQ^ or as the angle of the lune is to foar 
rght angles. 

In like manner, the same relation may be shown tfi 
exist when the arc MN^ and the circumference MNPQ 
are to each other as any other whole numbers. 

If the arc MN^ and the circumference MNPQ^ are not 
commensurable, the same relation may be shown to exist by 
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a course of reasoning entirely analogous to that employed 
in Book IV., Proposition III. Hence, in all cases, the area 
of a lune is to the surface of the sphere, as the arc meas- 
uring the angle is to the circumference of a great circle; 
or, as the angle of the lune is to four right angles ; which 
was to he proved. 

Cor, 1. Lunes, on the same or on equal spheres, are to 
each other as their angles. 

Cor. 2. If we denote the area of a tri-rectangular triangle 

by T, the area of a lune by i, and the angle of the 

lone by A^ the right angle being denoted by 1, we shall 

have, 

L : %T^ : ; ^ : 4; 
whence, 

L :=z Tx 2A \ 

hence, the area of a lune is equal to the area of a tri- 
rectangular triangle multiplied by twice the angle of the 
lune. 

Scholium, The spherical wedge, whose angle is MCN^ 
is to the entire sphere, as the angle of the wedge is to four 
right angles, as may be shown by a course of reasoning 
entirely analogous to that just employed : hence, we infei 
that the volume of a spherical wedge is equal to the lune 
which forms its base, multiplied by one-third of the radius. 



PROPOSITION XVI. THEOREM. 

% 

Symmetrical triangles are equal in area. 

Let ABC and DEF be synmietrical triangles, the 
iide DE being equal to AB^ the side DF to -4C, and 
the side EF to BC \ then will the triangles be equal io 
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For, conceive a small circle to be drawn tbrough -4, -B, 
and (7, and let F be its pole; draw arcs of great circles 
from P %o Ay J9, and 0\ tbese 
arcs will be equal (D, 7). Draw 
tbe are of a great circle JFQ^ 
making tbe angle I>FQ equal to 
ACPy and lay off on it, FQ 
equal to CP\ draw arcs of great 
circles QD and QE. 

In the triangles PAG and 
FDQ, we have the side FD 

equal to A (7, by hypothesis ; the side FQ equal to P(7, 
by construction, and the angle DFQ equal to A CPy by 
construction : hence (P. VIII.), the side DQ is equal to 
APy the angle FDQ to PAC^ and the angle FQD to 
APC. Now, because the triangles QFD and PAC are 
isosceles and equal in all their parts, they may be placed so 
as to coincide throughout, the base FD falling on AGy 
DQ on GPy and FQ on AP\ hence, they are equal in area. 

If we take from the angle DFE the angle DFQy and 
from the angle A OB the angle A OPy the remaining 
angles QFE and PCB, will be equal. In the triangles 
FQF and PCBy we have the side QF equal to PC, 
by construction, the side FE equal to BO, by hypothesis, 
and the angle QFF equal to PCBy from what has just 
been shown : hence, the triangles are equal in all their 
parts, and being isosceles, they may be placed so as to 
coincide throughout, the side QF falling on POy and the 
side QF on PB ; these triangtes are, therefore, equal in 
area. 

In the triangles QDF and PAB, we have the sides 
QDy QF, PAy and PB, all equal, and the angle DQE 
equal to APB, because they are the sums of equal angles: 
hence, the triangles are equal in all their parts, and 
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because thej are isosceles, they may be so placed as to 
coincide throughout, the side QD falling on PB^ and the 
Bade QE on PA ; these triangles are, therefore, equal in 
area. 

Hence, the sum of the triangles QFD and QJi^ is 
equal to the sum of the triangles PAG and PBC. If 
from the former sum we take away the triangle QDE^ 
there will remain the triangle DFE\ and if from the latter 
sum we take away the triangle PAB^ there will remain 
the triangle ABC : hence, the triangles ABC and DEIi 
are equal in area ; which was to be proved. 

Scholium, If the point P falls within the triangle ABC^ 
the point Q will fall within the triangle DEF, In this 
case, the triangle DEF is equal to the sum of the triangles 
§i®, QFE^ and QBE, and the triangle ABC is equri 
to the sum of the equal triangles PA (7, PB C, and PAB ; 
the proposition, therefore, still holds good. 

PROPOSITION XVn. THEOREM. 

If the circumferences of two great circles intersect on the 
surface of a hemisphere^ the sum of the opposite triangles 
thus formed^ is equcU to a lune whose angle is equal to 
that formsd hy the circles. 

Let the circumferences A OB^ CO.D^ 
intersect on the surface of a hemis- 
phere : then will the sum of the oppo- 
site triangles AOC^ BOD^ be equal 
to the lune whose angle is BOD. 

For, produce the arcs OB^ OD^ 
on the other hemisphere, till they meet 
at N. Now, since AOB and OBN 
are eenii-^ircumferences, if we take away the common part 
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OB^ we shall have BN equal to AO. For a like rea- 
son, we have DN equal to (70, and BD equal to ACi 
hence, the two triangles AOCy BDIf^ 
have their sides respectively equal : 
they are therefore symmetrical ; con- 
sequently, they are equal in area 
(P. XVL). But the sum of the tri- 
augies BDIT^ BOD^ is equal to 
the lune OBNDO^ whose angle is 
BOD I hence, the sum of AOC and 
BOD is equal to the lune whose 
angle is B OD ; which was to be proved. 

Scholium, It is evident that the two spherical pyramids, 
which have the triangles AOCj BOD^ for bases, are 
together equal to the spherical .wedge whose angle is BOD, 




PROPOSITION XVin. THEOREM. 

The area of a spherical triangle is equal to its spherical 
excess multiplied by a tri-rectangvlar triangle. 

Let ABC be a spherical triangle : then will its surfoce 

be equal to 

{A -^ B +C -2) X T. 

For, produce its sides till they meet 
the great drde DEFQ^ drawn at plea- 
sure, without the triangle. By the last 
theorem, the two triangles ADE^ AGHy 
are together equal to the lune whose 
angle is A ; but the area of this lune 
is equal to 2^ x iT (P. XV., C. 2) : 
hence, the sum of the triangles ADE and AGE^ is equal 
to 2 J. X 2! In like manner, it may be shown that the 
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snm of the triangles BFO and BID^ is equal to 2B x T^ 
and that the sum of the triangles CIS and CFE^ is 
equal to 20 X T. 

But the sum of these six triangles exceeds the hemis- 
phere, or four times 7J by twice the triangle ABO, We 
shall therefore have, 

2 X area ABO = 2^ x T+ 2J5 x T+ 20 X T - AT; 

« 

or, by reducing and factoring, 

area ABO = {A + B + - 2) x T; 
which foaa to be proved. 

Scholium 1. The same relation which exists between the 
spherical triangle ABOj and the tri-rectangular triangle, 
exists also between the spherical pyi*amid which has ABO 
for its base, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABO to the tri-rectan- 
gular triangle. From these relations, the following conse- 
quences are deduced : 

1°. Triangular spherical pyramids are to each other as 
their bases ; and since a polygonal pyramid may always be 
divided mto triangular pyramids, it follows that any two 
spherical pyramids are to each other as their bases. 

2°. Polyedral angles at the centre of the same, or of 
equal spheres, are to each other as the spherical polygons 
intercepted by their faces. 

Scholium 2. A triedral angle whose faces are perpen- 
dicolar to each other, is called a right triedral angle ; 
and if the vertex be at the centre of a sphere, its faces will 
intercept a tri-rectangular triangle. The right triedral angle is 
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token m the unit of poljedral angles, and the tri-reotangiilar 
spherical triangle is taken as its measure. If the vertex of 
a polyedral angle be taken as the centre of a sphere, the 
porticm of the sur&ce intercepted bj its faces will be the 
measure of the polyedral angle, a tri-rectangular triangle of 
he same sphere, being the unit. 

PKOPOSmOW XIX. THEOREIL 

The area of a Bpheirical' polygon is eqval to its spherical 
excess multiplied by the trvrectangviair triangle. 

Let ABODE be a spherical polygon, the sum of whose 
angles is 5, and the number of whose sides is n : then 
will its area be equal to 

(5 — 2n + 4) X T. 

For, draw the diagonals AC^ AD^ 
dividing the polygon into spherical tri- 
angles : there will be n — 2 such tri- 
angles. Now, the area of each tri- 
angle is equal to its spherical excess 
into the tri-rectangular triangle : hence, 
the sum of the areas qf all the triangles, or the area of the I 
polygon, b equal to the sum of idl the angles of the tri- 
angles, or the sum of the angles of the polygon diminished 
by 2(n — 2) into the tri-rectangular triangle ; or, 

area ABODE = [5 - 2(n — 2)] x IT ; 
whence, by reduction, 

area ABODE ^ {8 ^ %m + A) x T i 
which woM. to be proved^ 




BOOK IX. S69 



GENERAL SCHOLIUIL 

Through any point on a hemisphere, two arcs of great 
circles can always be drawn which shall be perpendicular to the 
jircumference of the base of the hemisphere, and they will in 
general be unequal. Now, it may be proved, by a course o 
Tcasoning analogous to that employed in Book I., Proposition 
XV.: 

1^. That the shorter of the two arcs is the shortest are 
that' can be drawn from the given point to the circum- 
ference . 

2^. That two oblique arcs drawn from the same point, to 
points of the circumference at equal distances from the foot 
of the perpendicular, are equal : 

8^. That of two oblique arcs, that is the longer which 
meets the drcumferenoe at the greater distance from the foot 
of the perpendicular. 

This property of the sphere is used ir the discussion of 
triangles in sphprical trigonometry. 
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IKTRODUCTIOir TO TRIGONOMETRT. 



LOGABITniCS. 

1. Thb Logarithm of n number is the exponent of the 
power to which it is necessary to raise a fixed nomber, to 
produce the given number. 

The fixed number is called the base of the system. Any 
positive number, except 1, may be taken as the base of a 
system. In the common system, the base is 10. 

{. If we denote any positive number by n, and the 

oorresponding exponent of 10, by ab, we diail have the 

exponential equation, 

10* := H. (1.) 

In this equation, x is, by definition, the logarithm of n^ 
which . may be expressed thus, 

X = log »».••.•• (2.) 

3« From the definition of a logarithm, it follows that, th$ 
logarithm of any power of 10 is equal to the exponent of 
that po¥ier : hence the formula, 

log (10)' =/> (8.) 

If a number is an exact power of 10, its logarithm is 
a whole number. 
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4 INTRODUCTION. 

If a nnmber is not an exact power of 10, its logarithm 
will not be a whole number, but will be made up of m 
entire part plus a fractional party which is generally expres- 
sed decimally. The entire part of a logarithm is called the 
characteristic^ the decimal part, is called the mantissa^ 

4. I^ in Equation ( 3 ), we make p succesfflvely equal 
to 0, 1, 2, 8, Ac, and also equal to — 0, — 1, — 2, — 3, 
Jbc, we may form the following 

TABLB. 
log 1 = 

log 10 = 1 log .1 = -. 1 

log 100 = 2 log .01 = — 2 

log 1000 = 8 log .001 = — 8 

« 

If a number lies between 1 and 10, its logarithm lies 
between . and 1, that is, it is equal to pltts a deci- 
mal ; if a number lies between 10 and 100, its logarithm 
is equal to 1 plus a decimal ; if between 100 and 1000, 
its logarithm is equal to 2 plus a decimal ; and so on : 
hence, we have the following 

BULB. 

The characteristic of the logarithm of an entire rmmher is 
f^ositive^ and numerically 1 less than the number of places 
of figures in the given number ^ 

If a decimal fraction lies between .1 and 1, its loga 
rlthm lies between — 1 and 0, that is, it is equal to — 1 
jjlus a decimal; if a number lies between ..01 and .1, its 
logarithm is equal to — 2, plus a decimal ; if between .001 
and .01, its logarithm is equal to — 3, plus a decimal ; 
and so on : hence, the following 
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BULB. 

The ehartxcteristie of the logarithm of a decimal fraction 
is negative^ and numericaUy 1 greater than the numheir 
of 0'« that immediately follow the decimal point. 

The characteristio alone is negative, the mantissa being 
always positive* Tliis fact is indicated by writing the neg- 
ative sign over the characteristio : thus, 2.371465, is equiv- 
alent to — 2 + .871465. 

It is to be observed, that the characteristic cf the logarithm 
of a mixed number is the same as that of its entire part. 
Thus, the mixed number 74.103, lies between 10 and 100; 
hence, its logarithm lies between 1 and 2, as does the logarithm 
of 74. 



GENSBAL PRINCIPLES. * 

5. Let m and n denote any two numbers, and a 
and y their logarithms. We shall have, from the defini 
tion of a logarithm, the following equations, 

10' = m. (4.) 

10^ = n (5.) 

Multiplying (4) and (5), member by member, we have, 

W^^ z=, mn ; 
whence, by the definition, 

x + y = log(mw) (6.) 

TTiat is, the logarithm of the product of two nimbers is 
equal to the sum of the logarithms of the numbers. 



« IKTKODUCTIOK. 

6. IHTiding (4) by (6), meoiber hj member, we bsve, 

10-' = "* ; 
whence, hj the definitaon. 

That iBy 2ft« logarithm of a quotient is equci to the logih 
rithm of the dividend diminished by that of the divisor. 

7. Baufling both members of (4) to the power denoted 
by p^ we havei 

10*' = m'\ 

whence, by the definition, 

fi^ = log m' (8.) 

That ifl, the togq/rithm of any power of a number is equal 
to the logarithm of the number multiplied by the exponeni 
ef the power* 

8. Extracting the root, indicated by r, of both members 
of (4), we have, 

m 

10*' = •^ ; 
whence, by the definition, 

- = log \/ml • • • • ( 9.) 



r 

That is, the logarithm of any root of a number is equal 
to the logarithm of the number divided by the index of At 
root. 

The preceding principles enable ns to abbreviate the opep 
ations of multiplication and division, by converting them into 
the simpler ones of addition and subtraction. 
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TABLE OB LOGARITHMS. 

9. A Table of Logabithms, is a table containing a set 
ftf numbers and their logarithms, so arranged^ that having 
giron any one of the numbers^ we can find its logarithm; 
or, haying the logarithm^ we can find the corresponding 
number. 

In the table appended, the complete logarithm is given 
for all numbers from 1 up to 10,04|L For other numbers, 
the mantissas alone are given; the characteristic may be found 
by one of the rules of Art. 4 

Before explaining the use of the table, it is to be shown 
that the mantissa of the logarithm of any number is not 
changed by multiplying or dividing the number by any exact 
power of 10. 

Let n represent any number whatever, and 10' any 
power of 10, p being any whole number, either positive 
or negative. Then, in accordance with the principles of Arts. 
6 and 8, we shall have, 

log (n X 10*) = log n + log 10' =z p + log n ; 

bat |7 is, by hypothesis, a whole number : hence, the deci* 
mal part of the log (n X lO') is the same as that of log n ; 
yahkh was to he proved. 

Hence, in finding the mantissa of the logarithm of a num- 
ber, we may regard the number as a decimal, and move the 
deoimal point to the right or left, at pleasure. Thus, the 
mantissa of the logarithm of 456357, is the same as that of 
the number 4503.57 ; and the mantissa of the logarithm of 
2.00357, is the same as that of 2003.57. 
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HAKNXB OF TJSINa THE TABLE. 

« 

V. Ih find the logarithm of a nurnber leas than 100. 

10. Look on the first page, in the column headed "N," 
for the given number ; the number opposite is the logarithm 
required. Thus, 

log 67 = 1.826076. 

2^. To find the logarithm qf a number between 100 and 

10,000. 

11. Find the characteristic by the first rule of Art. 4. 
To find the mantissa, look in the column headed "N,^ 

for the first three figures of the number ; then pass along 
a horizontal line until you come to the column headed with 
the fourth figure of the number ; at this place will be found 
four figures of the mantissa, to which, two other figures, 
taken from the column headed "0," are to be prefixed. If 
the figures found stand opposite a row of six figures, in the 
column headed "0," the first two of this row are the ones 
to be prefixed ; if not, ascend the column till a row of six 
figures is found ; the first two, of this row, are the ones to 
be prefixed. 

L^ however, in passing back from the four figures, first 
found, any dote are passed, the two figures to be prefixed 
must be taken from the Ime immediately below. If the 
figures first found fall at a place where dots occur, the dots 
must be replaced by O's, and the figures to be prefixed mist 
be taken from the line below. Thus, 

Log 8979 = 3.953228 
Log 8098 =• 8.491081 
Log 2188 = 3.340047 



TRIGONOMETRY. 9 

f. 7b find the logarithm of a number greater than 10,000. 

12. Fiud the characteristio by the first rule of Art. 4. 

To find the mantissa, place a decimal point after the fourth 
figure (Art. 9), thus converting the number into a mixed 
number. Find the mantissa of the entire pari, by the me- 
thod last given. Then take from the colunm headed "D," 
the corresponding tabular difference^ and multiply this by the 
decimal part and add the product to the mantissa just found.. 
The result will be the required mantissa. 

It is to be observed that when the decimal part of the 
product just spoken of is equal to or exceeds .6, we add 
1 to the entire part, otherwise the decimal part is rejected. 



EXAMPLE. 



1. To find the logarithm of 672887. 

The characteristic is 5. Placmg a decimal point after the 
fourth figure, the number becomes 6728.87. The mantissa 
of the logarithm of 6728 is 827886, and the corresponding 
number in the column "D" is 66. Multiplying 65 by .87, 
we have 56.55 ; or, since the decimal part exceeds .5, 57. 
We add 57 to the mantissa already found, giving 827943, 
and we finally have, 

log 672887 = 5.827943. 

The numbers in the colunm ^^D" are the differences be* 
tween the logarithms of two consecutive whole numbers, and 
are found by subtracting the number inder the heading **4' 
from that imder the heading ^'5." 

In the example last given, the mantissa of the logarithm 
of 6728 is 827886, and that of 6729 is 827951, and 
their difference is 65 ; 87 hundredths of this difference is 
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67 : henoe, the mantissa of the logarithm of 6728.87 is fomid 
by adding 57 to 827886. The principle employed is, that 
the differences of numbers are proportional to the differences 
of their logarithms, when these differences are smalL 



4^. To find the toffarithm of a decimci. 

13. Find the characteristic by the second role of Art. 4^ 

To find the mantissa, drop the dednml point, thus redao- 

ing the decimal to a whole number, find the mantissa of 

the logarithm of this number, and it will be the mantissa 

required. Thus, 

log .0327 = 2.514548 
log 878.024 =r 2.577520 



5^, 7b find the number corresponding to a given logariAm. 

14. The rule is the reverse of those just, giv^u Look 
in the table for the mantissa of the giren logarithm. If it 
cannot be found, take out the next less mantissa, and also 
the corresponding number, which set aside. Find the diff(^- 
ence between the mantissa taken out and that of the giren 
logarithm ; annex as many O's as may be necessary, and 
divide this result by the corresponding number in the column 
**D.'' Annex the quotient to the number set aside, and then 
point off, from the left hand) a number of places of figures 
equal to the charaoterististio plus 1 : the result wUl be ths 
number required. If the characteristic is negative, the resnit 
will be a pure decimal, and the number of O's whidi iin* 
mediately follow the decimal point will be one leas than the 
number of units in the characteiistio. 



/ 
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BXAM^PLBS. 

1. Let it be required to find the number oerreqponding 
to the logarithm 5.233568. 

The next less mantissa in the table is 233504 ; the oor- 
responding number is 1712, and the tabular difference li 
253. 

OPBBATION. 

Giren mantissa, 233568 

Next less mantissai • • * 283504 * » 1712 

253 ) 6400000 ( 252M 

.*• The required mumber is 171225.296. 

The number corresponding to the logarithm 2.238668 is 

.0171225. 

2. What is the number corresponding to the logarithm 
1785407 ? Ana .06101084. 

3. What is' the number corresponding to the logarithm 
1.846741 ? Ans. .702658. 



MtrLTIPLIOATIOK BY MEANS OP LOGAHITHMS. 

15. From the principle proved in Art. 5, we deduce the 
following 

BUtS. 

.Ftnd the loffarithma of the factorsy and take their sum , 
thm find the number corretponding to Ae reeuUingt logarWm^ 
(xnd ii mU (e the product reqtUredt 
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BZAMPLB8. 

1. Multiply 28.14 by 6,062, 

OPEBA7ION.* 

log 23.14 • • • 1.364368 
log 5.062 • • • 0.704322 



2.068686 .•. 117.1847, product 



2. Und the oontinaed product of 8.902, 597.16, and 
0.0814728. 



OPBRATION. 

log 8.902 . . • 0.691287 

log 697.16 • • • 2.776091 
log 0.0314728 • • • 2.497936 

1.865314 .*. 73.8354, product. 

Here, the 2 cancels the + 2, and the 1 carried from 
tiie decimal part is set down. 

3. Find the continued product of 3.586, 2.1046, 0.8372, 
and 0.0294. Ans. 0.1857615. 



DIVISION BY MBAirS OF LOGARITHMS. 

16. From the principle proved in Art. 6, we have the 
following 

BULS. 

Mnd the logarithms of the dividend and divisor, and 
9ubtra4St the latter from the former; then find the mumher 
corresponding to the resuUing logarithm^ and it will be the 
fuotient required* 



1 
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SZAMPLBS. 



1. IMvide 24163 by 4567. 



log 24163 
log 4567 



• • • 



OPERATIOir. 

4.383151 
3.659631 

0.723520 



• • 



5^9078, quotient. 



2 IXvide 0.7438 by 12.9476. 



OPERATION. 

log 0.7438 . . • 1.871456 
log 12.9476 • • • 1.112189 

2,759267 .'. 0.057447, quotient.. 

Here, 1 taken from 1, gives 2 for a result. The- 
sabtraction, as in this case, is always to be performed in the- 
algebraic sense. 



3. Divide 87.149 by 523.76. 



Ans. 0.0709274. 



The operation of division, particularly when combined with* 
that of multiplication, can often be simplified by using the- 
princii^e of 



THE ARITHMETIOAL COMPLBMEITr. 

17. Tlie ABrTHHsncAL Gomplehsnt of a logarithm is the 
result obtained by subtracting it from 10. Thus, 8.130456' 
b the arithmetical complement of 1.869544. The arithmetical' 
oomplement of a logarithm may be written out Jy commenc- 
ing mt ike 10 hand and subtracting each figv/rt from 9^. 

18 
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vntU the last Hgnificant figure is reached^ tohich nrnst be 
taken from 10. The arithmetical complement is denoted bj 
the Bjmbol (a. c). 

Let a and b represent anj two logarithms irbateyer, 
and a -^ b, their difference. Since we may add 10 to, 
and subtract it from, a — ^y without altering its Talae, wo 
have, 

a — ft = a + (10 - *) - 10. . . . ( 10.) 

But, 10 — ft is, by definition, the arithmetical complement 
of ft : hence, Equation ( 10 ) shows that the difference be- 
tween two logarithms is equal to ths firety plus tf^e carithr 
tneticcd complement of the second^ minus 10. 

Hence, to divide one number by another by means of 
the arithmetical complement, we have the following 

BULE. 

Find the logarithm of the dividend^ and the arithmetical 
complement * of the logarithm of the divisor^ add them, toge- 
ther y and diminieh the sum by 10 ; the number correspond^ 
ing to the resulting logarithm toiU be the quotient required, 

SZAMPLBS. 

1, Divide 327.5 by 22.07. 



log 327.5 . 
(a. 0.) log 22.07 • 



. • 



OPERATION. 
2.616211 

8.656198 

1.171400 .*. 14.889, quotient 



2. Divide 87149 by 523.76. 



An$. 0.0709278. 



J 
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S. Maltiply 858884 by 5672, and divide the piodact 
by 89721. 

OPEIlATIOir. 



log 358884 • • • 5.554954 

log 6672 • . . 8.763736 

(a. c) log 88721 • • • 5.047106 




4.355796 .*. 


22668, result 


4. Solve the proportion, 

3976 : 7952 : : 6903 : 


X. 



Applying logarithms, the logarithm of the 4th term, is equal 
to the STiin of the logarithms of the 2d and 3d terms, minus the 
logarithm of the 1st : Or, the arithmetical complement of the 1st 
term, plus the logarithm of the 2d termy plus the logarithm of the 
Zd termy minus 10, is equal to the logarithm of the Uh term, 

OPEBATIOK. 

(a. c.) log 3976 . . . 6.400554 

log 7952 • . • 3.900476 

log 6903 . . . 3.771073 

logo? • . . 4.072103 .•. « = 11806 

The operation of subtracting 10, is performed mentally. 



RAISING OF POWERS BY MEANS OF LOGARITHMS. 

18. 'Erora Article 7, we have the following 

EtrLS!* 

Find the logarithm of the numberj and multiply it hy th$ 
exponent of the power; then find the number corresponding *^ 
the resvUing logarithm^ and it toill be the poioer requir 
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BXAMPLBS. 



1 Knd the 6th power of 9. 



OFXRATION. 

loir 9 • • • 0.954243 

6 



4.V71216 .'. 69049, power. 



8. Knd the 7th power of 8, 



Ans. 2097152. 



EXTRA^OTING ROOTS BY MEAKS OF LOGABTTHMS. 

19. From the principle prored m Art, 8, we have the 
following 

BULB. 

JPind the logarithm of the number^ and divide it by the 
index of the root ; then find the number correeponding to 
the resulting logarithm^ and it vjiM be th4 root required. 

BXAMPLBS. 

1. Knd the cube root of 4096. 

The logarithm of 4096 is 3.612360, and one-third of 
this is 1.204120. The corresponding nmnber is 16, which 
k the root songht. 

When the characteristic is negative and not divisible hy 
the index, add to it the sm^aUest negative number that vnU 
make it divisiNe, and then pr^ the same number, with a 
plus sign, to the mantissa. 

2. Knd the 4th root of .00000081. 

The logarithm of .00000081 is Y.908485, which is equal 
to 8 + 1.908485, and one-fourth of this is 2.477121. 

The number corresponding to this logarithm is 08: 
honce, .08 is the root required. 



PLANE TRIGONOMETRY. 



20 Plans Trioonomefbt is that branch of Mathematiof 
which treats of the solution of plane triangles. 

In every plane triangle there are six parts : three sides 
and three angles. When three of these parts are given, one 
being a side, the remaining parts may be found by comput- 
ation. The operation of finding the unknown parts, is called 
the schttion of the triangle. 




21. A plane angle is measured by the arc of a circle 
included between its sides, the centre of the circle being at 
the vertex, and its radius being equal to 1. 

Thus, if the vertex A be taken 
as a centre, and the radius AjB be 
equal to 1, the intercepted arc JBC 
will measure the angle A (B. HI., P. 
XVII^ S.). 

Let ABCD represent a circle whose radius is equal to 
1, and -4(7, jff2>, two diameters per- 
pendicular to each other. These diap 
meters divide the circumference into 
foor equal parts, called quadrants ; and 
because each of the angles at the cen- 
tre is a right angle, it follows that a 
righJL cmgle is measured by a quad- 
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rani. An <Mcut6 jngU is measured hj an arc lesB than a 
fucLdrant^ and an obhAse angU^ \>j an a/rc greater than a 
quadrant. 



22. In Geometry, the nnit of angular measure b a rigM 
angle ; so in Trigonometry, tJw primary unit is a quadrantf 
^hieb is the measure of a right angle. 

For convenience, the quadrant is divided into 90 eqiia) 
parts, each of which is called a degree / each degree into 
60 equal parts, called minutes; and each minute into 60 
equal parts, called seconds. Degrees, minutes, and seconds, 
are denoted by the symbols ®, ', ". Thus, the expression 
7^ 22' 33", is read, 7 degrees^ 22 minutes^ and 33 second*. 
Fractional parts of a second are expressed decimally. 

A quadrant contains 324,000 seconds^ and an arc of 1^ 
22' 33'' contains 26553 seconds ; hence, the angle measured 
by the latter arc, is the A^/j^th part of a right angle. 
In like manner, any angle may be expressed in terms <^ t 
right angle. 



23. The complement of an arc is the difference between 
that arc and 00®. The complement 

of an angle is the difference be- 
tween that angle and a right angle. 

Thus, JEIB is the complement of 
AJSf and FJB is the complement 
of AF. In like manner^ jEOjB 
is the complement of AOJEy and 
I'OJS is the complement of A OK 

In a right-angled triangle, the 
acute angles are complements of each other. 

24. The suppkmenJt of an arc is the difference betweei 
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that are and 180°. The suppiement of an angle is the di£ 
ference between that angle and two right angles, 

Thna, £IC la the supplement of AJS, and FC the 
supplement of AF. In like manner, JEOC is the supple- 
ment of AOJE, and JFOG the supplement of A OK 

In any plane triangle, either angle is the supplement of 
the sum of the other two. 



25. Listead of employing the arcs themselves, we usually 
employ certain functions of the arcs, as explained below. 
A function of a quantity is something which depends upon 
that quantity for its value. 

The following functions are the only ones needed for solv- 
ing triangles : 

26. The eine of an arc us the distance of one extremity 
of the arc from the diameter,* through the other extremity. 

Thus, PM is the sine of 
AMy and jP'Jf' is the sine of 
AM'. 

If AM is equal to M'C^ 
AM and AM' will be supple- 
racnts of each other ; and be- 
eause MM' is parallel to ACy 
PM will be equal to P'M' 
(15. I., P. XXm.) : hence, the 
tine of an arc is equal to the 
«i>4e of its supplement 

27. The cosine of an arc is the one of the complement 
of the arc. . 

Thus, NM is the coane of AM, and JOf' is the 
oosine of AM'» Theae lines are respectively equal to OP 
and OP'. 




so 
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It is evident, from the equal triangles of the figorei that 
the cosine of an arc is equal to the cosine of its sufpk- 
ment 




28. The tanffent of an arc is the perpendioolar to the 
radios at one extremity of the arc, limited bj the prolou- 
gation of the diameter through the other extremity 

Thus, AT is the tangent of 
the arc AM^ and AT" is 
the tangent of the arc AM\ 

If AM is equal to JfC, 
AM and AM' will be supple- 
ments of each other. But AM"^ 
and AM' are also supplements 
of each other : hence, the arc 
AM is equal to the arc AM"'y 
and the corresponding angles, 

AOM and AOM'"^ are also equal The right-angled tri- 
angles AOT and AOT'"^ have a common base AO^ and 
the angles at the base equal ; consequently, the remaining 
parts are respectively equal : hence, AT is equal to AT'". 
But AT la the tangent of AM^^ and AT'" is the tangent 
of AM' : hence, t?^ tangent of an arc is equal to the tan^ 
gent of its supplement. 

It is to be observed that no account is taken of the alge- 
braic signs of the cosines and tangents, the numerical valaet 
alone being referred to. 

« 

29. The cotangent of an arc is the tangent of its com- 
plement. 

Thus, BT' is the cotangent of the arc AM^ and BT" 
IB the cotangent of the are AM'. 

The one, cosine, tangent, and cotangent of an arc, «» 
are^ for convenience, Urritten sin a, cos o^ tan a, and cot a. 
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These functions of an arc have been defined on the sup- 
9 position that the radius of the arc is equal to 1 ; in this 
case, thej may also be considered as functions of the angle 
which the arc measures. 

« 

Thus, TM, NMy AT^ and BT\ are respectively the 
one, cosine, tangent, and cotangent of the angle AOM^ as 
well as of the arc AM. 



SO. It is often convenient to use some other radius than 
1 ; in such case, the functions of the arc, to the radius 1, 
may be reduced to corresponding functions, to the radius jB« 

Let AOM represent any angle, 
AM an arc described from as 
a centre with the radius 1, PM 
its sine ; A*M' an arc described 
from as a centre, with any ra- 
radius i2, and P*M* its sine. 
Then, because 0PM and OP'M' 
are similar triangles, we shall have, 

OM : PM : : OM' : P'M\ or, 1 : PM : : It : P'M' ; 




whence. 



PM = 



P'M' 
jR 



and, P'M' = PM x R ; 



and similarly for each of the other functions. 

That is, any function of an arc whose raditis is 1, is 
(qval to the corresponding function of an arc whose radius 
is R. divided by that radius. Also, any function of an 
arc whose radius is Ry is equal to tJie corresponding funo- 
tioji of an arc whose radius is 1, multiplied by the ro* 
dius R. 

By making these changes in any formula, the formida vnH 
be rendered homogeneous. 
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TABLE OF NATUEAL SINES. 

31. A Natubal Sine, Cosine, Tangent, ob OoiAKasirr, 
is the sme, cosine, tangent, or cotangent of an arc whose 
radios is 1. 

A Table of Natubal Sines is a table by means of which 
che natural sine, cosine, tangent, or cotangent of any arc, 
may be found. 

Such a table might be used for all the purposes of tri- 
gonometrical computation, but it is found more convenient to 
employ a table of logarithmic sines, as explained in the next 
article. 

TABLE OF LOGARTTHMIO SINES. 

32. A LoGABiTHMio SiNE, CosiNE, Tangent, or CoTAir- 
OENT is the logarithm of the sine, cosine, tangent, or cotan- 
gent of an arc whose radius is 10,000,000,000. 

A Table of Logarithmic Sines is a table from which the 
logarithmic sine, cosine, tangent, or cotangent of any arc may 
be found. 

The logarithm of the tabular radius is 10. 

Any logarithmic function of an arc may be found by mul- 
tiplying the corresponding natural function by 10,000,000,000 
(Art. 30), and then taking the logarithm of the result ; or 
more simply, by taking the logarithm of the corresponding 
natttral function, and then adding 10 to the result (Art. 5). 

33. In the table appended, the logarithmic functions are 
given for every minute from 0° up to 90°. In addition, 
their rates of change for each second^ are given in the 
colunm headed "D." 

The method of computing the numbers in the column 
headed '*D," will be understood from a cdngle example. The 
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logarithmio sines of .27° 34', and of 21^ S5\ are, respeot- 
ively, 9.665375 and 9.665617. The difference between their 
mantissas is 242 ; this, divided by 60, the number of sco- 
onds in one minute, gives 4.03, which is the change in the 
mantissa for 1", between the limits- 27** 34' and* 27*" 85'. 

For the sine and cosine, there are separate columns of 
differences, which are written to the right of the respective 
)olttmns ; but for the tangent and cotangent, there is but a 
single colunm of differences, which is written between them. 
The logarithm of the tangent increases, just as &st as that 
of the cotangent decreases, and the reverse, their sum being 
always equal to 20. The reason of this is, that the product 
of the tangent and cotangent is always equal to the square 
of the radius ; hence, the sum of their logarithms must 
always be equal to twice the logarithm of the radius, or 20. 

The angle obtained by taking the degrees from the top 
of the page, and the minutes from any line on the left hand 
of the page, b the complement of that obtained by taking 
the degrees from the bottom of the page, and the minutes 
from the same line on the right hand of the page. But, 
by definition, the cosine and the cotangent of an arc are, 
respectively, the sine and the tangent of the complement of 
that arc (Arts. 26 and 28) : hence, the columns designated 
sine and tang^ at the top of the page, are designated cosine 
and cotang at the bottom. 

USE OF THE TABLE. 

To find the logarithmic functions of an arc which is ex- 
pressed in degrees and minutes. 

34. K the arc is less than 45**, xook for the degrees at 
the top of the page, and for the minutes in the left hand 
column ; then follow the corre«^ponding horizontal line till you 
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oome to the oolomn designated at the top by sine^ cosine^ 
tanffi or eotang^ as the case may be ; the namber there 
found is the logarithm required. ThnSi 



log sin 19^ 55' 
log tan 19* 55' 



9.532312 
9.559097 



If the angle is greater than 45^, look for the degrees at 
the bottom of the page, and for the minutes in the right 
hand column ; then follow the corresponding horizontal line 
backwards till you come to the column designated at the bot- 
tom by «ene, cosine^ tang^ or cotang^ as the case may be ; 
Uie number there found is the logarithm required. Thus, 



log cos 52** 18' 
log tan 52** 18' 



• 9.786416 

• 10.111884 



To find the logarithmic functions of an are which is 
pressed in degrees^ minutes^ and seconds. 

35. Find the logarithm corresponding to the degrees and 
minutes as before ; then multiply the corresponding number 
taken from the colunm headed "D," by the number of sec- 
onds, and add the product to the preceding result, for the 
6lne or tangent, and subtract it therefrom for the cosine or 
cotangent. 

EXAMPLES. 

1. Find the logarithmic sine of 40° 26' 28". 



9.811952 



OPERATION. 

log ran 40° 26' • • • • r • . • 

Tabular difference 2.47 

No, of seconds 28 

Product . . • 69.16 to be added • • 

log am 40° 26' 28" 9.812021 



69 



1 



PLANE TRIGONOMETRY. S5 

The same rule is followed for decimal partS| as in Art. 12. 

2. Find the logarithmic cosine of 63® 40' 40". 

OPEBATION. 

log COS 63*» 40' 9.772675 

Tabular difference 2.86 

No. of seconds 40 

Product • • • 114.40 to be subtracted 114 

log cos 63*» 40' 40" ......... 9.772661 

If the arc is greater than 90®, we find the required 
function of its supplement (Arts. 26 and 28). 

8. Fmd the logarithmic tangent of 118® 18' 25". 

OPERATION. 

180® 

Given arc 118® 18' 25" 

Supplement 61® 41' 85" 

log tan 61** 41' 10.268556 

Tabular difference 5.04 
No. of seconds 35 

Product • • • 176.40 to be added • 176 

log tan 118® 18' 25" 10.268782 



4. Find the logarithmic sine of 32® 18' 35". • 

Am. 9.727945, 

6. Und the logarithmio cosine of 95® 18' 24". 

Ans. 8.966080. 

1 Find the logarithmic cotangent of 125® 23' 50". 

Ans. 9,861619. 
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Sh find t/ie arc corresponding to any logarithmic functum, 

36. This is done by reyersing the preceding rule : 
Look in the proper oolonm of the table for the given log- 
ai-ithm ; if it is found there, the degrees are to be taken 
from the top or bottom, and the minutes from the left or 
riglit hand column, as the case may be. If the given log- 
arithm is not found in the table, then find the next less 
logarithm, and . take from the table the corresponding degrees 
and minutes, and set them aside. Subtract the logarithm 
found in the table, from the given logarithm, and divide the 
remainder by the con*esponding tabular difference. The quo- 
tient will be seconds, which must be added to the degrees* 
and minutes set aside, in the case of a sine or tangent, and 
aubtractedj in the .case of a cosine or a cotangent. 

EXAMPLES. 

1. Find the arc corresponding to the logarithmic 
sine 9.422248. 

OPERATION. 

I 

Given logarithm • • • 9.422248 

Next less in table • • • 9.421867 • • • IS"" 19' 

Tabular difference 7.68) 391.00(51", to be added. 

Hence, the required arc is 16® 19' 61". 

2. Find the arc corresponding to the logarithmic 
cosme 9.427485. 

OPERATION. 

Given logarithm • • • 9.427486 

Next less in table • • 9.427864 . • . 74® 29'. 
Tabular difference 7.68 ) 131. 00 (17, tobe raht 

Hence, the required arc is 74*' 28' 48". 
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8. Find the arc corresponding to the logarithmic 
flbe 9.880054. Ans. 49® 20' 50". 

4. Find the arc corresponding to the logarithmic 
cotangent 10.008688. Ans. W 26' 37". 

5. Find the arc corresponding to the logarithmic 
codne 9.944599. Ana. 28"*' 19' 46". 



SOLUTION OP KIGHT-ANGLED TRIANGLES. 

37. In what follows, we shall dengnate the three angles 
of every triangle, by the capital letters Ay By and (7, A 
denoting the right angle ; and the sides lying opposite the 
angles, by the corresponding small letters a, 5, and c. 
Since the order in which these letters are placed may be 
changed, it follows that whatever is proved with the letters 
placed in any given order, \^dll bo equally true when the 
letters are correspondingly placed in any other order. 

Let CAB represent any triangle, 
right-angled at A, With C as a 
centre, and a radius CDy equal to 1, 
describe the arc DOy and draw OF 
and DJEI perpendicular to CA : then 
will FG be the sine of the angle (7, CF will be its 
cosine, and DE its tangent. 

Since the three triangles CFQy CDEy and CAB are 
siinilar (B. IV., P. XVllL), we may write the proper 
tions, 




FD 



CB '. AB I : CG I FG, 
CB : CA : : CG : GFy 



or, 
orj 



a 



CA: AB 11 CD \ BE, or, 



a \ h \ 
h x c \ 



1 : sin C 
1 : cos C 
1 : tan C^ 
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hence, we have (B. II., P. L), 



e =: a mn C 



ft = a 0O8C7 



e =z b tan G 



• ■ • 



• • • 



• • 



(1.)' 


f 


(2.) 


- .•. - 


(8.) 


V 



an (7 = — 
a 

cos (7 = — 



• • • 



• • • 



tanC = -7- 



a 
e 



(4.) 
(6.) 

(6.) 



Translating these formulas into ordinary language, we bave 
the following 

PRiNOIPLES. 

1. The perpendicuiar of any rigkb-angled triangle is egucu 
to the hypotlienuse into the sine of the angle at the base. 

2. The base is equal to the hypothenuse into the cosine 
of the angle at the base. 

3. The perpendicular is equal to the base into the twk- 
gent of the angle at the base, 

4. The sine of the angle at the base is equal to the 
perpendicular divided by the hypothenuse. 

5. The cosine of the angle at the base is equal to the 
base divided by the hypothenuse. 

6. The tangent of the angle al the base is equal to the 
perpendicular divided by the base. 

Either cdde about the right angle may be regarded as the 
base; in which case, the other is to be regarded as the 
perpendicular. We see, then, that the above prindples are 
sufficient for the solution of every caSjB of right-angled tri- 
angles. When the table of logarithmic sines is used, in the 
solution, Formulas ( 1 ) to ( 6 ) must be made homogeneous, 
by substituting for sin C7, cos C7, and tan (7, respectively, 



« 


s= 


a sin 


(7 


R 




» 


== 


a 008 


C 


22 









ft tan (7 
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« 

m (7 cos C , tan (7 t» , . 

-jg- 1 jg , and — -^ , i2 being equal to 

10,000,000,000, as explained in Art. 80. 

Making these changes, and reducing, we have, 

(7.) sin C7 = :^ . . . (10) 

(8.) cosC7 = — . . (11.) 

Rg 
j2 . (9.) tan(7 = ^ . . . (12.) 

In applying logarithms to these formulas, remember, that 
the sum of the logarithms of the two terms which multiply 
together, is equal to the sum of the logarithms of the other 
two terms, and that the required term comes last in the 
operation. Also, that the logarithm of .S is 10, and the 
arithmetical complement of it, is 0. 

There are four cases. 

OASE I. 

Qiven the hypothenuse and one of the acuU angles^ to find 

the remaining parts. 

38. The other acute angle may be found by subtracting 
the giyen one from 90° (Art. 23). « 

The sides about the right angle may 
be found by Formulas (7) and (8), «, 




BXAMPLBS. 

- 1. Given a = 749, and C = 47* 03' 10"; required 
B, Cj and & 

OPEBATIOK. 

^ = 90^ - 47° 03' 10" = 42° 66' 60". 

Applying logarithms to formula (7), we haye, 

19 
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log a + log sin C — 10 = log c; 

log a (749) .... 2.874482 

log sin (47* 03' 10") . 9.864501 

log <? 2.738983 .-. e = 648.355. 

Applying logarithms to Formula (8), we hare, 

log a + log cos C — 10 = log b; 

log a (749) .... 2,874481 

log cos O (47* 03' 10") . 9.833354 

log J ....... 2.707835 .-. J = 510.31. 

Ans. B = 42* 56' 60", I = 610.31, and c = 548.255. 

^ 2. Given a = 439, and B = 27^ 38' 50", to find 
<Jf c, and b. 

ofsbahok. 

(7 = 90** - 27* 38' 50" = 62^ 21' 10" ; 

log a (439) .... 2.642465 

log sin (62^ 21' 10") . 9.947346 

log c 2.589811 .-. c = 388.875. 

log a (439) .... 2.642465 

log cos C (62° 21' 10") . 9.666543 

log* 2.309008 .-. J = 203.70a 

Ans. O = 62^ 21' 10", b = 203.708, and c =: 388.875. 

^ 3 Given a = 125.7 yds., and B = 75^ 12', to find 
Ihe other parts. 

Ans. G = 14* 48', b = 121.53 yds., and c « 32.11 yds. 
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OASE n. 

Oioen one of the aides ahout the right cmgle and one of 
the acute angles^ to find the remaining parts. 

39. The other acnte angle may be found by snbtractkig 
Uie given one from 90°. 

The hypothenuse may be found by Formula ( 7 ), and 
Uie unknown ^de about the right angle, by Foi-mula* (8). 

EZAMPLBS. 

-— 1. Given c = 56.293, and (7 = 64*> 2V 39", to find -B, 
m^ and ft. 

OPERATION. 

B = 90° — 64° 27' 39" = 36° 32' 21". 

Applying logarithms to Formula (7), we have, 

log c + 10 — log sin = log a ; 

but, 10 — log sin C = (a. o.) of log sin C; whence, 

log c (66.293) . . . 1.750454 

(a. c) log sin (64^ 27' 39") . 0.089527 

log a 1.839981 .•. a = 69.18. 

Applying logarithms to Formula (8), we have, 

log a + log cos O' — 10 = log ft ; 

log a (69.18) . . . 1.839981 

log cos (54^ 27' 39") . 9.764370 

log ft 1.604351 .-. ft = 40.2114 

B « 35** 82' 21", a = 69.18, and ft = 40.2114 
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_ 2. Given e = 868, and JB = 28^ 47', to find (7, a 
and & 



OFBRAXION. 



C = 90* - 28*> 47' = 61* 13'. 
We have, as before, 

log c + 10 — log sin £7 = log a; 

log c (358) . . . 2.553883 

(a. c.) log sin C (61* 13') . • 0.057274 

log a 2.6X1157 .-. a = 408.466; 

Also, log a + log cos a — 10 = log i ; 

log a (408.466) • • 2.611167 

log cos C (61* 13') • • 0.682595 

log ft 2.293752 .". J = 196.676, 

Ans. C = 61* 13', a = 408.466, and 6 = 196.676. 

8. Given b = 162.67 yds., and C = 60° 18' 32", to 
find the other parts. 

Ans. B = 39* 41' 28", c = 183.96, and a = 239.05. 

4. Given e = 379.628, and C = 39* 26' 16", to find 
jB, a, and b. 

^^ j5 - 50O 38' 44", a = 597.613, and ft = 461.66. 



OASB IIL 



Qivm the two sides abatU the right angle^ to Jind the re 

maining parts. 

40. The angle at the base may be found by Pormnla 
(12), and the solution may be completed as in Case IL 
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XXAMPLXB. 

r 

-- 1. Given b = 26, and c = 16, to find (7, B^ and a. 

OPEBATION. 

Applying logarithms to Formul?i (i2), we have, 

log c + 10 — log J = log tan 0*, 

log c (15) . . . • 1.176091 
(a. a) log b (26) • . . . 8. 585027 

log tan C . . . 9.761118 .-. a =29^ 58' 64"; 

5 = 90° — (7 •= 60° 01' 06". 
As in Case IL, log c + 10 — log sin = log a j 

log c . . (16) . . 1 176091 
(a. c.) log sin O (29° 58' 54") 0.301271 

log a 1.477362 .'. a = 80.017, 

Ana. C = 29° 58' 54", B = 60° 01' 06", and a -^ 30.017. 

2. Given b = 1052 yds., and e = 847.21 yds., to find 
By Cy and a. 

J5 = »1° 44' 05", (7 = 18° 15' 55", and a = 1107.82 yds. 

3. Given b = 122.416, and c = 118.297, to find B, 
t\ and a. 

B = 45° 58' 60", C = 44° r 10", and a = 170.236 

4. Given b = 108, and e = 101, to ficd B, C 
and a. 

B = 46° 33' 42", C = 44° 26' 18", and a = 144.266. 
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OASE lY. 

Oivepi ihe hypothenuse and either aide about the rigfu angky 

to find the remaining parte. 

41. The angle at the base may be found by one of 
Formulas ( 10 ) and ( 11 )) and the remaining mde may thou 
be found by one of Formulas ( 7 ) and ( 8 )• 

EXAMPLES. 

1. Giyen a = 2391.76, and » = 385.7, to find C, 
Bf and c 

OPEBATIOK. 

Applying logarithms to Formula (11), we haye, 

log J + 10 — log a = log cos 0; 

log b (386.7) • • • 2.686250 
(a. c) log a (2391.76) • • 6.621282 

log cos C7 . . . 9.207532 .-. C=80«43'll'»j 

^ = 90** — 80^ 43' 11" = 9** 16' 49". 

From Formula ( 7 ), we have, 

log a + log sin C — 10 = log cj 

log a (2391.76) • 8.378718 

log sin O (80° 43' 11") 9.994278 

log C 8.372996 .'. c = 2860.45. 

Ana. JB = 9« 16' 49", (7 = 80° 43' 11", and c = 2360.45. 
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2. Given a = 127.174 yd&, and <? = 125-7 yds., to find 
Q B, and b. 

OPEBATIOlSr. 

From Formula (10), we have, 

log + 10 — log a = log sin (7; 

log c (125.7) . . . 2.099335 
(a. c.) log a (127.174:) . . 7.895602 

log sin C7 • . . 9,994937 .-. C7 = 81* 16' 6"; 

i? = 90^ - 81^ 16' 6" = 8^ 43' 54". 

From Formula (8), we have, 

log a + log cos C — 10 = log b ; 

log a (127.174) • 2.104398 

log 008 C (81«» 16' 6") • 9.181292 

log ft 1.285690 .-. h = 19.8. 

j±ns. jB = 8** 48' 64", C = 81** 16' 6", and 6 = 19.3 yds. 



3. Given a = 100, and 6 = 60, to find B^ <7, and & 



Ans. ^ = 86'^ 52' 11", C = 53« V 49", and c = 80. 



4. Given a = 19.209, and c = 15, to find JS, C, 
and b. 

Ana. B = 88** 89 30" C = 51* 20' 30", ft = 12. 
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SOLUnOK OF OBLIQUE-AirOLED TKIAKGLB91 

42. In the Bolution of oblique-angled triangles, four cases 
may arise. We shall discuss these cases in order. 




CASE I. 

OifMn one 9ide and two angles^ to determine the remaining 
4 parte. 

43. Let ABC represent any 
obHque^an^ed triangle. From the 
vertex C, draw CD perpendicular 
to the base, forming two right- 
angled triangles A CD and BCD. 
Assume the notation of the figure. 

From Formula ( 1 ), we have, 

CD z=: b AiA^ and (72) = a an J? ; 

Equating these two vahies, we have, 

hfonA = amnJ?; 
whence (B. H, P. H), 

a:i::8in^:sin^. ••( 18*) 

Since a and h are any two sides, and A and B the 
angles lying opposite to them, ^we haye the following prino- 
ple : 

The eidee of a plane triangle are proporthnai to the 
einee of their opposite angUe. 

It is to be obsenred that Formula (13) is true for any 
value of the radius. Hence, to solve a triangle, when a ode 
and two angles are given: 
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First find the third angle, hj subtracting the snm of the 
given angles from 180^ ; then find each of the required ades 
hj . means of the principle just demonstrated. 

SXAMPLKS. 

— 1. Given £ = 68^ 07', G = 22^ 37', and a = 408, to 
find A^ 6, and c. ^ 

OPERATION. 

JB 68«» 07' 

O 22° 87' 

A . . . 180° - 80<> 44' = 99** 16'. 

To find 6, write the proportion, 

sin J^ : sin ^ : : a : b ; 

that is, the sine of the angle opposite ths given stde^ is to 
the sine of the angle opposite the required side, as the given 
side is to tJie required side. 

Applying logarithms^ we have (Ex. 4, P. 15), 

(a. a) log sin A + log sin B + log a — 10 = log h; 

(a. c.) log sin A (99° 16') . . . 0.005705 

log sin B (58^ 07') . . . 9.928972 

log a . . (408) .... 2.610660 

log J 2.545337 .-. J = 351.024. 

In like manner, sin ^ : sm : : a : c; 

and^ (a. e.) sin -4 + log sin (7 + log a — 10 = log c 

(a. c.) log sin A (99** 16') . . . 0.005705 

log sin (22° 37') . • . 9.584968 

log a . . (408) .... 2.610660 

log <? 2.201333 .-. c = 158.976. 

Ans. A = 99* 16', i = 351.024, and c = 158.976. 
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2. Given A = 88'' 25', B =r hT 42', and c = 400, 
to find (7, a, and 6. 

^n«. (7 = 88<' 58', a =s 249.074, 2» = 840/ ' 

» 

8. Given A = 15« 19' 61", C = 72* 44' 05", and 
s 250.4 yds, to find jS, a, and 5. 

Am. B = 91'' 56' 04", a = 69.328 yds., 5 = 262.066 yds. 

4. Given ^ = 51« 15' 85", (7 = 87** 21' 25", and 
a = 805.296 ft., to find A^ 5, and c 

Am. a = 91<* 28', h = 288.1978 ft., = 185.8 ft. 



OASB XL 

Gimen two sides and an angle opposite one of them^ to find 

the remaining parts. 

44. The solution, in thk case, is commenced by finding 
a second angle by means of Formula ( 13 ), after which we 
may proceed as in Case L ; or, the solution may be com- 
pleted by a continued application of Formula ( 13 ). 

SXAMPLSS. 

-r--- 1. Given A = 22° 37', * = 216, and a = 117, to 
find B^ C7, and c. 

From Formula (13), we have, 

a : b : : sin ul : sin jS ; 

that is, the side opposite the given angle^ is to the side op- 
posite the required angle, as the sine o/ the given angle « 
to the sine of the required angle. 
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Whence^ by the application of logarithms, 

(a. c) log a + log J + log sin -4 — 10 = log mi B; 

(a. c.) log a . . (117) . . 7.931814 

log J . . (216) . . 2.334454 

log sin A (22^ 37') . . 9.584968 

log sin JB .... 9.851236 .-. i? = 45^ 13' 55", , 

and JB' = 134** 46' 05". 

Hence, we find two values of ^, which are supplements of 
each other, because the sine of any angle is equal to the 
sine of its supplement. This would seem to indicate that 
the problem admits of two solutions. It now remains to 
determine under what conditions there wiU be two solutions^ 
one sohUioHj or no solution. 

There may be two cases : the given angle may be (icutei 
or it may be obtuse, 

First Case. Let ABC re- 
present the ' triangle^ in which the 
angle A^ and the sides a and 
b are given. From C let &11 
a perpendicular upon AB^ pro- 
longed if necessary, and denote its length by p. We shall 
haire, from Formula ( 1 ), Art 37, 

p = 6 sinul ; 

from which the value of p may be computed. 

If a is intermediate in value beltween p and &, there 
will be two solutions. For, if with C7 as a centre, and a 
as a radius, an arc be described, it will cut the line A IS 
in two points, B and B'y each of which being joined with 
C7, will give, a triangle which will conform to the conditions 
of the problem. 
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Id this case, the angles B* and By of the two triangles 
AB'G and ABC^ will be supplements of each other. 

C 
If a = />, there will be but 

one solution. For, in this case, 

the arc will be tangent to AB^ 

he two points B and B' wiU 

unite, and there will be but a single triangle formed. 

In this case, the angle ABC will be equal to 90^ 

If a is greater than both p 
and 6, there will also be but one 
solution* For, although the arc 
cuts AB in two points, and con- 
sequently gives two triangles, only 
one of them conforms to the con- 
ditions of the problem. 

In this case, the angle ABG will be less than A^ and 
consequently acute. 

If a < />, there will be no 
sohuion. For, the arc can neither 
cut ABy nor be tangent to it. 





Second Case. When the given angle A is obtuse, the 
angle ABG will l)e acute; the 
side a will be greater than 6, 
and there wiU be but one boIu- 
tion. 




In the example under conadera- 
tion, there are two solutions, the 

first corresponding to ^ = 46* 13' 65", and the second to 
B' = 134*> 46' 05". • 
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In the first case, we haye, 

A 22^ 37' 

B 45^ 13' 55'' 

180^ - 67^ 50' 55" = 112^ 09' 05". 

To find Cy we haye, 

em B : Bin : : b : c; and 

(a. c.) sin jB + log sin (7 + log J — 10 = log c; 

(a. c.) log sin B ( 45* 13' 55") . 0.148764 

log sin C (112* 09' 05") . 9.966700 

log J ... (216) . . . 2.334454 

log c 2.449918 .•. e = 281.785. 

Aru. jB = 45* 13' 55", = 112* 09' 05", and c = 281.785. 

In the second case, we haye, 

A . . 22* 37' 

5' 134* 46' 05" 

180* - 157* 23' 05" = 22* 86' 55"; 

and as before, 

(a. c.) log sin B' (134* 46' 05") . 0.148764 

log sin C ( 22* 36' 55") . 9.584943 

log J ... (216) . . . 2.334454 

log c 2.068161 .•. (? = 116.993. 

Ans. F = 134* 46' 06", = 22* 36' 55", and c = 116.993. 

3. Qiven A = 32°, a =: 40, and i s 50, to find 
B, C, and e. 



IB= 41» 28' 69", = 
An».< 

[ B = ISS" 81' 01", = 



= lOe" 31' 01", c = 72.368 
9° 28' 69", c = 12.436. 
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8. Given A = 18* 62' 13", a = 27.466 yda., and 
b = 13.189 yds., to find ^, C7, and c. 

Ana. B = S"" 66' 05", C = 152° 11' 42", c = 89.611 yda 



4. Given A = 82* 15' 26", * = 176.21 ft., 
a = 94.047 ft., to find ^, (7, and c 



and 



Ana. B = 90% (7 = 67* 44' 84", c = 149.014 ft. 




CT--.. 



OASB m. 

CHvtn two sides and their induded ctngle^ to find the f^ 

tnaining parts, 

46. Let ABC represent any 
plane triangle, AB and AG any 
two sides, and A their •included 
angle. TVlth ul as a centre, 
and ACy the shorter of the two 
ndcs, as a radios, describe a semi- 
circle meeting AB in ij and the prolongation of AB 
in E. Draw CI and EC^ and through J draw IE 
parallel to EG. 

Since the angle CAE is exterior to the triangle GBAj 
we have (B. L, P. XXV., 0. 6), 

CAE = C ■¥ B. 

But the angle CIA is half the angle CAE; 
hence, Cf^ = J ((7 + 5). 

Since -4(7 is equal to AF, the angle -4^(7 is equal to the 
angle C; hence, the angle B plus FAB is equal to C; 
or FAB is equal to (7 — 5. But /Cff = is equal to one- 
half of FAB; 

hence, ICE = | (C7 — j&). 
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Since the angle ECI js inscribed in a semicircle, it is a 
right angle (B. III., P. XVIIL, C. 2); hence, CE is per- 
pendicular to 01, at the point C. But since HI is parallel 
to CEy it will also be perpendicular to CL 

From the two right-angled triangles ICE and ICH^ we 
haye (Formula 3, Art. 37), 

EC ^IC teni(a + .B), and J2" = IG tani((7-^); 

hence, from the preceding equations, we have, after omitting 
Uie equal factor IC (B. 11., P. VII.), 

EG I IB :: tani((7 + J?) : tani((7-jff). 

« 

The triangles ECB and IHB being similar, their homo- 
logous sides are proportional ; and because EB is equal to 
AB Jf AC^ and IB to AB — AC^ we shall have the 
proportion, 

EC \ in x\ AB ^ AG \ AB--AG 

Combining the preceding proportions, and substituting for 
AB and AG their representatives e and 6, we have, 

c + ft : c-ft :: tm\{G+B) : tani(C7-jB) . . (14.) 

Hence, we have the following principle : 

Jn any plans triangle^ the sum of the sides including 
either angle, is to their differenc€y as the tangent of half 
the sum of the two other angles, is to the tangent of half 
their difference. 



The half sum of the angles may be found by subtracting 
the giTcn angle from 180®, and dividing the remainder by 2 
the half difference may be found by means of the principle 
just demonstrated. Knowing the half sum and the half 
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difference, the greater angle is found hj adding the half 

difference to the half anm, and the less angle is found by 

subtracting the half difference from the half sum. Then the 
solution is completed as in Case L 

SXAliPLBB. 

— 1. Given e = 640, * = 460, and ^ s 80*^, to find 
JBj (7, and a. 

OPERATION. 

c + ft = 990 ; c - 6 = 90 ; i{C+S) = i(180« - 80*) = 60*>. 

Applying logarithms to Formula (14), we have, 

(a. c.) log (c+b) + log (c - 5) + log tan |(C + jB) — 10 = 

log tan J (C - B). 

(a- c.) log (c + b) . . (990) 7.004365 

log ((?-}) . . (90) 1.954243 

log tan 1 {C+B) (50**) 10.076187 

log tan 1 (C- jB) 9.034795 .-. J ((7-.B)=6* ll'j 

£? = 50** + 6** 11' = 56* 11'; i? = 60** - 6' 11' = 43' 49' 

From Formula (13), we haye, 

Bin : mn A : : e : a; whence, 

(a. a) log sin O (56* 11') . 0.080492 

log sin A (80**) . . 9.993351 

log c . . . (540) . • 2.732394 

log a 2.806237 .•. a = 640.082. 

Ans. j5 = 43° 49', =: 56** 11', a = 640.082. 
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2. Given e = 1686 yds., b = 960 yds., and J: = 128*' 04', 
to find jB, (7, and a. 

An%. B = 18"* 21' 21", C = 33** 34' 39", a = 2400 yds. 

3. Given a = 18.739 yds., b = 7.642 yds., and 
C =n 45«> 18 28", to find A, JB, and c. 

Ans. A = 112* 34' 13", B = 22* 07' 19", e = 14.426 yds 

4. Given a = 464.7 yds, b = 289.3 yds., and 
C = 87* 03' 48", to find -4, By and c. 

-4/w, J = 60* 13' 89", B = 32° 42' 33", e = 634.66 yda 

« 

5. Given a = 16.9584 ft., ft = 11.9613 ft., and 
C = 60* 43' 36", to find A, B, and c. 

Ana. A = 76* 04' 10", B = 43* 12' 14", c = 16.22 ft. 

6. Given a = 3764, ft = 3277.628, and C7 = 57* 53' \V\ 
to find Ay By and c. 

-4#»«. ^ =: 68* 02' 26", B = 54* 04' 18", c = 8428,512. 



CASE IV. 

Given the three sides of a triangUj to find the remaining 

parts.* 

46- Let ABC represent any A 

piano triangle, of which BC is >/ 

the longest side. Draw AB per- y^ 

pendicalar to the base, dividing it y^ | \ 

into two segments CD and BB. (f ^ 3 

* The angles may be found by Formula (^) or (Q)), Lemma. P«ge9 

109, and 110, Mensuration. 

20 



46 PLANE TRIGONOMETRY. 

From the right-angled triangles CAB and BAB, we 
haye^ 

A^ = AO^-BC^, and A& ^A^ -3^% 




Equating theao yalnes of AB ^ we hay^ 

Ig" - BC^ = A^ - B&\ 
whence, \yj transposition, 

AC^ - A& = BC'' - B&. 

Factoring each memher, we have, 

(^(7 + AB) {AC-- AB) = {BC + BB) {BC - ^Z>). 

CJonverting this equation into a propoi-tion (B. 11., P. IL), 
we have, 
BC ^ BB \ AC + AB :: AC - AB : BC -- BB \ 

or, denoting the segments hj n and a\ and the aides 
of the triangle hy a, 6, and c, 

«-h«' : ft + c :: h — c : « — *'; ( 15.) 

that is, if in any plane triangle, a line be drawn from the 
vertex of the vertical angle perpendicular to the base, divid- 
ing it into two segments ; then, 

Tht 8tim of the two segments^ or the whole basty is to 
the sum of the two other sides^ as the difference of these 
mlee is to the difference of the segments. 

The half difference added to the half snm, gives the 
greater, and the half difference subtracted from the half sura 
gives the less segment We shaU then have two right- 
«igled triangles, in each of which we know the hjpothenuse 
and the base ; hence, the angles of these triangles may b« 
fcwwi, and consequently, those of the gpven triangle. 
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BXAMPLBd. 

1. Giyen a = 40, ft =: 84, and « ;s 25, to Snd At 
B, and C. 

OPBBATION. 

Applying logarithms to Formula ( 15 ), we have, 

(a. c.) log (« + «') + log (ft + c) + log (ft — c) = log (« — «') ; 

(a. c) log (s + «').. (40) . . 8.397940 

log (ft + c) . . (59) . . 1.770852 

log (ft - c) . . ( 9) . . 0.954243 

log («-«') 1.123035 .-. «-«'=13.275- 

« = |(« + «') + |(, - «') = 26.6375 

«' = 1 (« + ^O -" 1(« - «') = 13.8625 

From Formula (11), we find, 

log « + (a. c.) log ft = log coa .•. t7= 38^* 25' 20", and 
log 8 + (a. c) log c = log COB B .-. ^ = 57° 41^ 25" 

96° 06^ 45" 

A = 180« - 96*» 06' 45" = 83<> 53' 16". 



3. Given a =: 6, ft ^ 6, and e = 4, to find A^ 
A, and C. 

Am. a = 82«> 49' 09", B sz 56« 46' 16", C =: 41® 24' 86" 

8. Given a := 71.2 yds., ft = 64.8 yds., and e s 8f» 
jds^ to find A^ B^ and t7. 

^M. ^ t= 88** 44' 32", S = 64° 46' 66", G = 81* 28' 80". 
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PBOBLEMS. 

-- 1, Ejiowing the distance AJSj 
equal to 600 yards, and the angles 
BAC zzz 5r 85', ABC = 640 61', 
find the two distances AC and 
BG. 

Ana. AC z= 643.49 yds., BC = 600.11 yds. 

^ 2. At what horizontal distance from a column, 200 feet 

Mffh, wiU it subtend an angle of 31^ 17' 12" ? 

. . Ana. 329.114 ft 




— 8. Required the height 
of a hill i> above a hor- 
izDutal plane ABy the dis- 
tance between A and B 
being equal to 975 yards, 
and the angles of elevation at A and B being respect, 
ively 16^ 36' and 27^ 29'. Ana. J9C = 6a7.61 yds. 




~ 4. The distances AC and BC 
are found by measm*eraent to be, res- 
pectively, 688 feet and 672 feet, and 
their included angle 66<> 40'. Requir- 
ed the distance AB. 

Ana. 692.067 ft. 



— ^ 6. Being on a horizontal plane, and wanting to ascertain 
the height of a tower, standing on the top of an inaccessible 
hiU, there were measured, the angle of elevation of the top 
of the hill 40°, and of the top of the tower 61^ ; then 
measuring in a direct line 180 feet farther from the bill, the 
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angle of elevation of the top of the tower was 33® 45' ; 
required the height of the tower. Am. 83.998 ft. 

.- 6. Wanting to know the horizontal distance between two 

inaccessible objects £J and TFJ the 

following measurements were made : 1 rt,^ 



VIZ 



AB 

BAW 

WAE 

ABE 

EBW 



536 yards 
40^ 16' 
67° 40' 
42° 2*2' 
71° 07'. 




Required the distance EW. 



Am. 939.634 yda 




— ^ 7. Wanting to know the 
horizontal distance between 
two inaccessible objects url 
and j5, and not finding any 
station from which both of 
them could be seen, two 
points C and 2>, were chosen 
at a distance from each other 

equal to 200 yards ; from the former of these points, A 
could be seen, and from the latter, B ; and at each of the 
points C and J>, a staff was set up. From (7, a dis- 
tance CF was measured, not in the direction 2> (7, equal 
to 200 yards, and from 2>, a distance DE^ equal to 200 
yards, and the following angles taken : 

AFC = 83° 00', BDE = 54° 30', ACD ^ 53° 30' 
BBC = 156° 25', ACF - 64° 31', BEB = 88° 80' 



Required the distance AB. 



Ana. 345 467 yd& 
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— 6. The disUuces AJB^ AC^ and 
BCj between the points Ay B^ and 
Cy are known ; viz. : AB = 800 yds., 
ii(7 = eoo jrds., and BC = 400 yds. 
From a fourth point P, the angles 
A PC and BPC are measured ; 

viz. : AFC = 83«> 45', 

and BPC = 22» 80'. P" '" 

Required the distances AP^ BP^ and CP. 

{AP = 710.198 yda 
BP r= 934.291 yda 
CP = 1042.522 yds. 

This problem is used in locating the podticm of buoys in 
maritime surveying, as follows. Three points A^ By and 
C, on shore are known in position. The surveyor stationed 
at a buoy Py measures the angles APC and BPC. The 
distances APy BPy and CPy are then found as follows : 

Suppose the circumference of a drde to be described 
through the points Ay By and P, Draw CPy cutting 
the circumference in 2), and draw the lines I}B and DA. 

The angles CPB and BABy being inscribed in the 
same segment, are equal (B. m., P. XVILL, C. 1) ; for a 
like reason, the angles CPA and DBA are equal : henco, 
in the triangle ABBy we know two angles and one side; 
we may, therefore, find the side BB. In the triangle ACB^ 
we know the three sides, and we may compute the angle B. 
Subtracting from this the angle DBAy we have the angle 
BBC. Now, in the triangle DBCy we have two sid<jfl 
and their included angle, and we can find the angle BOB, 
Finally, in the triangle CPBy we have two angles and one 
aide, fiom which data we can find CP and BP. In like 
manner, we can find AP. 



1 



J 



ANALYTICAL TRIGONOMETRY. 



47. Akalttical Tbigokombtry is that branch of Madie- 
matics which treats of the geueral properties and relations 
of trigonometrical funotions. 

DEFINmOlfS AND GENERAL PBIKCIPLE8. 




48. Let ABCD represent a cir- 
cle whose radins is 1, and suppose 
its drcumfercnee to be divided into 
four eqnai parts, by the diameters 
AQ and BD^ drawn perpendicular to 
each other. The horizontal diameter 
AG^ is called the initiai diameter ; 
the vertical diameter BDy is called 

the secondarj/ diameter ; the point -4, from which arcs are 
usually reckoned, is called the origin of arcsj and the point 
B^ 90^ distant, is called the secondary origin. Arcs esti- 
mated from A^ around towards B^ that is, in a direction 
contrary to that of the motion of the hands of a watch, are 
oonadered positive / consequently, those reckoned in a con 
trary direction must be regarded as negative. 

The arc AB^ is called the first quadrant ; the arc BCy 
the second quadrant ; the arc CZ>, the third quadrant ; 
and the arc DA^ the fourth quadrant. The point at which 
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an arc terminates, is called it8 extremity^ and an arc is said 
to be in that quadrant in which its extremity is situated. 
Thus, the arc AM is m the first 
qy<idra?it^ the arc AM' in the seo 
oml, the arc AM" \n the third, 
and the arc AM''' in the fourth. 




49, The complement of an arc 
has been defined to be the differ- 
ence between that arc and 90° (Art. 
28) ; geometrically considered, the 

complement of an arc is the arc included between the extremity 
of the arc and the secondary origin. Thus, MB is the 
complement of AM; M'B, the complement of AM'\ 
M"B, the complement of AM", and so on. When the 
urc is greater than a quadrant, the complement is negative, 
according to the conventional principle agreed upon (Art. 48). 

Tlie supplement of an arc has been defined to be the 
difference between that arc and 180*» (Art. 24) ; geometrically 
lionsidered, it is the arc included between the extremity of 
the arc and the left hand extremity, of tJte initial diam^er. 
Thus, MO is the supplement of AM, and M"C the sup- 
plement of AM'. The supplement is negative, when the 
arc is greater than two quadrants. 



50. The sine of an arc is 
the distance from the initial 
diameter to the extremity of the 
arc. Thus, PM is the sine 
of AM, and JP"M" is the 
sme of the arc AM". The 
term distance, is used in the 
sense of shortest or perpendicw' 
Uur distance. 
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61. The cosine of an arc is the distance from the sec- 
ondary diameter to the extremity of the arc : thus, JOf 
is the cosine of AJfy and N'M' is the cosine of AM\ 

The cosine may be measured on the initial diameter : 
thus, OP is equal to the cosine of AM^ and OP* to the 
cosine of AM*: 

52. The versed-sine of an arc is the dista»ice from the 
sins to the origin of arcs : thus, PA is the versed-sine of 
AM, and P'A is the versed-sine of AM'. 

53. The co-versed-sine of an arc is the distance from 
the cosine to the secondary origin : thus, IfJS is the co- 

vcrsed-sine of AM^ and H^^JS is the co-versed-sine of AM', 

> 

54. The tangent of an are is theU part of a perpen- 
dicular to the initial diameter^ at the origin of arcsj ir^ 
eluded between the origin and the prolongation of the diam' 
eter through the extremity of the are : thus, AT is the 
tangent of AM^ or of -4Jlf", and AT" is the tangent 
of AM\ or of AM"\ 

55. The cotangent of an arc is that part of a perpen- 
dicular to the secondary diameter^ at the secondary origin^ 
included between the secondary origin and the prolongation 
of the diameter through the extremity of the arc : thus, 
BT' is the cotangent of AM^ or of AM'\ and PT" 
is tlie cotangent of AM\ or of AM 



'III 



56. The secant of an arc is the distance from the cer^ 
ire of the arc to the extremity of the tangent : thus, OT 
is the secant of AM^ • or of AM*\ and OT'" is the Be> 
cant of AM'^ or of AM'". 

57. The cosecant of an arc is t/ie distance from the 
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centre oj the are to the extremity of the cotangent : thus, 
OT' is the cosecant of AM^ or of AM'\ and OT" is 
the cosecant of AM\ or of AM"\ 

The tenn co, in combination, is equivalent to compUmttit 
of ; thus, the cosine of an arc is the same as the sine of 
the complement of that arc, the cotangent is the same as 
the tangent of the complement^ and so on. 

The eight trigonometrical functions above defined are ako 
called circular functions, 

HULES FOB DETEBIONIKO THB ALGEBBAIO SIGNS OF CIBCULAB 

FUNCTIONS. - 



68. AU distances estimated upwards are regarded as pos- 
itive / consequently^ aU distances estimated downwards nw»\ 
be considered negative. 

Thus, AT, JPMy NB, P'M\ 
are positive, and AT*'\ P*'*M"\ 
P**M'\ Ac., are negative. 

AU distances estimated towards 
the right are regarded as positive / 
consequently, all distances estimat- 
ed towards the left must be con- 
sidered negative. 

Thus, iOf, BT\ PA, &c., 
are positive, and N''M\ BT', &c., are negative. 

AU distances estimated from the centre in a direction to 
towards the extremity of the arc are regarded as positive; 
consequently, aU distances estimated in a direction from the 
second extremity of the arc must be considered negative. 

Thus, OT, regarded as the secant of AM, is estimated 
in a direction towards M, and is positive ; but OT, re- 
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garded as the secant of AM'\ is estimated in a direction 
from M'\ and is negative. 

These conventional rules, enable as at once to give the 
proper sign to any fiinction of an arc in any quadrant. 

59. In accordance with the above rules, and the defiiii- 
ions of the circular functions, we have the following princi 
>les: 

The sine %$ positive in the first and second quadrants^ 
and negative in the third and fourth. 

The cosine is positive in the first and fourth quadrwits^ 
and negative in the second and third. 

The versed-sine and the co^ersed^ne are always positive. 

The tangent and cotangent are positive in the first and 
third guadrantSy and negative in the second and fourth. 

The secant is positive in the first and fourth quadraftts^ 
and negative in the second and third. 

The cosecant is positive in the first and second quadrants^ 
. and negative in the third and fourth. 



LnOTINO VALUES OF THB OXBGULAB FUNOTIONS. 

60. The limiting values of the circular functions are those 
Tallies which they have at the beginning and end of the 
different quadrants. Their numerical values are discovered 
hj following them as the arc increases from 0° around to 
360°, and so on around through 450®, 540®, &c. The signs 
of these values are determined by the principle, that the sign 
of a varying magnitude up to the limits is the sign at the 
Hmit. For illustration, let us examine the Hmitbg values of 
the sine and tangent. 
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If we snpiftae the arc to be 0, the sine will be ; as 
the arc increases, the sine increases until the arc becomes 
equal to 90®, when the sine becomes equal to +1, which is 
its greatest possible value ; as . the arc increases from 90% 
the sine goes on diminishing until the arc becomes eqnal to 
1 80®, when the sine becomes equal to 'H- ; as the arc 
increases from 180®, the sine becomes negative, and goes on 
increasing numerically, but decreasing algebraicdlly^ until the 
arc becomes equal to 270°, when the sine becomes eqnal to 
— 1, which is its least algebraical value ; as the arc increases 
from 270°, the sine goes on decreasing numerically, but in- 
creasing algebraically^ until the arc becomes 360®, when the 
sine becomes equal to — 0, It is — 0, for this value of 
the arc, in accordance with the principle of limits. 

The tangent is when the arc is 0, and increases till 
the arc becomes 90®, when the tangent is + co ; in passing 
through 90®, the tangent changes from + co to — co , and 
as the arc iocreases the tangent decreases, numerically, but 
increases algebraically, till the arc becomes equal to 180®, 
when the tangent becomes equal to — ; from 180° to 
270®, the tangent is again positive, and at 270® it becomes 
equal to + co ; from 270® to 360®, the tangent is again 
negative, and at 360® it becomes equal to — 0. 

If we still suppose the arc to increase after reaching 360®, 
the functions will again go through the same changes, that 
is, the functions of an arc are the same as the functions 
that are increased by tJ60®, 720® Ac. 

By discussing the limiting values of all the circular func 
tions we are enabled to form the following table : 
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TA.BLK I. 



Are = 


= 0. 


Arc = 


90*. 


Arc = 


180\ 


Arc = 


270*. 


Arc = 


860'. 


AD 


= 


sin 


= 1 


sin 


= 


Bin 


= -1 


sin 


= -0 


COS 


= 1 


cos 


= 


cos 


«=-l 


cos 


= -0 


cos 


= 1 


T-flin 


= 


v-sin 


=. 1 


v-sin 


= . 2 


▼-sin 


= . 1 


v-sin 


= 


co-v-ein 


= 1 


co-v-sin 


= 


co-y-sin 


= 1 


co-y-sin 


= 2 


c-v-sin 


= 1 


tan 


= 


tan 


= CO 


tan 


= -0 


tan 


= CO 


tan 


= -0 


cot 


= CO 


cot 


= 


cot 


= — CO 


cot 


= 


cot 


= — CO 


sec 


= 1 


sec 


= CO 


sec 


= -1 


sec 


= — CO 


sec 


= 1 


coseo 


= CO 


cosec 


= 1 


cosec 


= CO 


cosec 


=-1 


cosec 


= — CO 



RELATIONS BETWEEN THE CIKOULAB FUNCTIONS OF ANY ARC. 

61. Let AM represent any arc de- ^ 

noted by a. Draw the lines as repre- 
sented in the figure. Tlien we shall 
have, by definition 



BT 



OA = 1] FM = OiV^ = sin a ; 
OP = cos a ; PA = ver-sin a ; 
co-ver-sin a ; AT z=: tan a; 
cot a ; 02" = sec a ; and OT' 



B 


XA 


J "^ 


V 


/ 


^ 



O ' P 



= cosec a. 



From the right-angled triangle OPMy we have, 



VM' -h OP = 03r , or, sin^a + cos^a = 1. . (1.^ 

Tlie symbols sin^a, cos^a, Ac, denote the square of the 
sine of a, the square of the cosine of a, &o. 
From Formula ( 1 ) we have, by transposition, 



ab'a = 1 — cos^a . (2) ; and cos^a = 1 — rin*a. . (3.) 
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We have, from the figure, 
PA = OA^ OP, 
or, ver-sin a = 1 — cob a. • • (4.) 

and, NB ^ OB^ ON, 

or, co-ver-sin a = 1 — on a. • • (6.) 

From the similar triangles OAT and 0PM, we have, 

OP x PM : : OA : AT, or, cos a : sin a : : 1 : tan a; 

sin (x ^ V 

whence, tan a = (6.) 

. cos a ^ ' 

From the similar triangles ONM and OBT', we haye, 
ON : NM : : OJ? : BT\ or, sin a : cos a : : 1 : cot a ; 

whence, cot a = -i • ...... (7.) 

sm a • ^ ' 

Multiplying (6) and (7), member bj member, we haTe, 

tan a cot a = 1 ; (8.) 

whence, by division, 

**" ^ = T^^n. 5 • ( ^O Mid oot a =: --i— . . ( 10.) 
cot a ^ ' tan a 

» 

From the similar triangles 0PM and 0.41; we have, 
OP : OJf : : 0^ : 07; or, cos a : 1 : : 1 : seoa 
^^en<», sec a = -i- i\\\ 
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From the similar triangles ONM and OBT\ we have, 
ON : OM 2 : OB : OT^ or, nn a : 1 : : 1 : co-sec a; 



whence, 



co-sec a = 



sm a 



• • 



(12.) 



From the right-angled triangle OATi we have, 
OF = OA^ \- AT^\ or, sec«a = 1 -f tan«a. . (18.) 

From the right-angled triangle OBT\ we have, 
or* = bW + -B5^5 or, co-seo«a = 1 + oot^o. . (14.) 

It is to be observed that Formulas (5), (7), (12), and 
( 14 ), may be deduced from Formulas ( 4 ), ( 6 ), (11), and 
( 13 ), by substituting 00^ — a, for a, and then making the 
proper reductions. , 

Collecting the preceding FormulaSi we have the following 

table: 



TABLS II. 



(1.) 
(1) 


§ln*«i + C08*« 
sin'a 


= 


1. 

1 • c08*a. 


(».) 


tan « 


- 


1 
cot a 

1 
tan a * 


(8.) 


C08*CI 




s 


l-8in*ii. 


(10.) 


cot a 


* 


(4.) 
(5.) 


yer-ain a 
co-ver-sm 


a 


^ 


1 —cos & 
1 —sin a. 


(11.) 


sec a 


- 


1 
cos a 


(fl.) 


tan a 




= 


rin a 
cos a 


(1«.) 


coeeo a 


- 


1 

sin a 


(V.) 


cot a 




= 


cos a 

Bin a 


(1«.) 


sec^ 


= 


1 + tan'A 


(«) 


tan a ecH 


a 


= 


1. 


(14. 


cosec'a 


= 


1 4- cot'a. 
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FUNCTIONS OF NEOATIVB AB08. 



62. Let AM**\ estimated from A towards 
numerically equal to AM ; then, 
if we denote the arc AM by a, t^ 
the arc AM*** will be denoted 
by —a (Art. 48). 

AU the functions of AM***^ 
will be the same as those of 
ABM*'* \ that is, the functions of 
— a are the same as the ilino- 
tions of 360° — a. 

From an inspection of the fig- 
are, we shall discover the following relations, viz. : 



2>, be 




^n 



sin (— a) = — sin a ; cos (— a) = 
tan (—a) = — tan a ; cot (— a) = 
see ( - a) = , sec a ; cosec (— a) = 



cps a ; 

— cot a ; 

— cosec a. 



FUNCTIONS OF ARCS FORMED BY ADDING AN ABO TO, OS SUB- 
TBACTINa IT FROM ANY NUMBER OF QUADRANTS. 

63. Let a denote any arc less than 90°. From what 
b:i8 preceded, we know that. 



sin (90° — a) 


= cos a; 


COS (90® — a) = sin a. 


tan (90** - a) 


= cot a ; 


cot (90® — a) = tan a. 


sec (90® — a) 


= cosec a ; 


cosec (90® — a) = sec a. 



Now, suppose that BM* = a, then will AM* = 90® + a. 
We see from tlic figure that, 
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= sm a, P'M' ^ cos a, BT" = tan a, 
-42"" = cot a, OT" = sec a, OT"' = cosec a, 
without reference to their signs. 

By a sinipie inspection of the figure, observing the ml 
ibr fiigns, we dedace the following relations : 

flin (90** + a) = cos a, cos (90** + a) = — sin a» 

tan (90** -h a) = — cotan a, cot (90® + a) = — tan a» 

sec (90** + a) = — cosec a, cosec (90® + a) = sec a. 

Again, suppose 

JH'C = AM = a ; then will AM' = 180® - a. 

We see from the figure that, 

P'3£' = sin a, OP' = cos a, ^7"'" = tan a, 

BT" = ooto, or" = sec a, OT"' - cosec a, 

without reference to their signs : hence, we have, as before, 
tho following relations : 

sin (180** — a) = sin a, cos (180® — a) = — cos a, 
tan (180^ — a) = — tan a> cot (180® — a) = — cot a, 
Bee (180® — a) = — sec a, cosec (180 — a) = cosec a, 

By a similar process, we may discuss the remaining arcs 
in question* Collecting the results, we have the following 

tftUe : 

21 
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TABLS III. 



Are s 90* ^ o. 



tmn s * 



cos a, 

cot a, coi 

eosec a, coflee 



— tan a, 
0ee a. 



Arc 

ain V tin a, 
tan 3K ^ tan a, 
aec = — sec a. 



180" - a. 

COS = - 
cot =c — 

coeec s 



cos a, 
cot a, 
coscca. 



sin 
tan 
sec 



Arc = 


270* - 


- «. 






cos a, 


cos 




sm 


«» 


cot a, 


cot 


=* 


tan 


«, 


cosec a» 


cosec 


= — . 


sec 


a. 



i 



sin 
tan 
sec 



Arc =a: 180* + & 

sin a, cos =s - 
tan «i, cot 3c 
sec a, eosee =c — 



cos a, 
cot a, 
cosec a. 



stn 
tan 
sec 



Arc = 270» 4 a. 

cos a, cos =■ sin a, 

cot a, cot = — tan a, 

eosec a, cosec = — sec a. 



sin 
tan 
sec 



Arc = 850* — a, 

• sin a, cos ^ 

tan a, cot = 
sec a, cosec = 



cos O) 

— cot a, 

— cosec a. 



It will be observed that, when the arc is added to, or 
-flubtracted from, an even number of quadrants, the name of 
the iiinction is the same in both columns ; and when the 
arc is added to, or subtracted from, an odd number of quad- 
rants, the names of the fUnctions in the two columns arc 
contrary : in all cases, the algebraic sign is determined bv 
•the rules already given (Art. 58). 

Hy means of this table, we may find the functions of 
any arc in terms of the functions of an arc less than 90* 
Thus, 

sin 115® = an ( 90^ -f 26») = cos 26% 



on 284* =: on (270° -h 14*») = 
sin 400® =r sin (360° + 40°) =. 
tan^l0° = tan (ISO"* -»- 30°) == 



— cos 14% 
sin 40°, 
tan 30° 



<!?. 
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PABTICULAB VALUES OF CERTAIN FUNCTIONS. 

64. "Let MAM' be any arc, denoted 
• by 2«, M'3f its chord, and OA a 
ra«lius drawn perpendicular to M'M: then 
u ill JF'3r = PM\ and A 31 = AM' 
(U. HI., P. VL). But PM is the sine 
of ^L^r^ or, PM = sin a : hence. 

sin a = ^M'M ; 

that is, the sine of an arc is equal to one half the chord 
of ttolce the arc. 

Let M'AM = 60° ; then will AM tz 30% and M'M 
will equal the radius, or 1 : hence, we have, 

sin 30« = i ; 

that is, the sine of 30® is equal to half the radius. 
Also, 

cos 30* = ^1 - sin* 30*» = ii/T; 
hence, 

sin 80° 



tan 30** = 



.cos 30° 



=vl- 



A^'ain, let M'AM = 90° : then will A3f = 45% and 
M'M = y/2 (B. v., P. III.) : hence, we have, 



Also, 



lienoe. 



sin 45° = \y/2 ; 

cos 45° = y/\ - sin« 45° = \y/2\ 



COS 45° 



Bftany other nnmerical values might be dedneed. 
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VOBHULAS EXPRESSIHTG BELATIOKS BETWEEN THE CIBGULAB 

FUNCTIONS OF DIFFERENT ARCS. 

65. Let MB and BA represent two ares^ haying the 
common radius 1; denote the first hy 
el, and the second hy h\ then, MA=a+i. 
From M draw MP perpendicular to CA^ 
and MX perpendicular to CB ; from 
N draw NP' perpendicular to CAy ^nd 
NL parallel to -4 CI 

Then, hy definition, we shall haye, 

PM = sin (a + J), NM = sin a, and CN = cas a. 




From the figure, we have, 



Pif = ifX -f LP. 



• • 



(1). 



Since the triangle MLN is similar to CP*N (B. IV., 
P. 21), the angle LMN is equal to the angle P^CN % hence, 
from the right-angled triangle MLNy we have, 

ML = MN cos & = sin a cos S. 

From the right-angled triangle CP'-ZV (Art. 37), ire have, 

JVP'= CN sin J; 

or, since NP* = iP, iP = cos a sin S. 

Substituting the values of PJf, MLj and iP, in Equa- 
tion (1), we have, 

sin (a + }) = sin a cos 2 + cos a sin 2; . (^)> 

that is, the sine of the mm of two arcs, is equal to the 
siive of the first into the cosine of the second, plus tlie co* 
sine of the first into the sine of the second. 
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Since the above formula is true for any values of a and 
2^ we may substitute — d, for b ; whence, 

rin (a — ft) = sin a cos ( — ft) + cos a sin ( — ft) ; 
but (Art. 62), 

cos ( — ft) =r cos ft, and, sin ( — ft) = — mn ft ; 
hence, 

sin (a — ft) = sin a cos ft — cos a sin ft ; • ( !D.) 

tliat is, the sine of the difference of two ares^ is equal to 
the sine of the first into the cosine of the second^ minus the 
cosine of the first into the sine of t/ie second. 

1£, in Formula ( 3 ), we substitute (90® — a), for a, we 
have. 

Bin (90°— a— ft) = sin (90®— a) cosft— cos (90®— a) sin ft; • (2.) 

but (Art. 63), 

Bin (90®— a — ft) = sin [90®— (a + ft)] = cos (a + ft), 
and, 

sin (90® — a) = cos a, cos (90® — a) = sin a ; 

henoe, by substitution in Equation ( 2 ), we have, 

cos (a + ft) = cos a cos ft — sin a sin ft ; • ( (9.) 

» 

il\nt i»j t/ie cosine of the sum of tvoo arcs^ is equal to the 
itctangle of tlieir cosines^ minus the rectangle of their si^cs, 

I^ in Formula (®), we substitute —ft, for ft, we find 



or, 



COB (a — ft) = cos a cos ( — ft) — sin a sin ( — ft), 
cos (a — ft) = cos a cos ft + sin a sin ft ; • • ( Q>,) 
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that la, the cosine of the difference of two arcs^ is equal 
to the rectangle of their cosines^ plus the rectangle of their 
eines. 

If we divide Formula (4i) by Formula (©)> member by 
ncmber, we have, 

siu (a 4- ft) sin a cos b -h cos a sin b 
COS (a + b) cos a cos ft — siu a siu ft 

Dividing both terms of tlie second member by cos a cos ft, 
recollecting that the sine divided by the cosine is equal to 
the tangent, we find, 

/ . .x ^^" </ -I- tan ft r . * X 

tan {a-^ b) = --^ — j- ;••••( a.) 

^ ' 1 — tan a tan ft ' ^ ' 

that is, the tangent of the sum of two arcSy is efpial to the 
sum of their tangents^ divided by 1 minus t/ie rect<ihf/le of 
their tangents 

I^ in Formula ( I2l ), we substitute — ft, for ft, reooUect- 
ing that tan (— ft) = —tan ft, we have, 

/ r\ tan a — tan ft r c-^ v 

tan (a — ft) = r ; . . . . ( Jp.) 

^ ■ ^ 1 + tan a tan ft * ^ ^ '^ 

that is, the tangent of the difference of two arcs^ is er/ual 
to the difference of their tangents^ divided by 1 plus the 
rectangle of their tangents. 

In like manner, dividing Formula (O) by Foimula (4i), 
member by member, and reducing, we have, 

. , , -. . cot a cot ft — 1 ^_ - 

cot (a + ft) = r- ; • • (a.) 

^ ^ cot a + cot ft * ^^'' 
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Iheuoe, by the aabeititutioo of — fr, for 6, 

^ / XV cot a cot 6 -f 1 ,,^. 

cot (a - ft) = -:-~-r ; — ; . . . . (UL) 

^ ' cot o — cot a ^ ' 



FCNCTI0K8 OF DOUBLE ARCS AND HALF ABOe. 

66. U; in Fbrmulaa (^), (®), (a), and (^), wtt 
a = ft, we find, 

din 2a = 2 sin a cos a \ • • • * (^'0 

cos 2a = coa^a — sin^a ;....( ®'.) 

2 tan a ,^^,x 

cot 2a = -~ ( a',) 

2 cot a ^ ' 

StibBtituting in ( O'), for co8^<«, its value, 1 — sin^a ; and 
ftftei-iKrards for sin^a, its value, 1 — cos^o, we have, 

cos 2a = 1 — 2 sin^a, 
cos 2a = 2 cos^a — 1 ; 

by solving these equations, 

/ 1 — cos 2a . . . 

™ « = V — 2 — ;••••( I) 

/ 1 + COS 2a . . 

cos a = W . • • • • ( 2.) 

l^e also have, from the same equations, 

1 — cos 2a = 2 sin*a ; • ( 3.) 

1 + cos 2a = 2 cofl'a. (4.) 
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Diyiding Equation {SL% first by Equation (4), and tiMSi 
by Equation (3), member by member, we have, 



♦ I 



am 2a ^ /.\ 

= tan a; {6.) 



1 + 000 2a 

rin 2a 
1 — cos 2a 



= cot a. (J.) 



Snbstitnting ^ for a, in Equations (1), (2), (5), 
and (6), we have, 



1 /I — cos a / /v//\ 

™ i« = V 2 5 • • • (^ •) 



• 



, / 1 + cos a //sv/#\ 

«» i« = y — ^~ — ; • • • ( ®' .) 



tan ia = , ^° "* • . • . • (a") 

1+cosa' ^'^ 



ootia = _^-i_ O".) 

1 — COS a ^ ' 



Taking the reciprocals of both members of the last two 
formulas, we have also. 



^, 1+cosa , ^ . 1— cosa 

cot ^ = — ; , and, tan m = — = 

sm a ' * sm a 



ADDrnONAL F0BMULA8. 



67. If Formulas (Ji) and (Q)) be first added, member 
to member, and then subtracted, and the same operntioDB be 
performed upon ( (9 ) and ( S> ), we shall obtain. 
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on {a + b) + on (a — ft) 
fiin (a + ft) — sill (a — ft) 
COB (a + ft) + cos (a — ft) 



2 sin a cos ft 
2 cos a fidn ft 



♦' 



= 2 'Oos a COB ft 
cos (a — ft) — cos (a + ft) = 2 sin a sin ft. 



If in these we make, 



whence, 



o + ft = |>, 



and a — ft = y, 



and then substitute hi the above formulas, we obtain, 

m p + Aa q = 2 sm ^ (jo + ?) cos ^ (/> — y) • v ( at.) 

*m p ^ sin q = 2 cos i {p + q) Hin i {p -^ q) • ( a.) 

C0SJ9 + cos y = 2 cos i (i? + ?) cos i {p— q) • (82.) 

COS y — cos|> = 2 sin i {p + q) em i {p — q) • ( a.) 



From Formulas (Qi) and (^), by diyifflon, we obtain, 



in ;? — smg ___ C08^(/>+g) sin i(;>--g^) _ tan U p—q) , / ^ \ 
inp + dng' "" sin ^(/)-f $-) cosi(jp— g') "~ tani(jo-fg') ' ^ '' 



sin 



That is, ^A^ sum of the sines of two arcs is to their d^f- 
ferencSy as the tangent of one half the sum of the arcs is 
to the tangent of one half their difference. 
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Also, in like maimer, we obtain, 



coBp + cosq coBi^p-^q) coai{p-^q) *^^ '' ^ ' 

_£ j dn;> - sin y ^ cos i(p + ^) sin Up-,j) ^ ^^ ^ 

^ff aoap + cosq cos i(j!>-+-§) cos J{jl?— j) » vr 2/ \ / 

jV^ rin/> + sing _ «p j( ;>+g) oo«i(/>— g) _ coB^JC/^—fl^) . 

/I' Bm{p+q) "" sin^(/>+j) coBi(i>+?) "" cosi(/>+g) * ^ '' 

L rin jp — gin q ^ sin j(f>— y) cos i{p+q) _^ sin K/^— g') /» \ 

A' sin (p-^q) ■" sin i{p+q) oosi(p+q) "" sin i(i>+tf) * ^ *' 



i^ 



sin jp-q) _ An iip'-q) cos Up- q) _ oosi(/>-y) ^ .^x 
L sin I?—, sin 3- ain i(j9— ^) cos^Qi^+g) cosiQwH-^) * ^ *-' 



all of which give proportions analogous to that deduced from 
Formula ( 1 ). 

Since the second members of (6) and (4) are the same, 
we havCf 

sin ;> — sin g _ sin (/> + $^) ^ . . 

sin (p'-q) "~ Anp + sin y * ^ *' 



That is, the sine of the difference of two arcs is. to the 
differefice of t/ie sines us the sura of the sines to the sbis 
of the sum. 

All of the preceding formulas may be made homogeneous 
in terms of 72, It being any radius, ad explained in Ai-t. 
80 ; or, we may simply introduce i2, as a factor, into each 
term as many times as may be necessary to render all of 
its terms of the same degree. 
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KETHOD OF COMPUTINO A TABLE OF NATUBAL SINES. 

68. Since the length of the semi-circumference of a circle 
whose radius is 1, is equal to the number 3.141592C5 . • . , 
f we divide this number by 10800, the number of minutes 
n 180% the quotient, .0002908882..., will be the length 
)f the arc of one minute / and since this arc is so small 
that it docs not differ mateiially fi*om its sine or tangent, 
this may be placed in the table as the sine of one minute. 

Formula (3) of Table II., gives, 

cos 1' = -/I - smn' = .9999999577 ••(!.) 

Having thus determined, to a near degree of a2)proximar 
tion, the sine and cosine of one minute, we take the first 
formula of Art. 67, and put it under the form, 

sin (a + b) = 2 sin a cos 5 — sin (a — i), 
and make in this, 6=1', and then in succession, 

a = 1', a = 2', a = 3', a = 4', &c*, 

and obtain, 

sin 2' = 2 sm 1' cos 1' — dn = .0005817764 . . . 

sin 3' = 2 sm 2' cos 1' — sm 1' = .0008726646 . . . 

sin 4' = 2 sm 3' cos 1' — sm 2' = .0011635526 • . . 

sin 5' = &G., 

thus obtaining the sine of every number of degrees and 
minutes from 1' to 45^. 
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The cosines of the corresponding arcs may be computed 
hj means of Equation ( 1 ). 

naving found the ones and cosines of arcs less than 45<*, 
those of the arcs between 45° and 90°, may be dedaced, 
by considering that the sine of an arc is equal to the cosine 
of its complement, and the cosine equal to the sine of the 
complement. Thus, 

sin 60° = rin (90<* — 40**) = cos 40°, cos 60° = sin 40°, 

in which the second members are known from the previous 
computations. 

To find the tangent of any arc, divide its sine by itB 
cosine. To find the cotangent, take the reciprocal of the 
corresponding tangent. 

As the accuracy of the calculation of the sine of any arc, 
by the above method, depends upon the accuracy of each 
previous calculation, it would be well to verify the work, by 
calculating the dues of the degrees separately (afler having 
found the sines of one and two degrees), by the last pro- 
portion of Art. 67. Thus, 

sm 1° : sm 2° — sin 1° : : sin 2° + sin 1° : sin 3" ; 
sin 2° : dn 3° — sin 1° : : sin 8° + sin 1° : ^ 4'' ; J^ 



(i)^< 
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69. Sphebical Tbigonomstry is that branch of Mathe- 
matics which treats of the solution of spherical triangles. 

In every spherical triangle there are six parts : three sides 
and three angles. In general, any three of these parts being 
given^ the remaining parts may be found. 



OENEBAL PRINCIPLES. 

70. For the purpose of deducing the formulas required 
m the solution of spherical triangles, we shall suppose the 
triangles to be situated on spheres whose radii are equal 
to 1. The formulas thus deduced may be rendered applica- 
ble to triangles lying on any sphere, by making them homo- 
geneous in terms of the radius of that sphere, as explained 
in Art. 30. The only cases considered will be those in 
which each of the sides and angles is less than 180°. 

Any angle of a spherical triangle is the same as the die- 
dral angle included by the planes of its sides, and its men 
sure Is equal to that of the angle included between two 
right lines, one in each plane, and both perpendicular to 
their common intersection at the same point (B. YI., D. 4), 

The radius of the sphere being equal to 1, each side of 

the triangle will measure the angle, at the r;entre, subtended 

«by it. Thus, in the triangle ABC^ the anglo at ^ ic 
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the same as that included between the planes AOC and 

A OB ; and the side a is the 

measure of the plane angle SOC^ 

O being the centre of the 

splicrc, and OB the radius, equal 

to 1. 




71. Spherical triangles, like 
plane triangles, are divided into 
two classes, right-angled sjyherical 

triangles^ and oblique-angled sp/ierical triangles. Each class 
^nll be considered in turn. 

We shall, as before, denote the angles by the capital 
letters A^ J7, and C, and the opposite sides by the small 
letters a, ^, and c. 



FORMtJLAS USED IN SOLVING RTOHT-ANGLKD SPHEBICAL 

TRIANGLES. 

72. Let CAB be a spherical triangle, right-angled at J, 
and let be the centre of the 
sphere on which it is situated. 
Denote the angles of the triangle 
by the letters -4, i?, and (7, 
and the opposite sides by the 
letters a, ft, and c, recollecting 
th:it B and C may change 
places, provided that, b and c 
change places at the same time. 

Draw OA^ OB^ and OC, each of which will be equal 
to 1. Prom i?, draw BP perpendicular to OA^ and 
from P draw PQ perpendicular to OC \ then join the 
points Q and 2?, by the line QB. The line QB will be 
perpendicular to 0(7 (B. VL, P. VI.), and the angle PQB0 
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will be equal to the inclination of the planes OCB and 
OCA\ that is, it Avill be equal to the angle C 

We have, fi-om the figure, ^rPwCt^^^i. ^rfui'.L/'' 

PB = sin Cy OP = cos Cy QB = sin Oy OQ = cos a. 

OP QP 

Also, jj-^ = 008 C; and ^^ = sin }. 

From the right-angled triangles OQP and QPB, we have, 
OQ = OP cos AOC; or, cos a = cos c cos } . (1.) 

P5 = QB sin PQB; or, sin c = sin a sin (7 . (2.) 

OP 

Multiplying both terms of the fraction ^ by OQ^ and 

remembering that cot a = tan (00** — a), we have, 

g = -gl X g|; or. cos 0= tan (90° - a) tan J. (3.) 

QP 

Multiply both terms Oi th« fraction jj^, by PB, and 
remembering that cot = 



: = tan (90** — ,01. we have,, 



OP PB OP ^ 

W "^^Ol' ^ fiJ' ^^' ^^° 6 = tanc tan (90°- 6^. (4.) 



If, in (2), we change c and O, into b and 2?, we 

have, 

sin 5 = sin a sin 2? (6.) 

If, in (3), we change b and 0, mto c and JB, we 

have, 

cos J? = tan (90°— a) tan c • • • • (6.) 

If, in (4 ), we change 6, c, and O, into c, ^, and 

B, we have, 

sin c = tan ft tan (90°— J5) •. • • • {1.) 
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Multiplying ( 4 ) by ( 7 ), member by member, we hare, 

mn b BiBC = tanft tano tan (90**— jB) tan (90®— (7). 

Dividing both members by tan i tan c, we have, 
COB i ooB == tan (90**— jB) tan (90**— (7) ; 

and snbstitating for oos b cos c, its yalne, cos a, taken 
from ( 1 ), we have, 

cos a = tan (90*^-2?) tan (90**— (7) • • (S,) 

Formnla (6) may be written onder the form, 

n cos a tin c 

cos Jj = -, • 

sm a cos 

Sabstituting for cos a, its value, cos b cos c, taken firom 
(1 ), and reducing, we have, 

^ cos & Edn 

COS ^ =: i . 

sm a 

Again, substituting for sin c, its value, sin a sin C7, taken 
from ( 2 ), and reducing, we have, 

cos J3 =: cos & sin (7 • • • • ( 9.) 

Changing J3, 6, and (7, in (9), into (7, c, and JB, wc 

have, 

cos O s cos c sin jS • • • • ( 10.) 

These ten formulas are sufficient for the solution of any 
right-angled spherical triangle whatever* 
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NAPIBr's OIRiCULAR PART8. 

I 

73. The two sides about the right angUy 
the complements of their opposite angles, and 
the complement of the hypothenuse, are called 
NTapier's Circular Parts. 

If we take any three of the five parts, as 
shewn in the figure, they will either be 
adjacent to each other, or one of them will be separated from 
eacli of the other two, by an intervening part. In the first case, 
the one lying between the other two parts, is called the middle 
party and the other two, adjacent parts. In the second case, the 
one separated from both the other parts, is called the middle part, 
and the other two, opposite parts. Thus, if 90° — a, is the middle 
part^ 90° — jB, and 90° — C, are adjacent parts; and } and c, are 
opposite parts; and similarly, for 6ach of the other parts, taken 
as a middle part. 

74. Let us now consider, in succession, each of the fi^e 
parts . as a middle part, when the other two parts are oppo- 
site. Beginning with the hypothenuse, we have, from formulas 
(1), (2), (5), (9), and (10), Art 72, 



mn 


(90**- 


-a) 


sin 


e 




sin 


b 




sin 


(90°- 


'B) 


sin 


(90»- 


'C) 



— a) ^ cos 6 cos e 



-JB) = cos 6 cos (90*— (7) 
— (7) = cos cos (90®— jB) 



(1.) 



= cos (90®- a) cos (90®— (7) • (2.) 
= cos (90®- a) cos (90®— .B) • (3.) 



• • • 



• • • 



(6.) 



Comparing these formulas with the figure, we see that. 



77he sine of the middle part is equal to the rectangle of 

the cosines qf the opposite parts. 

22 
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Lei US now take the same middle parts^ and the other parts 
adjacent. Formulas (8), (7), (4), (6), and (3), Art 72, give 



(dn (dO^-a) == tan (90<*— i?)tan (90^- (7) 

mn c = tan b tan (dO**— J?) • 

fAn b s= tan c tan (90®— C) 

on (9Cr*-7?) =r tan (90°— a) tan c 

sin (90°— C) — tan (90®- a) tan b 



• • • 



(6.) 

(8.) 

(10.) 



Comparing these formulas with the figure, ire see that, 

The sifie of the middle part is equal to the rectangk of 
the tangents of tJie adjacent parts. 



These two rules are called Napier's rules for Circular 
Parts, and they are sufficient to solve anj right-angled 
spherical triangle. 

75, In applying Napier's rules for circular parts, the part 
sought will be determined by its sine. Now, the same sine 
corresponds to two different arcs, supplements of each other; 
it is, therefore, necessary to discover such relations between 
the given and required parts, as will serve to point out 
which of the two arcs is to be taken. 

Two parts of a spherical triangle are said to be of {ht 
same specieSy when they are both less than 90°, or botli 
greater than 90° ; and of different species^ when one ia less 
and the other greater than 90°. 

From Formulas (9) and (10), Art. 72, we hav^. 

. ^ cos B , . « cofl C 
8in C = i- , and sin B == : 

cos D cos c 
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since tho angles B and C are both less than 180% their 
sines must always be positive : hence, cos B must have 
the same sign as cos b^ and the cos C. must have the 
same sign as cos c. This can only be the case when B 
is of the same species as 6, and G of the same species 
as c ; that is, the aides about the right angle ate ahoat/e 
of tlui same species as their opposite cmgles. 

From Formula ( 1 ), we see that when a is less than 
90*^, or when cos a is positive, the cosines of b and c 
will have the same sign ; that is, b and c will be of the 
same species. When a is greater than 90% or when cos a 
is negative, the cosines of b and c will be contrary ; that 
is, b and c will be of different species : hence, when the 
ht/pothenuse is less t/ian 90^, t/ie two sides about the rig/U 
angle^ and consequently the two oblique angles^ will be of the 
same species ; when t/ts hypothenuse is greater t/uin 90®, 
the two sides about the right angle^ and consequently the two 
oblique angles^ wiU be of different species. 

These two principles enable us to determine the nature 
of the part sought, in every case, except when an oblique 
angle and the opposite side are given, to find the remaining 
parts. In this case, there may be two solutions^ one sok^ 

tion^ or no solution at aU. 

C C 

Let BAC be a right-an- ^ T^**- 

gled triangle, in which B -^/^ \ \ *\ 

and b are given. Prolong \v / \ y' 

the sides BA and 2? (7 till ^ ^ A ^^^" 

, A. A. 

(hey meet m /?'. Take 

B'A' = BA^ B'U = BC, and join A' and C by the 

arc of a great circle : then, because the triangles BA C and 

B'A'C have two sides and the .included angle of the one, 

equal to two sides and the included angle of the other, each 

to eachy the remaining parts will be equal, each to eaob; 



iyn 
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that ifl» A'Q* =^ ACy and the angle A* equal to the 
angle A : hence, the two triangles BAQ^ JB'A^C\ are 
fight-angled ; they have also 
one oblique angle and the op- 
posite side, in each, equal. 
/ • A\ Now, if b differs more from 

^0® than By there will evident- 
ly be two aolutionsy the sides 
including the given angle, in the one case, being supplements 
of those which include the given angle, in the other case. 

If b = By the triangle will be bi-rectangular, and there 
^dll be but a single solution. 

If b differs less from 90° than By the triangle cannot be con- 
structed, that is, there will be no solution. 

SOLUTION OF BIOHT-ANOLED SPHEBIOAL TBIANOLES. 

76. In a right-angled spherical triangle, the right angle 
19 always known. If any two of the other parts are given, 
the remaining parts may be found by Napier's rules for 
circular parts. Six cases may arise. There may be given, 

L The hypothenuse and one side. 

n. The hypothenuse and one oblique angle, 

ni. The two sides about the right angle. 

lY. One side and its adjacent angle. 

Y. One side and its opposite angle. 

VL The two oblique angles. 

In any one of these cases, we select that part nhidi h 
either adjacent to, or separated from, each of the other given 
parts, and calling it the middle part, we employ that one of 
Napier's rules which is applicable. Having determined a third 
part, the other two may then be found in a similar manner. 
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It is to be observed^ that the formulas employed are to be 
rendered homogeneous, in terms of R, as explained in Art 30. 
This is done by simply multiplying the radius of the Tables^ 
R, into the middle part 




EXAHPLES. 

- 1. Given a = 105° 17' 29", and 
b = 38° 47' 11", to find C, c, 
and B. 

Since a > 90°, b and c must be 
of different species, that is, c > 90°; 
for the same reason, C > 90°. 

OPERATION. 

Formula (10), Art 74, gives, for 90° - C, middle part» 

log cos = log cot a + log tan J — 10 ; 
log cot a (105° 17' 29") 9.436811 
log tan b ( 38° 47' 11") 9.905055 

log cos (7 9.341866 .-. C=102° 41' 33* 

Formula (2), Ari 74, gives for c, middle part, 
log sin . c = log sin a + log sin (7 — 10 ; 



log sin a (105° 17' 29") 

log sin (102° 41' 33") 

log Bin c 



9.984346 . 

9.989256 

9.973602 .-. c= 109° 46' 32". 



Formula (4), gives, for 90° — B, middle part, 
log cos B = log sin O + log cos } — 10 ; 



log sin (102° 41' 33") 9.989256 
log cos b ( 38° 47' 11") 9.891808 
log cos 5 .... 9.881064 . 



B = 40° 29' 60". 



Ans. c = 109° 46' 32", B = 40° 29' 50", C = 102° 41' 33". 
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-^ 2. Given h = 51° 30', and B = 68° 35', to find ^ 
a, and G. 

Because b < B, there are two solations. 

OPERATION. 

Formula (7), gives for c, middle part, 

log sin c = log tan b -f- log cot -B — 10; 

log tan b (51° 30') . 10.099395 
log cot B (58° 35') . 9.785900 

log sin c .... 9.885295 . • . c = 50'' 09' 51", 

and c = 129° 50' 09". 

Formula ( 1 ), gives for 90° — a, middle part, 

log cos a = log cos d + log cos c — 10 ; 

log cos b (51° 30') . 9.794150 
log cos c (50° 09' 51") 9.80C580 

log cos a .... 9.600730 .-. a= 66° 29' 54", 

and a = 113° 30' 06". * 
Formula (10), gives for 90° —0, middle part, 
log cos O = log tan b -f- log cot a — 10 ; 

log tan ft (51° 30') • 10.099395 
log cot a (66° 29' 64") 9.638336 ; 

lug cos C .... 9.737731 .•. (7= 56° 61' 38", 

and (7 = 123° 08' 22". . 
In a similar manner, all other cases may be solved. 

3. Given a = 86° 61', and B = 18° 03' 32", to find ■ 
ft, c, and C. 

Aw. ft = 18° 01' 50", e = 86° 41' 14", C = 88° 68' 26". = 



/^ 



^ 



I 
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4. Given b = 166° 27' 64", and c :^ 29** 46' 08", to 
fiud a, B^ and C, 

Am. a = 142° 09' 13", B = 137° 24' 21", C = 64° 01' 16". 

6. Given e = 73° 41' 36", and ^ = 99° 17' 33", to 
titid a, bf and C. 

Ans. a = 92° 42' 17", 6 = 99^ 40' 30", G = 73° 64' 47". 

6. Given ft = 116** 20', and i? = 91** 01' 47", to find 
0, e, and C. 

177° 35' 36". 



f 64** 41' 11", r 177° 49' 27", f 

a^\ €=z\ C^-l 

[ 116° 18' 49", I 2° 10' 33", { 



2° 24' 24". 



7. Given B = 47° 13' 43", and C = 126° 40' 24", to 
find a, bj and e. 

Am. a = 133° 32' 26', b = 32° 08' 56", e = 144° 27' 03". 



In certain cases, it may be necessary to find but a single 
part. This may be effected, either by one of the formulas 
given in Art. 74, or by a slight transformation of one of 
them. 

Thus, let a and B be given, to find C. Regarding 
90*^ — 0, as a middle part, we have, 

cos a = cot B cot C ; 

w'ence, 

^ cos a 
cot (7 = —-j^ ; 
cotjff 

and, by the application of logarithms, 

log cos a + (a. c.) log cot B = log cot G; 

from which C may be found. In like manner, other cases 
may be treated. 
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QT7ADBANTAL 8PHBSI0AL TBIANGLES. 

77. A QijADRAin'AL Sphebical Tbianole is one m which 
one side is equal to 90^. To solve such a triangle, we paas 
to its polar triangle, bj subtracting each side and each 
angle from 180° (B. IX., P. VI.). The resulting polar tri- 
angle will be right-angled, and may be solved by the rales 
already given. The polar triangle of any quadrantal triangle 
being solved, the parts of the given triangle may be foond 
by subtracting each part of the polar triangle from 180°. 




BZAMPLB. 

Let A'B'Q* be a quadrantal 
triangle, in which B*G* = 90°, 
B' = 76° 42', and c' = 18° 37'. 

Passing to the polar triangle, 
we have, 



A = 90°, b = 104° 18', and C = 161° 23'. 



Solving this triangle by previous rules, we find, 
• = 76° 26' 11", e = 161° 65' 20", JB = 94° 31' 21"; 
hence, the required parts of the given quadrantal triangle are, 
A' zj: 103° 84' 49", C" — 18° 04' 40", b' = 86° 28' 3»". 



In a similar manner, other quadrantal triangles may be 
■olved. 
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rORSCULAS USED IN BOLYINa OBLIQUE-ANGLED 8PUEBI0AL TBI- 

ANOLES. 

78. Let ABQ represent an oblique-angled spherical tri 
angle. From either vertex, (7, 
draw the arc of a great circle 
CS', perpendicular to the oppo- 
site side. The two triangles 
ACB' and BOB' wiU be right- 
angled at B\ 

From the triangle ACB\ we 
have Formula (2), Art. 74, 

sin CL* = sin ^ dn & 




From the triangle BQB\ we have, 

sin CB* = sin ^ sin a. 

ff 

Equating these values of sin CB\ we have, 

sin ^ sin ft = sin ^ sin a ; 

from which results the proportion, 

sina : mn b :: an A : sin^ 



. (1.) 



In like manner, we may deduce, 

sin a : sin c : : sin ^ : sin 6' • • • (2.) 
sin ^ : An c : : An B : Eon C . . . (S.) 

That is, in any spherical triangle, the sines of the sidet 
^are proportional to the sines of thsir opposite angles. 

Had the perpendicular fallen on the prolongation of AB^ 
the same relation would have been found. 



8C 
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79. Let ABC represent any spherical triangle, and 
the centre of. the sphere on 
which it is situated* Draw the 
radii OA^ OB, and 0C\ from 
(J draw CP perpendicular to 
the plane A OB ; from P, the 
foot of this perpendicular, draw 
PD and PE respectively per- 
pendicular to OA and OB ; join 
CD and CE, these lines will be respectively perpendicular 
to OA and OB (B. VI., P. VL), and the angles CDF 
and CEP will be equal to the angles A and B respec- 
tively. Draw Dli and PQ, the one perpendicular, and the 
other pai-allel to OB, We then have, 

OE = cos a, DC = sin i, OB = cos ft. 

We have from the figure, 

« 

OJS z= OL + QP 



• '• 



(1.) 



In the right-angled triangle OLD, 

OB = OD cos BOB = cos b cos c. 

The right-angled triangle PQD has its sides respectively 
perpendicular to those of OLD ; it is, therefore, similar to 
it, and the angle QDP is equal to c, and we have. 



QP = PD smQDP =z PD mn e 
The right-angled triangle CPD ^ves, 



PD = CD cos CDP = sin ft cos ^ 5 

substituting this value in (2), we have, 



• • 



(2.) 



QP ^anbaneeoaA; 
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and now sabstituting these values of OE^ OL^ and QP^ 
in (1), we hlave, 

cos a = cos h cos c + sin i sin c cos A * (3.) 

• < 

Jii the same way, we may deduce, 

cos 6 = cos a cos c 4- sin a sin c cos J? • • (4.) 

« 

cos c = COS a cos ft + sin a sin ft cos C7 • • (5.) 

That is, the cosine of either side of a spherical tria/ngU ia 
equal to the rectangle of the cosines of the other two sides 
plus the rectangle of the sines of these sides into the cositie 
of their included angle. 

80. If we represent the angles of the polar triangle of 
AJiC\ by A', B\ and C\ and the sides by a', V 
and c', we have (B. IX., P. VI.), 

a = 180« - A\ ft = ISO* - i?', c = ISO** -C\ 
A = 180<» — a', J? = ISO** - ft', (7 = ISO** - c'. 

Sabstitating these values in Equation (3), of the preceding 
article, and recollecting that, 

cos (180° -4') = - cos A\ sin (ISO**- J?') = sin i?', &o., ^ 
we have, 

— cos A' = cos 2?' cos (7' — sin ^' sin <7' cos a' ; 

or, changing the eigns and omitting the primes (since the 
preceding result is true for any triangle), 

cos ufl = sin ^ sin C cos a — cos B cos C ( 1.) 
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In the same way, we may deduce, 

cos JB = an A an cos ft — cos ^ cos C • (2.) 

cos = an A sinJ^cosc — cos A cos B • ( 3.) 

lliat is, tlie cosine of either angle of a spherical triangle 
M eqital to the rectangle of the sines of tJie other two 
angles into the cosine of their included side, minus the 
rectangle of the cosines of tJiese angles. 



81. From Equation (8), Art. f9, we dedace, 

. cos a — cos i cos e , , . 

cos Jl = -, z ; (1.) 

sm sm c 

If we add this equation, member by member, to the num- 
ber 1, and recollect that 1 + cos A, in the first member, 
b equal to 2 cos'^^ (Art. 66), and reduce, we have, 

. - - sin J sin c -h cos a — cod b cos c 

2 COS**^ = ; r : ; 

sm ^ sm c 

or, Formula ((9), Art. 65, 
» 

... cos a — cos (6 + c) , ^ . 

2 COS»i4 =• ; r .^ ' (2.) 

sm 6 sm c 
And since. Formula (O), Art. 67, 

COS a — cos (h -{- c) = 2 sin \{a -|- d -f c) an ^(ft + c — a), 

Eqtiation ( 2 ) becomes, after dividing both members by 2. 
2 , . — rin i(q -f ft + c) sin |(^ + c — a) 

COB a-^tl — • m « • 

sm 6 sm c 
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If, in this we make, 

V 

1(« + ^ + <?) = i* ; whence, i(J + c — a) = ^8 — a, 

and extract the square root of both members, we have, 



cos 



^ /Bin^. sing^-g 

V sm ^ sm c 



That is, ^A6 cosine of one-half of either angle of a spherical 
triangky is eqital to the sqtuire root of the sine of one-half 
of the sum of the three sidesj into the sine of one-half this 
sum minus the side opposite the angle^ divided by the rect- 
angle of the sines of the adjacent sides. 

If we subtract Equation ( 1 ), of the preceding article, 
member by member, from the number 1, and recollect that, 

1 — cos A =z 2 sin* ^A^ 

9 

we find, after reduction, 



• 1 A / sm {\s — b) sm {^s — c) , . . 

sin ^A = 1/ ^ — . ^ . ' ... (4.) 

Dividing the preceding value of sin ^ A^ by cos \ A^ 
we obtain, 

1 A 1 8in (i* — i) sin {\s — c) ,^. 

tani^ = \/ ^^^ — / .. ^^ X ^ • • • (6.) 

* V sm i« sm (i« — a) ^ ' 



82. If the angles and sides of the polar triangle of 
ABC be represented as in Art. 80, we have, 

A = 180« - a', ft = 180« - J5', c = 180<» - C\ 

\s = 270O - K-4'+-B'+ C7'), J« ~ a = 90°-i(i?' f O'-^A'). 
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Snbstitnting these values in (3), Art. 81, and reducing 
by the aid of the formulas in Table ILL, Art. 63, we find, 



. . , _ /- cos i(A'-^B'-{- C) cos YjB'-\- O'^A) 
™ *"* - \/ sin ^' sin O' 

Placing 
l(^'+2?'+ (70 = iS; whence, i{B'+ C'-A') = iS-A\ 

Substituting and omitting the primes, we have, 



/- cosj^ cos(iS-A') . 

* V sm jB sm C ^ ' 



In a similar way, we may deduce from (4), Art. 81. 



cos 



V Bin i/ sm C/ 



and thence, 



JL/, — / — cos jS cos (jS -^ ^) .g* 



83. From Equation (1), Art. 80, we have, 

% sm .A. 

COB A + cos5 cosC := sln^ sinC cosa = sinC —. onftcosa; 

. sm a 

(1.) 

since, from Proportion (1), Art. 7^, we have, 

^ sin ^ _ 

sm i? r=: -; Sin ft. 

sm a 
Also, from Equation ( 2 ), Art. 80, we have» 

fon A^ 

qobB -f COB .4 oob(7 = sin^ sinC cosft = sin (7 -i sinaoosi 

sin a 

(1) 
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Adding ( 1 ) and ( 2 ), and dividing by sin (7, wo obtain, 

/ A I x>x 1 + cos C sin ^ . , , - . - - 

(cos A + cos B) ; — ^z— = -. sm (a + b). ( 8,) 

^ 'sinC/ sina^ / \ / 

The proportion, sin ^ : sin ^ : : sin a : sin &, 

taken first by composition, and then by division, gives, 

sin ^ H- sin J5 = -; (sin a + sin ft) • • • (4.) 

sui a ^ 

sin ^ — sin i? = -. (sin a — sin ft) • • • (6.) 

sm a ^ ' ^ ' 

Dividing ( 4 ) and ( 5 ), in succession, by ( 3 ), we obtain, 

sin ^ 4- sin i? sin C _^ sin a + sin 5 . 

cos^ + cos^ 1 + cos C ~" sin (a -f- />) ' ^ 

sin ^ — sin i? sin C sin a — sin 6 , ^ . 

cos A -f- cosi? 1 + cos C ^ sin (a -I- ft) ^ '' 

But, by Formulas ( 2 ) and ( 4 ), Art. 67, and Formula (a'0» 
Art, 66, Equation ( 6 ) becomes^ 

tani(^ + 2?) = cotiC— f["~fj ; • • (8.) 
^ ' COS i(a H- ft) ^ ' 

and, by the similar Formulas (3) and (6), of Ai*t. 67, 
Equation (7) becomes, 

tan i{A - ^) = cot iO ^l^fll ' • • ( ^O 
^^ ' ^ sm i(a -I- ft) ^ ' 

These last two formulas give the proportions known as the 
first set of Napitr^a Analogies, 

cosi(a-hft) : cosJ(a— ft) : : cot^C : tani(^+i?). (10.) 

«ntKa4-ft) : sini(a— ft) :: cot^C? : tani(^--^). (11.) 
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If in these we substitute the values of Oy by (7, J^ 
and £j in terms of the corresponding parts of the polar 
triangle, as expressed in Art. 80, we obtain, 

oosi(^+jB) : cos^(-4— -B) :: tan^ij : tani(a-i-ft). (12.) 
dni{A+JB) : sin i(^— J?) :: tan^c : tan ^(a— ft). (13.) 
the second set of Napier^s Anodogiea. 

In applying logarithms to any of the preceding formulas, 
thej must be made homogeneous, in terms of iZ, as ex- 
olained in Art. 30. 



c 



SOLUTION OF OBLIQUE-ANGLED BPHEBIOAL TRIANGLES. 
if 

84. In the solution of oblique-angled triangles dx diffei* 
ent cases may arise : viz., there may be given, 

/ I. Two sides and an angle opposite one of them. 

n. Two angles and a side opposite one of them. 

m. Two sides and their included angle. 

lY. Two angles and their included side. 

V. The three sides. 

VL The three angles. 

OASB I. 

Oiven two sides and an angle opposite one of them. 

85. The solution, in this case, is commenced by finding 
the angle opposite the second given side, for which purpose 
Formula ( 1 ), Art. 78, is employed. 

As this angle is found by means of its sine, and because 
the same sine corresponds to two different arcs, there would 
seem to be two different solutions. To ascertain when there 
are two solutions^ when one solution^ and when no solution 
at all, it becomes necessary to examine the relations which 
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ttu^j «zi8l between the given parta. Two oases may arise, 
viE^ the giveo .angle may be acutej or it may be obiuse. 

We shall consider each case separately (B. IX., P. XIX., 
Gen. Scholium). 

Furat Case. Let A be 
the given angle, and let a 
and b be Uie given sides. 
Prolong the arcs AG and 
AB till they meet at A\ 
forming the. lone AA'; and 
from (7, draw the arc CB' perpendicular to ABA\ From 
(7, as a pole, and with the arc a, describe the arc of a 
smail circle BB. If this circle outs ABA\ in two points 
between A and A\ there will be two solutions ; for if 
(7 be joined with each point of intersection by the aro of 
a great drdie, we shall have two triangles ABC^ both of 
which will conform to the conditions of the problem. 

If only one point of in- 
tersection lies between A 
and A\ or if the small 
cirde is tangent to ABA\ 
there will bd but one sohb- 
tt<m. 

If there is no point of intersection, or if there are points 
of intersection which do not lie between A and A\ there 
will be iM sohUion. 




From Formula (2), Art. 72, we have, 

sin CB' sz mn b m A^ 

from which the perpendicular, which will be less than IKP, 

will be found. Denote its value by p. By inspectioa of 

the 4gure, we ind the following relatioaa: 

23 
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1. When a is gretiter than p, and at the same time kai 
than both b and 180** *- b, there toiU be two solutions. 

2. When a is greater than p, and intermediate in value 
between b and 180^ — b; or, tchen a is equal to p, then 
wiU he but one solution. 

If a =z by and is also less than 180° — ft, one of the poiiili 
of intersection will be at Aj and there will be bat one 
solation. 

3. When a is greater than p, and at the same time 
greater than both b and 180** — b ; or, when a if 
less than p, there wiU be no solution. 

Second Case. Adopt the 
same constraction as before. 
In this case, the perpendicu- 
lar will be greater than 90% 
and greater also than any 
other arc CA, (7J», CA\ 
that can be drawn from O 

to ABA'. Bj a coarse of reasoning entirely analogous to 
that in the preceding case, we have the following principies: 

4. When a is less than p, and at the same tim 
greater than both h and 180® — b, there will be two 
solutions. 

6. When a is less than p, €md intermediate t» 
value between b and 180° — b ; or^ when a is eqrid 
to p, th^re will be but one solution. 

6. When a is less than p, and at the same timt 
less than both b and 180° — b ; or^ when a it 
greater than p, there will be no solution. 

Haying found the angle or angles opposite the second 
side, the solution may be completed by means of Napiei^i 
Analogies, 
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BZAMPLES. 



"^ 1. Given a = 43^ 27' 86", b = 82«» 68' 17", and 
A = 29** 32' 29", to find -B, (7, and c. 

We see at a glance, that a > J9, since p cannot 
exceed A ; we see fuither, that a is less than both b 
and 180° — b ; hence, from the first condition there wiH be 
two solutions. 

Applying logarithms to Formula ( 1 ), Art. 78, we have, 

\a. c) log sin a + log sin b + log sin A ^ 10 = log sin B ; 

(a. c.) log sin a . . (43^ 27' 36") • . . 0.162508 
log sin 5 . . (82** 58' 17") . . . 9.996724 
log sin -4 . . (29** 32' 29") . . . 9.692893 

log sin -B 9.852125 

.-. jB = 46^ 21' 01", and B = 134° 38' 59"- 

Prom the first of Napier^s Analogies (10), Art 83, we find, 

(a. c.) log cos J {a—b) + log cos i (a+ J) + log tan J (^ +5) —10 

= log cot i d 

Taking the first value of By we have, 

i(A + B) = 37** 26' 46" ; 

also, 

I (a + J) == 63^ 12' 56" ; and, J (« - *) - l^** ^5' 20*. 

(a. c.) log cos i(a-b) . (19* 45' 20") . 0.026344 

log cos i{a + b) . (63** 12' 56") . 9,663826 

log tan i (-4 + jB) . (37** 26' 45") . 9.884130 

log cot I (7 9.564299 

.•• J (7 =: 69** 61' 46", and (7 = 139° 43' ZOT. 
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The Edde e may be found by means of Formula (12)| 
Art 83, or by means of Formula (2), Art. 78. 
Applying logarithms to the proportion, 

sin ^ : sin (7 : : sin a : sin ^, we hare, 

(a. c.) log sin ^ = log sin C^ + log sin a — 10 = log sin c ; 

{%. c.) log sin ^ ( 2r 32' 29") 0.307107 

log sin {ISr 43' 30") 9.810539 

log sin a ( 43** 27' 36") 9,837492 

log sin c 9.955138 .-. c = 116** 35' 48". 

We take the greater yalae of Cj because the angle C, 
being greater than the angle J?, requires that the side e 
diould be greater than the side b. By using the second 
ralne of ^, we may find, in a mmilar manner, 

C = 82^ 20' 28", and e = 48*» 16' 18". 

ft 

- 2. Given a = 97^ 36', b = 27«» 08' 22", aod 
il = 40<» 61' 18", to find -B, (7, and c 

Ans. B = W 31' 09", C = 144* 48' 10", e = 119« 08' 26". 

_ 8. Given a = 116** 20' 10", 6 = bV 30' 06", and 
-1 = 126° 37' 80", to find -B, C, and e. 

Ana. B = 48*> 29' 48", C = 61«» 40' 16", e =: 82'*4i' 04". 

€Aax p. 

Qivtn Mo dngks and a Hd6 opposite V7te of them. 

» 

86. The solution, in this.ca^e,. is commenced by finding 
the side opposite the second given angle, by means of For- 
mula ( 1 ), Art. 78. The solution is completed as in Case I 



TEI60N0METBT, W 

Sinoe the seoond side is found by means of its cnne, there 
may ho two solutions. To investigate this case, 9re pass to 
the polar triangle, by substitutbg for* each part its supple* 
ment. In this triangle, there will be given two sides and 
an angle oppoate one ; it may therefore be discussed as in 
the preceding case. When the polar triangle has two solt^ 
Hans^ one soliUion^ or no solution^ the given triangle will, 
in like manner, have two solutions^ one solution^ or no ioht 
Uon, 

The conditions may be written out from those of the pre* 
ceding case, by umply changing angles into sufe^, and the 
reverse ; and ffreater into less^ and the reverse. 



Let the given parts be A^ B^ 
ind a, and let jo be an arc 
oomputed from the equation, 




in p = iin a sin £• 



lliere will be two cftses : a fnay< be greater than W^ •^ 
or, a may he leas than 90^. 

In the first case, 

1. When A is less than p, and at the same time 
greater than both B and 180® — 2?, there will be two 
iolutions. 

2. When A is less than p, and intermediate m 
wAus between B and 180® — B ; or^ when A is equal 
*o p, there wiB be but one solution. 

8. When A is less than p, and at the same time 
less than both B and IBO^' - B ; or^ when A is 
greater tha/i p, there will be np fol^ti^n. 
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In the second case, 

4. WJien A is greater than p» and at the earn 
less than both B and \W^ — Bj there tciU be two solu- 
lions. 

6. When A is greater than p, and intermediate in 
value between B and 180® — -B / or^ when A is eq^ial 
to p> t/iere wiU be but one solution. 

6. When A is greeUer than p, and at the same 
time greater than both B and 180® — JB / or, when A 
is less than p, there teHl be no solution. 

KXAMPLES. 

^ !• Given A = 96® 16', B = 80® 42' 10", and 
o = 67® 88', to find Cy ft, and C. 

Compating />, from the formula, 

log mnp = log sin ^ + log sin a ~ 10 ; 

we have, p = 66® 21' 62". 

The smaller value of /> is taken, because a is len 
than 90®. 

Because A > p^ and intermediate between 80® 42' 10" 
and 99® 17' 60", there will, from the fifth condition, be but 
a fflDgle solution. 

Applying logarithms to Proportion ( 1 ), Art. 78, we have, 

(a. c.) log sin A + log sin B + log sin a — 10 = log sin J; 

(a. e.) log sin A (95** 16') 0.001837 

log sin B (80^ 42' 10") 9.994257 

log sin a (67** 38') 9.926671 

log sin J .... 9.922765 .-. 6 = 66** 49' 57". 



TRIGONOMETRY. 09 

We take the smaller value of ft, for the reason that A^ 
being greater than J?, requires that a should be greater 
than & 

Applying logarithms to Proportion (12), Art, 83, we have, 

(a. c.) log cos \{A—B)^ log cos |^ (^ -f 5) + log tan J (a -h 5) — 10 

= log tan J c ; 
we have, 

i (^ + 5) = 87^ 69' 05'; i (a + i) = 57^ 13' 58", 
and, ^{A-B)^r 16' 55". 

(a.0.) log cos i (,A-B) . ( 7** 16' 55") . 0.003517 
log cos i {A+B) . (87° 59' 05") . 8.546124 
log tan i (a + J) . (57** 13' 58") . 10.191352 

log tan I c 8.740993 

\ 

.-. I c = 3° 09' 09", and c = 6° 18' 18^ 

Applying logarithms to the proportion, 

sin a : sin c : : Bin A : sin (7, 
we have, 

(a. c.) log sin a + log sin c 4- log sin -4 — 10 = log sin C; 

(a. c.) log fiin a (57° 38') . . 0.073329 

log sin c (6° 18' 18") . 9.040685 

log sin A (95° 16') . . 9.998163 

log sin O 9.1121 77 .-. (7=7° 26' 21". 

The smaller value of C7 is taken, for the same reason 
as before. 



OAaf 



■^ 2. Given A = 60^ 12', B = 68^08', and a = 62°42 
to find b, e, and C. 



{79^ 12' 10", 
100*» 47' 50", 



b = i e^< 



'119° 03' 26", f 130*' 64' 28", 



C = 
^ 152° 14' 18", L IS^"* 15' 0^"* 
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CASE m. 
€HveH two 9ide8 and thnr included cmgie. 

87. The remaining angles are found by means of Napio's 
Analopesy and the remaining side, hA in the precediLg cases. 

KZAMPLX8. 

*=^ 1. Given « = 62^ 38", » = lO^ la' W\ and 
O = U(^ 24' 12'V to &id 1^ ^» and jB. 



Applying logarithms to IVopoitions (10)- and {11\ 
Art* 83, we haye, 

^ e.) log cos i (« + 2) + log COB |(« — ») + log eot 1 (? - 10 

= log tan ^{A + £); 

(j^ e.) log sin {a + I) + log sin ^ (a — }) + log cot ^ (7 - 10 

= log tan 1 (J. - J?) ; 
we haye, 

|(a-8) = 26^ 12^ 20^ J(7=75*^ 12' 06", 
and, 1 (a + J) = 36^ 25' 39". 

(a. c.) log COS i (a + *) . {Z&> 25' 39") . 0.09M16 

log cos t (a - J) . (26'* 12' 20") . 9.952897 

log cot 1 (7 ... (75** 12' 06") . 9.421901 

log tan 1 (^ + J8) 9.469213 



t Mt 



.-. i{A + B) = 16^ 24' 61 

(a. c.) log Bin i {a + i) . (36** 25' 39") . 0.226356 

log sin 1 (a - J) . (26* 12' 20'7 . 9.645022 

log cot i <7 ... (75^ 12' 06") . 9.421901 

log tan i (-4 - J?) 9.293279 

.-. i{A -£) =ir Ofe'53'. 
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Thid greater angle k equal to the half sum plot this lialf 
difference, and the 1&b» is equal to the half sum minus the 
half difference. Hence, we have, 

A = 27^81^^44", and JB = 6« 17' 68". 

Applying logarithms to the Proportion (18), Art. 88, we 

iave, 

(a. 0.) log sin |(^ - 5) + log sin i (A +^) +log tan ^ (a-5) -10 

= log tan i c; 

(a. c.) log sin i {A - B) . {IV 06' 63") . 0.714963 

log smi{A + B) . (W 24' 61") . 9.461139 

log tan 1 (a - b) . (26° 12' 20") . 9.692125 

log tan ^ <^ 9.868216 

.•. fj =: 85^ 48' 33", and c = 71^ 87' 06". 

- 8. Given a = 68^ 46'. 02", * = 87* 10', and 
C = 89* 23' 23", to find c, A^ and J?. 

Ans. A = 120° 69' 47", JB = 33° 46' OS", c = 48* 87' 88". 

-^ 8. Given a = 84* 14' 29", . * = 44* 18' 45", and 
C = 86* 45' 28", to find ^ and A 

Ans. A = 180* 06' 22", JB = 82* 26' 06". 



OASB IV. 
Given two angles and their induded side. 
88. The solution of this case is entirely analogous to Case 

m. 

Applying logarithms to Proportions (12) and (18), Art 
88, and to Proportion (11), Art. 83, we have, 
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(a. c) log coBi{A + B)+ log cos i (-4 — J?) +log tan Jc - 10 

= log tan t (a + J) ; 

(a. c.) log sin t (^ + 5) + log sin i^ (^ — J?) + log tan J c - 10 

= log tan I (a — J) ; 

(a. c.) log sin (a — J) + log sin (a + J) + log tan |(w4 - Fj-lO 

* = log cot I C. 

The application of these formulas are snffident for the 
■olution of all cases. 

XXAMPLES. 

^ 1. Given A z=: SI"" 38' 20", JB r= lO"" 09' 38", and 
= 69** 16' 22", to find (7, a, and i. 

Ana. C = 64^ 46' 24", a = 70^ Oi' 17''', b = 63*' 21' 27". 

-- 2. GFlven -4 = 34** 16' 03'', JB =r 42** 16' 13", and 
e ±: W 35' 36", to find (7, a, and ft. 

-4iM. O = 121** 36' 12", a = 40** 0' 10", ft = 60** 10' 30". 



• 



CASK V. 
s Given the three sides^ to find the remaining parte, 

89. The angles may be found by means of Formula (3), 
Art. 81 ; or, one angle being fonnd by that formula, the other 
two may be found by means of Napier's Analogies. 

XXAMPLE8. 

^ 1. Oiven a = 74<' 23\ ft = 35'' 46' 14", and c = 100"" 89', 
to find A^ S, and C. 
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Applying logarithms to Formula (3), Art. 81, we have, 

log cos iA :=z 10 + ipog maia + log sin {^a — a) 

+ (a. c.) log sin ft + (a. c.) log sin c — 20] ; 
or, 

og COS iA = i [log can |« + log sin {is — a) 

+ (a. c.) log sin ft + (a. c.) log sin e], 
we have, 

is = 105® 24' or\ and i# — a = 31° 01' 07 '. 

log sin i« • . . (106° 24' 07") • 9.984116 

log sin (is - a) . ( 31« 01' 07") • 9.712074 

(a. c.) log sin ft • • • • ( 85<> 46' 14") • 0.283185 

(a. c) log an c (100*^ 39') 0.007546 

2 )19.936921 
log cos ^^ 9.968460 

.-. i^ = 21*» 34' 23", and -4 = 43*^ 08' 46". 

Ufflog the same formula as before, and substituting JS for 
Ay ft for a, and a for ft, and recollecting that 
i« - ft = 69° 37' 53", we have, 

log mi is ... (105° 24' 07") . 9.984116 

log mn (i« - ft) - ( 69° 37' 58") • 9.971968 

(a. c.) log sin a • • • • . (74° 23') • • 0.016336 

(a. c.) log sin c (lOO** 39') • • 0.007640 

2) 19.979956 
log cos i^ 9.989978 

.•• iB = 12° 15' 43", and JB = 24° 31' 26'. 

Using the same formula, substituting C for A^ e for a, 
and a for c, recollecting that is -^ e = 4° 45' 07", we 

have, 
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log tin is • • (lOd^" 24' 07") 9.984116 

log Bin (i« - e) . (4** 45' 07") • 8.918260 . 
(a. c.) log sin a • • • • (74** 23') • • • 0.018338 
(a. 0.) log rin 4 . . • (35° 48' 14") • • 9.238185 - 

2) 19.151887 
log COS ^(7 ^575943 

.-. iO = 67^ 52' 25", and C = 135° 44' 50" 

^ 2. Given a = 56° 40', b = 83° 13', and c = 114» 30'. 
Ana. A = 48° 81' 18", JB = 62° 55' 44", C = 126° 18' 66". 



GABS YL 
The three angles being given^ to find the sides. 

90. The solution in this case is entirely analogous to the 
preceding one. 

Applying logarithms to Formula (2), Art 82, we have, 

log cos ^ = ijlog cos {\8 — B) + log cos (i/S — C) 

+ (a. c.) log sin i? + (a. c.) log sin CJ. 

In the same manner as before, we change the letters, to 
suit each case. 

SXAHPLEB. 

1. Given A = 48° 30', B = 125° 20', and C = 62° 64'. 
Ans. a = 56° 39' 30", 6 = 114° 29' 58", e = 83° 12' GO" 

-—2. Given ui = 109° 55' 42", i? = 116° 38' 33", and 
C = 120° 43' 37", to find a, J, and e. 

Ans. a == 98° 21' 40", b = 109° 60' 22", c = US'' 18' 28". 



^. 



MENSURATION. 



91. Mensubahon is that branch of Mathematics which 
treats of the measurement of Geometrical Magnitudes. 

92. The measurement of a quantity is the operation of 
finding how many times it contains another quantity of the 
same kind, taken as a standard. This standard is called the 
unit of measure. 

93. The unit of measure for surfaces is a sgruare^ one 
of whose sides is the linear unit. The unit of measure for 
volumes is a ctibe^ one of whose edges is the linear unit. 

If the linear unit is one fboty the superficial unit is one 
square footj and the unit of volume is one cubic foot. If 
the linear unit is one yard^ the superficial unit is one square 
yardj and the unit of volume is one cubic yard. 

94. In Mensuration, the term product of two linea^ is 
ased to denote the product obtained by multiplying the 
Damher of linear units in one line by the number of linear 
units in the other. The term product of three linesy is used 
to denote the continued product of the number of linear 
units in each of the three lines. 

Thus, when we say that the area of a parallelogram is 
-equal to the product of its base and altitude, we mean that 
the number of superficial units in the parallelogram is equal 
to the number of linear units in the base, multiplied by the 
number of linear units in the altitude. In like manner, the 
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n amber of units of volume, in a rectangular panUlelopipcdon, 
is equal to the number of superficial units in its base multi- 
plied by the number of linear units in its altitude, and 
so on. 

MENSURATION OF PLANE FIGURES. 

7b find the area of a paraUdogram. 

95. From the principle demonstrated m Book IV., 
Prop, v., we have the following 

BULB. 

Multiply the base by the altitude ; the product wiU bi 
the area required^ 

KXAMPLBS. 

1. Find the area of a parallelogram, whose base is 12.25, 
and whose altitude is 8.5. Ana. 104.125. 

2. What is the area of a square, whose side is 204.3 
feet ? Ane. 41738.49 sq. ft. 

3. How many square yards are there in a rectangle 
whose base is 66.3 feet, and altitude 33.3 feet ? 

An8» 245.31 sq. yd. 

4. What is the area of a rectangular board, whose 
length is 12^ feet, and breadth 9 inches ? 9} sq. ft. 

6. What is the number of square yards in a parallelo- 
gram, whose base is 37 feet, and altitude 5 feet 3 inches? 

Ans. 21yV 

To find the area of a plane triangle, 

86. JFirst Case, When the base and altitude are given. 



OP SURFACES. 



107 



From the principl6 demonstrated in Book IV,, Prop. VI., 
we may write the following 



BULE. 



Multiply the hose by half the altitude ; the product wiU 
be the area required. ^ 

EXAMPLES. 

1. Find the area of a triangle, whose base is 625, and 
altitude 520 feet. Ana. 162500 sq. ft. 

2. Find the area of a triangle, in square yards, whose 
base is 40, and altitude 30 feet. Ana. 66|. 

3. Find the area of a triangle, in square yards, whose 
base is 49, and altitude 25^ feet. Ana. 68.7361. 

Second Caae. When two sides and their included angle 

are given. 

Let ABC represent a plane tri- 
angle, in which the side AB = c, 
BO =z a^ and the angle J7, are 
given. From A draw AIJ perpen- 
dicular to BG I this will be the 
altitude of the triangle. From For- 
mula ( 1 ), Art. 37, Plane Trigonometry, we have, 

AB = sin JS. 

Denoting the area of the triangle by Q, and applying the 
rule last given, we have. 




^ oc sin ^ 

Q = — S — 5 



or, 2Q = oc sin B, 



HITI 7? 

Substituting for sin 2?, —^ (Trig., Art. 30), and applying 
logarithms, we have, 

log {2Q) := log a + log c + log sin ^ — 10 j 
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hencei we may write the following 

BULE. 

Add together the logarithms of the two sides and ih/s 
logarithmic sine of their indtided angle; from this sum 
subtract 10 ; the remainder torn be the logarithm of double 
the area of the triangle. Find^ from the table^ t/ie number 
answering to this logarithm^ and divide it by 2 \ the quotient 
will be the required area. 

EXAMPLES. 

1. What is the area of a triangle, in which two tides 

a and &, are respectively equal to 125.81, and 57.65, and 
whose included angle C7, is 57^25'? 

Ans. 2Q = 6111.4, and Q z=z 3055.7 Ans. 

2. What is the area of a triangle, whose sides are 80 
and 40, and their included angle 28^ 57' ? Ans. 290.427. 

3. What is the number of square yards in a triangle, of 
which the sides are 25 feet and 21.25 feet, and their included 
angle 45<' f Ana. 20.8604. 



Ij E M M A . 

3b Jlnd hdff an anglSy when the three sides of a jpians tri- 
angle are given. 

97. Let ABC be a plane tri- 
angle, the angles and sides being de* 
noted as in the figure. 

We have (B. IV., P. XH., XIH.), 



c 


V 


^ 




D' 


A 




b« 



a» =5 ft« + c« ^ 2c . AD. 



• . • . • 



(1.) 



When the angle A is acute, we have (Art. 87), 

AD s i cos ^ ; when obtuse, AJy s i oos CAIf. 
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But as CAD' is the supplement of the obtuse angle A^ 
008 CAD' = — cos ^, and AD' '= — 6 cos ^. 

Either of these values, being substituted, for AD^ in ( 1 ), 

gives, 

a* = 6» + c* — 2he cos A ; 

whence, 

V^ ^ (A ^a^ 

^**^ = 2bi (^•> 

If we add 1 to both members, and recollect that 
1 + cos^ = 2 cos'i^ (Art. 66), Equation (4), we have, 

2 cos**-4 = -7^ 

_ (6 + cY - g^ _ (& f c + g) (i + c — a) , 
"■ 26c ■" 2bc • 



or. 



9 1^ (J + c +«) (ft + c — a) , . . 

oosH^ = ^^ ^^^ ^- • • • («•> 

If we put ft + c + a = *, we have, 

ft + <5 + a , , ft + c — a , 

= i«, and, ^ = i« - a; 

Substituting in (3), and extracting the square root| 



oosi^ = y/iili^. .... (4.) 

the plus 0gn, only, being used, smce \A < 90^ ; hence, 

T?^ cosine of half of either angle of a j^ne triangle^ 
ii equal to the equare root of half the eum of the three 
BideSy into h(Jf that sum minus the side opposite the angle^ 
divided by the rectangle of the adjacent sides. 

By applying logarithms, we have, log cos \A = 

iPog \s + log tJ« — a) + (a. c.) log ft + (a. c) log c]. • ( ^) 

24 
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If wo subtract both members of Equation ( 2 ), from 1, 
and recollect that 1 — cos ^ = 2 siu' iA (Art. 66.), wo btye, 

* 2Jc 

_ gi ^ (ft , ey _ (g + 6 - c) (g - ft + e) 
"■ 2fe ■" 2^ * ^ 

Placing, as before, a + 6 + e = 8^ we bore, 

g + 6 — c , , g — ft-hc -. 



SabstitntlDg in (5), and rcdndng, we have, 

hence, ^ ^'^ 

The sine of half an angle of a plane triangle^ is equal 
to the square root of half the sum of the three sideSj minus 
one of t/ie a^acent sideSy into the half swm minos ^ 
other adjacent sidsj divided by the rectangle of the adjaomt 
sides. 

Applying logarithms, we have, 

log sin i^ =z i [log {\s - *) + log (i« - e) 

+ (a. c.) log 6 + (a. c.) log e\ (3.) 

Third Case. To find the area of a triangle, when the 
•three sides are given. 

Let ABC represent a triangle 
whose sides g, ft, and c are given. 
From the principle demonstrated in 
the last case, we have, 

Q = iftf si» X 
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But, from Formula (41')> Trig., Art, 66, we have, 

ffln ^ = 2 sin iA cos ^A ; 

whence, 

Q :=z bcfoniA ooniA. 

Substituting for sin ^A and cos iAy their values, taken 
from Lemma, and reducing, we have, 



« = Vi<f (i«-a) (i«-^) {i^-c)i 
hence, we may write the following 

BULB. 

Und half tht sum of the three sideSj and from it eubtrat^ 
each aide separately. Find the continued product of the Iwlf 
sum and the three remainders^ and extract its square root f the 
result win be the area required. 

It is generally more convenient to employ logarithms ; for 
this purpose, applying logarithms to the last equation, we have, 

log Q = iPog i« + log {is - a) -I- bg {is - ft) 4- log (i«-o)] 

hence, we have the following 

BULB. 

IHnd the half sum and the three remainders as before^ then 
find the haJf sum of their logarithms ; tfie number correspond- 
ing to the resulting logarithm will be the area required. 

BXAMPLBS. 

-^ 1. Find the area of a triangle, whose sides are 20, 30, 
and 40. 

We have, is = 46, is-a = 2«, is-b = 16, fs—c = 5. 
Dy the first riiie, 

Q K ^"46 X 25 X 16 X 6 = 890.4737 Ans. 
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By the second rule, 



log ii . • 


• . (45) . . 


. . 1.653218 


log (i« — a) 


. . (25) . . 


• • 1.397040 


log (is - b) 


. . (15) 


. . 1.176091 


log (is - c) 


. . ( 5) • • 


. . 0.698970 


loer Q • • 


• • • • • 


2 )4.926214 
. . 2.463107 



.-. C = 290-4737 Ans. 

2. How many square yards are there in a triangle, whose 
■ides are 30, 40, and 50 feel ? Am. 66}. 

To find the area of a trapezoid. 

98. From the principle demonstrated in Book IV., Prop. 
VII., we may write the following 

RULE. 

Mnd half the sum of the parallel sides^ and multiply U 
by t/ie altitude / the product will be the area required. 

KX AM PLES. 

1. In a trapezoid the parallel sides are 750 and 1225, 
and the perpendicular distance between them is 1540 ; wliat 
is the area ? Ans. 1520750. 

2. How many square feet are contained in a plank, whoso 
length Ls 12 feet 6 inches, the breadth at the greater rnd 15 
inches, and at the less end 11 inches? Ans. 13j^. 

8. How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude 66 
feet ? Ans. 2053^ sq. yd 

To find the area of any quadrilateraL 

09. From what precedes, we deduce the following 
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lis 



BULB. 

Join the vertices of two opposite angles hy a diagonal; 
from each of the other vertices let faU perpendiculars vpon 
this diagonal; multiply tJie diagonal by half of the sum 
of t?ie perpendiculars^ and the product wiU be tJie area re- 
quired. 

EXAHPLBS. 



1. What is the area of the quad- 
rilateral A£ CD^ the diagonal A C 
being 42, and the perpendiculars Dg^ 
M, equal to 18 and 16 feet ? 

Ans. 714 sq. fl. 



2, How many square yards of paving are there in th€ 
quadrilateral, whose diagonal is 65 feet, and the two perpen- 
diculars let ML on it 28 and 33^ feet ? Ans. 222^. 




To find the area of any polygon. 
100. From what precedes, we have the following 

BULB. 

Draw diagonals dividing the proposed polygon into tra^ 
pezoids and triangles : then find the areas of these figures 
separately^ and add tliem together for the area of tlie whole 
polygon, 

BXAMPLE. 

1. Let it be required to de- 
teimine the area of the polygon 
ABCJyEy having five sides. 

Let us suppose that we have mea- 
ured the diagonals and perpendicu- 
lars, and found AC =^ 36.21, EG = 39.11, J9ft = 4 
Dd = 7.26, Aa = 4,18 : required the area. Ans. 296.1292. 
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I 

To find the area of a regular j 

101. Let AJi^ denoted by s, re- 
present one side of a regular polygon, 
whose centre is (7. Draw CA and 
CMj and from G draw CD perpen- 
dicular to A£. Then will CD be the 
apothem, and we shall have AD =. BD. 

Denote the number of sides of the polygon by n ; then 
will the angle ACB^ at the centre, be equal to — , 

(B. Y., Page 138, D. 2), and the angle ACD, which is half 

180° 

of A CB. will be equal to • 

^ n 

In the right-angled triangle ADC^ we shall bare, Fo^ 
mub (3), Alt. 37, Trig., 

CD = \a tan CAD. 

But CAD, being the complement of A CD, we hsTe, 

tan CAD = oot ACD; 

^^ , 180® 

hence, CD = i« cot , 

n 

a formula by means of which the apothem may be compntedL 
But the area is equal to the perimeter multiplied by half 
the apothem (Book Y., Prop. YIII.) : hence the following 

BULK 

Find the apothem, by the preceding formula / multijily 
the perimeter by ludf the apothem ; the product teiU be thi 
area required. 

BX AlfPLES. 

- 1. What is the area of a regular hexagon, each of whose 
aides b 20 ? We have, 

CZ> = 10 X cot 30° ; or, log CD = log 10 4- log cot 30°-10 

log i« . • . (10 ) . 1.000000 

180® 
log cot (30°) . 10.238561 

log CD ...'.. 1.238561 .-, CD = 17.3205. 
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The perimeter is equal to 120 : henoe, denoting the area by Q, 

^ 120 X 17.3205 ,^o««„ J 

Q = J- = 1039.23 An$. 

%» What is the area of an octagon, one of whose sides 
is 20? AuB. 1931.30886 



■k 



The areas of some of the most important of the reguhir j / 
pul^'gons have been oomputed by the preceding method, on 
the supposition that each side is equal to 1, and the results 
are given in the following 

TABLE. 



i VAHB. 


sans. 


AtOMi. 


WAHKS. 


8n>a. 


ARB43. 


Triansle, . 


. 8 . 


. 0.4380127 


Octagon, . 


. 8 . 


. 4.8284271 


Sqaara, 


. 4 . 


. 1.0000000 


Konagon, • 


. S . 


. 6.1818242 


PenUgoii, . 


. h . 


. 1.72Q4774 


Decagon, . 


. 10 . 


. 7.694208S 


Hexagon • 


. 6 . 


. 8.5»807€2 


Uudecagon, 


. 11 . 


. 9.3656899 


Hcptagoa . 


. v . 


. 8.6889124 


Dodecagon, 


. 12 . 


. 11.1961624 



The areas of dmiiar polygons are to each other as the 
squares of their homologous sides (Book IV., Prop. XXVEL). 

Denoting the area of a regular polygon whose side is 
^9 ^y Q) ^ui^ that of a similar polygon whose side is 
1, by T^ the tabular area, we have, 



§ : r : : r» : 1«; 



C = rs«; 



henee, the following 



JELULJB. 



Multi]ply the corresponding tabular ar^ea by the square qf 
the given side ; the product will be tJie area required. 



BJC^Jf PLES. 



1. What is the area of a regular hexagon, each of whose 

is 20? 
We have, T =: 2.698)^62, and s^ = 400: hence, 

Q = 2.59S0762 X 400 = 1039.23048 Am. 
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9. Find the area of a pentagon, whose side is 25. 

Ans. 1075.298375. 

8. Find the area of a decagon, whose ade is 20. 

An9. 8077.68353. 

To find the eircumference of a eirdey tohen the diameter it 

given. 

102. From the principle demonstrated in Book Y., Profi. 
XVL, we may write the following 

BULX. 

Multiply the given diameter by 3.1416 ; tJu product wHL 
he the circumference required. 

BXAMPLB8. 

1. What is the circumference .of a drde, whose diameter 
ifr 35? Ane. 78J^4. 

2. If the diameter of the earth is 7921 miles^ what is 
the circumference? Ane. 24884.6136. 

To find the diameter of a circle^ tohen the circumference u 

given. 

103. From the preceding case, we may write the fottowing 

BULB. 

Divide the given cvrcumference by 8.1416 ; the guoiiwt 
wiU be the diameter required. 

BXAUPLBS. 

1. What is the diameter of a cirdei whose dreumferenct 
is 11652.1944? Ana. 3708. 

2. What is the diameter of a circle, ivhose circnmference 
k 6850? Ane. 2180.41 
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lb Jlnd the hngih qf an are coptaining any number of 

degrees. 

104, The length of an arc of 1°, in a circle whose 
diameter is 1, is equal to the circumference, or 3.1416 
divided by 360 ; that is, it is equal to 0.0087266 : hence, 
the length of an arc of n degrees, will be, n x 0.0087266. 
To find the length of an arc containing n degrees, when 
the diameter is J, we employ the principle demonstrated in 
Book v.. Prop. Xin., C. 2: hence, we may write the following 

BULE. 

Multiply the number of degrees in the arc by .0087266, 
and the product by the diameter of the circle ; the res^dt 
void be the length rehired. 

EXAMPLES. 

1. What is the length of an arc of 80 degrees, the 
diameter being 18 feet ? Ans. 4.712364 ft. 

2. What is the length of an arc of 12** 10', or 12|®, the 
diameter being 20 feet ? Ans. 2.123472 ft. 

To find the area of a circle. 

105. From the principle demonstrated in Book V., Propi 
XV., we may write the following 

BULE. 

Multiply the square of the radius by 8.1416 ; the pro- 
duct fJoiU be the area required. 

EXAMPLES. 

1. Find the area of a circle, whose diameter is 10, and 
circumference 31.416. Ans. 78.64. 

2. How many square yards in a circle whose diameter 
is 3} feet? Ans. 1.069016. 

3. What is the area of a circle whose circumference is 
12 feet? ^7W. 11.4696, 
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To find the area of a eireular sector. 

106. From the prindple demonstrated in Book Y., Prop. 
XIV., C. 1 and 2, we may write the following 

BULS. 

L Multiply half the are hy the radius ; or, 
IL Find the area of t/ie whole circle^ hy the last mk; 
then write the proportion^ as 360 is to the number of deijnsM 
in the sector^ so is t/ie area of the circle to the area of the 
septor. 

EXAMPLES. 

1. Find the area of a circular sector, whose arc contains 
18% the diameter of the drde being 8 feet. 0.35343 sq.ft. 

2. Find the area of a sector, whose arc is 20 feet, the 
radius being 10. Ans, 100. 

3. Required the area of a sector, whose arc is 147^ 29', 
and radius 25 feet. Ans. 804.3986 sq.ft. 

To find the area of a circular segment. 

107. Let AJi represent the chord 
corresponding to the two segments 
ACB and AFJ3. Draw AB and 
liM The segment ACI^ is equal to 
the sector EACB^ minus the triangle 
AEB. The segment AFB is equal 
to the sector EAFB^ plus the tri- 
angle AEB. Hence, we have the fol- 
lowing 

BULE. 

Find the area of the corresponding sector^ and also of 
the triangle formed by the chord of the segment and the 
two extreme radii of the sector; subtract the latter from the 
former when the segm>ent is less tJian a semicircle^ and take 
their sum when the segment is greater than a semieirde; 
the result wiH be the area required. 
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SXAMPLSS. 

1. Find the area of a segment, whose chord is 12 and 
the radius 10. 

Solvmg the triangle AEB^ we find the angle AEB is 
equal to 73° 44', the area of the sector KA CB equal to 
31.35, and the area of the triangle AEB equal to 48 ; 
lence, the segment ACB is equal to 16.35 Ana, 

2. Find the area of a segment, whose height is 18, the 
diameter of the circle being 60. Ana. 636.4834. 

3. Required the area of a segment, whose chord is 16, 
the diameter being 20. Ana. 44.764. 



To find t/ie area of a circular ring contained between the 
circum/erencea of two concentric circlea. 

108. Let B and r denote the radii of the two circles, 
M being greater than r. The area of the outer circle is 
B^ X 3.1416, and that of the inner circle is r^ x 3.1416 ; 
hence, the area of the ring is equal to {B^ — r^) x 3.1416. 
Ileuce, the following 

BULE. 

Find t/ie difference of the aquarea of the radii of the 
two circlea^ and multiply it by 8.1416 ; tlie product will be 
the area required. 

EXAMPLES. 

1. The diameters of two concentric circles being 10 and 
6, required the area of the ring contained between their 
circomferences. Ana. 50.2666. 

2. What is the area of the ring, when the diameters of 
tha circles are 10 and 20 ? , Ana. 235.62. 
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MENSURATION OF BROKEN AND CURVED SURFACES, 

lb find tlie area of the entire surface of a right prism, 

109. From the principle deiiions1;i;ated in Book VIL, Prop. 
I., we may write the following 

BU LE. 

Mvltiply the perimeter of the base by the altitude^t the pro- 
duct will be the area of the convex surface ; to this add the 
areas qf the two bases ; the resvU will be the area required, 

EXAMPLES. 

1. Find the surface of a cube, the length of each side 
being 20 feet. Ans. 2400 sq. fl 

2. Find the whole sorfiice of a triangular prism, whose 
base ia an equilateral triangle, having each of its sides equal 
to 18 inches, and altitude 20 feet. Ans, 91.949 sq.fl. 

To find the area of t7ie entire surface of a right pyramid. 

110. From the principle demonstrated in Book*VJLL, Prop. 
rV., we may write the following 

BULE. 

Multiply the perimeter of the base by half the slant 
height/ the product will be the area of the convex surface; 
to this add t/ie area of the base; the reside wiU be the area 
required, 

E X AM P LEb. 

1. Find the convex surface of a right triangular pyramid, 
the slant height being 20 feet, and each side of the baso 
8 feet. Ans. 90 sq. ft 

2. What is the entire sur&ce of a right pjrramid, whose 
slant height is 16 feet, and the base a pentagon, of wlu'ch 
each side is 25 feet ? Ans. 2012.798 sq. d 
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To find the area of the convex surface of a frustum of a 

right pyramid. 

111. From the principle demonstrated in Book VII., Prop. 
I\% S., we may write the following 

RULE, 

Multiply the half sum of the perimeters of the two bases 
hy the slant heig/U ; the product toill be the area required. 

EX A MPLES. 

1. How many square feet are there in the conyex sur- 
&ce of the frustum of a square pyramid, whose slant height 
is 10 feet, each side of the lower base 3 feet 4 inches, and 
each side of the upper base 2 feet 2 inches? Ans. 110 sq.ft. 

2. What is the convex sui-face of the frustum of a 
heptagonal pyramid, whose slant height is 55 feet, each side 
of the lower base 8 feet, and each side of the upper base 
4 feet ? Ans. 2310 sq. ft. 

112. Since a cylinder may be regarded as a prism whose 
base has an infinite number of sides, and a cone as a pyra- 
mid whose base has an infinite number of sides, the rules 
just given, may be applied to find the areas of the surfaces 
of right cylinders, cones, and frustums of cones, by simply 
changing the term perimeter^ to circumference. 

EXAMPLES. 

1. Wliat is the convex surface of a cylinder, the diameter 
of whose base is 20, and whose altitude 50 ? Ans. 3141.6 

2. What is the entire surface of a cylinder, the altitude 

being 20, and diameter of the base 2 feet? 131.9472 sq.ft. 

3. Required the convex surface of a cone, whose slant 

height is 50 feet, and the diameter of its base 8| feet. 

Ans. 667.50 sq. ft. 



i 
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4. Required the entire snr&ce of s cone, whose dant 

I 

heiglit is 86, and the diameter of its base 18 feet. 

Ans, 1272.348 bq. ft. 

6. find the conyex surface of the frostnm of a cone, the 
slant height of the frustum being 12^ feet, and the chcum- 
ferences of the bases 8.4 feet and 6 feet. Ana. 00 sq.ft. 

G. Find the entire surface of the frustum of a cone, the 
slant height being 16 feet, and the radii of the bases 3 feet, 
and 2 feet. Ans. 292.1688 sq. ft. 

To find the area of the surface of a sphere. 

113. Prom the principle demonstrated in Book YUl, 
Prop. X., C. 1, we may write the following 

BULE. 

JF7nrf the area of one of its great circles, and multiply 
a hy 4 ] the product will be the area required. 

BZAXPLES. 

1. What is the area of the surface of a sphere, whose 
radius is 16 ? Ans. 3216.9984. 



2. What is the area of the sur&ce of a sphere, 
radius is 27.26 Ans. 0331.8374. 

To find the area of a zone. 

114. From the principle demonstrated in Book VUI, 
Prop. X., C. 2, we may write the following 

BULB. 

^ind the eircumfirence of a great circle of the sfhm^ 
and muUiply U by the altitude of the zone ; the produd 
wUl be the area required^ 
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EXAMPLES. 

1. The diameter of a sphere being 42 inches, what is 
the area of the sur&oe of a zone whose altitude is inches. 

Ans. 1187.5248 sq. in. 

2. If the diameter of a sphere is 12^ feet, what will be 
the surface of a zone whose altitude is 2 feet ? ?8.54 sq. ft 

To find tlie area of a spherical polygon. 

115. From the principle demonstrated in Book IX., Prop. 
XIX., we may write the following 

BULB. 

From the sum of the angles of the polygon^ subtract 180® 
taJeen as many times as tJie polygon has sideSj less two^ 
and divide the remainder hy 90° ; the quotient will be the 
spherical excess. Find the area of a great circle of the 
sphere^ and divide it by 2 / the quotient will be the area 
of a tri-rectcengular triangle, 3fultiply the area of the tri- 
rectangular triangle by the spherical excesSy and the product 
wiU be the area required. 

This rule applies to the spherical triangle, as well as to 
any other spherical polygon, 

BXAMPLES. 

1. Required the area of a triangle described on a sphere, 
whose diameter is 30 feet^ the angles being 140°, 92®, and 
08®. Ans. 471.24 sq. ft 

2. What is the area of a polygon of seven sides, de 
scribed on a sphere whose diameter is 17 feet, the sum of 
tlio angles being 1080® ? Ans. 226.98 

8. What is the area of a regular polygon of eight sides,, 
described on a sphere whose diameter is 80 yards, each an* 
gle of the polygon being 140® ? Ans. 157.08 sq. ydst 
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HENSUBATIOB' OF VOLUMES. 

To find the volume of a prism, 

116. From the principle demonstrated in Book YH^ 
iV)p. XIV^ we may write the following 

BULB. 

MuUiply the area of the base by the altitude ; the pro- 
duct wiU be the volume required, 

BXAMPLES. 

1. What is the volume of a cube, whose side is 24 inches? 

Ans. 13824 ci|. in. 

2. How many cubic feet in a block of marble, of which 
the length is 3 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches ? Ans, 2 If co. ft. 

3. Required the volume of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
3, 4, and 5 feet. Afis. 60. 

To find the volume of a pyramid. 

117. From the principle demonstrated in Book YLL, Prop. 
XVii., we may write the following 

BULB. 

MuUiply the area of the base by one-third of the alti^ 
iude / the produi^ toiH be the volume required, 

BX AMPLES. 

1. Required the volume of a square pyramid, each side 
of its base being 30, and the altitude 25. Ans. 7500. 

2. Find the volume of a triangular pyramid, whose alti- 
tude is 30, and each side of the base 3 feet. 38.9711 en. ft> 
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8. What is the volume of a pentagonal pyramid, its alti- 
tude being 12 feet, and each side of its base 2 feet. 

Ans. 27.5270 cu. ft. 
4. What is the volume of an hexagonal pyramid, whoso 
altitude is 6.4 feet, and each side of its base 6 inches ^ 

Am. 1.38564 en. ft 

To find the volume of a frustum of a pyramid. 

118. From the principle demonstrated in Book VII., Prop., 
XVIH, C, we may write the ibUowing 

RULE. 

f\nd the sum of the upper base^ the lower bdse^ and a 
mean proportional between them ; multiply the result by one- 
third of the altitude ; the product will be tiie volume required 

EXAMPLES. 

1. Find the number of cubic feet in a piece of timber,, 
whose bases are squares, each side of the lower base being; 
15 inches, and each side of the upper base 6 inches, the^ 
altitude being 24 feet. Ans. 19.5. 

2. Required the volume of a pentagonal frustum, whose- 
altitude is 5 feet, each side of the lower base 18 inches, andi 
each »de of the upper base 6 inches. Ans. 9.31925 cu. ft.. 

119. Since cylinders and cones are limiting cases of prisma- 
a«d pyramids, the three preceding rules are equally applicable- 
to thoni. 

EXAMPLES. 

1. Required the volume of a cylinder whose altitude i& 
IS foet, and the diameter of its base 15 feet. 

Ans. ^120.58 cu. fl. 

2. Required the volume of a cylinder whose altitude is 
80 f|Bet, and the drcumference of whose base is 5 feet 
^ laches. Ans. 48.144 eu. ft. 

2& 
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8. Required tlie Tolume of a cone whose altitnclo » 
27 feet, and the diameter af the base 10 feet. 

An». 706.86 cu, ft. 
4.- Keqtxired the yolnme of a cone whose altitude is 
10| feet, and the ciretimference of its base 9 feet. 

An8. 22^6 en. ft. 

ff. Find the yoliime of the frustum of a eone, the altitude 

being 18, the diameter of the lower base 8, and that of the 

upper base 4. Ans, 527.788S. 

6. What is the volume of the frustum of a cone, th< 
altitude being 25, the circumference of the lower Ixise 20r 
and that of the upper base 10? Ana. 464,216. 

7. If a cask, which is composed of two equal conic fra»- 
tums joined together at their larger bases, have its bung di» 
meter 28 inches, the head diameter 20 inches, and the length 
40 inches, how manj gallons of wine will it contain, there 
being 231 cubic inches in a gallon ? Ana. 79.0619. 

To find the vchtme of a apkera. 

120. From the principle demonstrated in Book Vlll., 
Prop. XIV., we may write the following 

BULB. 

Cube the diameter of the sphere^ and fmdtiply the resnU 
^ lif, t?Mt is^ by 0.5236 ; the product teiU be the volnnu 
teq^wed. 

BXAMPLES. 

1. What is the Tolume of a sphere, whose diameter i» 
W1? Ana. 004.V8!)8 

a. What is the yolume of the earth, if the mean diaiu 
•eter be taken equal to 7918.7 miles. 

Ana. 96090279208^ ca^milet 
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To find the volume of a wedge, 

121. A Wedge is a volume bound- 
ed by^ a rectangle ABCD^ called the 
baJc^ two trapeeoids ABUG^ DCHG^ 
called JkzceSj and two triangles ADG^ 
CBTf calied eyids. The Kne GH, in 
uhich the faces meet, is called the edge* 
Tlie two faces are equally inclined to 
the back, and so also are the two ends. 

Thei-e are three cases: Ist, When the length of the edi^Q is 
equal to the length of the back; 2d, When it is loss; and 3d, 
When it is greater. 

In the first case, the wedge is a right prism, whose base is 
the triangle ADG^ and altitude GH qx ABx hence, its volume 
is equal to ADG multiplied by AB, 

In the second case, through H^ 
the middle point of the edge, pass 
a plane HCB perpendicular to the 
back and intersecting it in the line 
BC parallel to AD, Tiiis plane 
will divide the wedge into two 
parts, one of which is represented 
by the figure. 

Through G^ draw the plane GITM parallel to UCB^ and it 
will divide the jmrt of the wedge represented by the figui-e into 
the right triangular prism GNM — JB, and the quadrangular pyr 
amid ADNM — G. Draw GP perpendicular to NMi it will 
rIso be perpendicular to the back of the wedge (B. VI., P. 
XVII.), and hence, will be equal to the altitude of the wedge. 

Denote AB by Z, the breadth AD by 6, the edge Gil by 
\^ the altitude by A, and the volume by V\ then, 

AM-L-l, MB^GH-l, and area NGM^\hh\ then 

Prism = \hld\ Pyramid = h{L — t)^h = \hh{L — l\ and 
F= \hhl + \hh{L -l)^\hM + \hkL - \hhl = ift/t(/4-2Z). 

We can find a similar expression for .the remaining part of the 
wedge, and by adding, the fiictor within the parenthesis becomes 
the entire length of the edge plus twice the length of the back. 
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In the third case, / is greater than X, and denotes the 
altitude of the prism ; the volume of each part it» equal to 
the difference of the prism and pyramid, and is of tiie same 
form as before. Hence, the following 

Rule.— -4JJ twice the length of the back to the lenfjth of 
the edge/ multiply the sum by the breadth of the back^ ami 
S/iat result by one-sixth of the altitude y the final product wiH 
be the volume required. 

EXAMPLES. 

1. If the back of a wedge is 40 by 20 feet, the edge 
35 feet, and the altitude 10 feet, what is the volume? 

Ans. 3833.33 ca.fl. 

2. What is the volume of a wedge, whose back is 18 feet 
by 9, edge 20 feet, and altitude 6 feet? 504 ca.il 

To find the volume of a prismoid. 

122. A Prismoib is a frnstum of a wedge. 

Let li and B denote the 

length and breadth of thie lower V_ 

base, I and b the length and 
breadth of the upper base, M and 





m the length and breadth of the / \ j m 

section equidistant from the bases, 
and h the altitude of the prismoid. 

Through the edges L and T, 
let a plane be passed, and it will 

divide the prismoid into two wedges, having for bases, the 
bases of the prismoid, and for edges the lines L and V, 

The volume of the prismoid, denoted by FJ will be 
equal to the sum of the volumes! of the two wedges ; hence, 

V = ^Bh{l + 2i) 4- \l>h{L + 2/) ; 
or, 
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wliioh maj be written under the form, 

V = ih[{JBZ + bl + £1 + bZ) + B.L + bt\. . (^) 

Because the auxiliary section is midway between the ba^es, 

we have, 

2Jf = i + Z, and 2f» = i? + J ; 
hence, 

4Jfm. = (L+l) {JS + b) = J?i + Bl + hZ + bL 

Substituting in ( ^ ), we have, 

f 

F = ih{BL + bl + 43fm). 

But ^£ is the area of the lower base, or lower section,, 
bl is the area of the upper base, or upper section, and Mm 
is the area of the middle section; hence, the* following 

f 

BULE. 

To find the volume of a prismoid^ find the sum of the 
areas of the extreme sections and four times the middle see- 
tion ; multiply the result by one-sixth of the distance between 
(he extreme sections / the reeuU will be the volume required 

This rule is used in computing volumes of earth-work in 
railroad cutting and embankment, and is of very extensive 
application. It may be shown that the same rule holds for 
every one of the volumes heretofore discussed in this work. 
Thus, in a pyramid, we may regard the base as one extreme 
section, and the vertex (whose area is 0), as the other 
extreme ; their sum is equal to the area of the base. The 
area of a section midway between between them is equal to 
one-fourth of the base : hence, four times the middle section 
is equal to the base. Multiplying the sum of these by one- 
sixth of the altitude, gives the same result as that already 
found. The application of the rule to the case of cylindera;;^^ 
frustums of coneS| spheres, <fec., is left as an excrdee for the 
student. 
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XZA1IFI.S8. 

1. Oue of the bases of a rectangular prismoid is 25 feet 
Ky 20, tho other 15 feet hj 10, and the altitude 12 feet 
rci|uired tho volume. Ans. 3i00 cu. il. 

2. What is the volume of a stick of hewn timbtr, 
whose ends are 30 inches by 27, and 24 inches by IS, its 
length being 24 feet ? Ans. 102 cu. H 



MSNSUHATIOIfr OF BEOULAS J*OLYEDB0NS. 

123. A RsGULAB PoLTEDRON is a polycdrou bounded by 
equal regiUiir polygons. 

The polyodral angles of any regular polyedron are all 
equal.. 

124. There are five regular polyedrons (Book YII., 
Page 208). 

To Jiikd the dUdrai angh hetioeen the faces of a ttgvk^ 

polyedroru 

125. Let the vertex of any polyedral angle be taken 98 
the centre of a sphere whose radius is 1 : then will this 
sphere, by its intersections with the faces of the polyedra} 
angle, determine a regular spherical polygon whose sides will 
be equal to the plane angles that bound the polyedral angle, 
and whose angles are equal to the diedral angles between 
the faces. 

It only remains to deduce a formula Ibr finding one 
angle of a regular spherical polygon, when the mdcs are 
given. 
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Let ABODE represent a regular spherical polygon, an4 
let jP be the pole of a small circle passing through its verti- 
oes. Suppose jP to be connected 
widi each of Uie vertices by arcs of 
great circles ; there will thus be 
tormed as many equal isosceles tii- 
tnglcs as the polygon has sides, the 
vertical angle in each being equal 
to 360^ divided by the number of 
sides. Through P draw PQ per- 
pendicular to AH : then will A Q 
be equal to BQ. If we denote the number of sides by n^ 

the angle APQ will be equal to 




360* 



or 



180* 



2n n 

In the right-angled spheiical triangle APQy we know th« 

base AQ<t and the vertical angle APQ; hence, by Napier*0 

rules %r circular paits, we have, 

sin (OO** - APQ) = cos (90**' - PAQ) eosAQ; 



or, by reduction, denoting the side AB by «, and the aa- 
gle PAB, hy^A, 

180^ 



cos 



n 



z=z mn ^A cos is ; 



cos 



wheace. 



4sln iA = 



180* 



n 



cos is 



JBXAMPLBfl. 



In the Tetracdi'on, 
180** 



n 



= 60S and is = 30« .-. A = W* 81' i2'\ 



In the Ilexaedron, 
180* 



= 60«, and is = 45* .' A =z 00\ 



1S8 MENSURATION 

Id the Octaedron, 

-iqac 

i°!L =: 46« and i# = SO* .-. J = 109^ 28' 18". 
n 

In the Dodecaedron, 

^^^ = 60% and i# = 54* .-. J = 116*" 83' 51". 
n 

In the Icosaedron, 

^^^^ == S6S and Ja = SO* .•. -4 = 4S8<* 11' 23". 



To find the vohtme of a regtdar polye^on. 

126. If planes be passed through the centre of the polj- 
•dron and each of the edges, they will divide the polyedron 
into as many equal right pyramids as the polyedron has £ices. 
The common rertex of these pyramids will be at the centre 
of the polyedron, their bases will be the feces of the polj- 
edron, and their .lateral feces will bisecft the dledral angles 
of the polyedron. The volume of each pyramid will be equal 
lo its base into one-third of its altitude, and this multiplied 
by the number of faces^ will be the volume of the polyedron. 

It only remains to deduce a formula for finding the dis- 
tance from the centre to one face of the polyedron. 

Conceive a perpendicular to be drawn from the centre of 
the polyedron to one face ; the foot of this perpendicalar 
will be the centre of the fece. From the foot of this per- 
pendicular, draw a perpendicular to either side of the &ee 
in which it lies, and connect the point thus determined Tnlh 
the centre of the polyedron. There will thus be formed a 
right-angled triangle, whose base is the apothem of the face, 
whose angle at the base is half the diedral angle of the 
l>olyedron, and whose altitude is the required altitude of the 
pyramid, or in othei words, the radius of the inscribed 
ftphere. 



OF P0LTEDR0N8. 
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Denoting the perpendicular by P, the base by h, and 
the diedral angle by A^ we have Formula ( 3 ), Art. 37, 

Trig., 

P = b tan iA ; 

but b is the apothem of one face ; if, therefore, we denote 
the number of sides in that face by n, and the length of 
each side by «, we shall have (Art. 101, Mens.), 

b =z i8 Goi ; 



n 



whence, by sabstitntion, 



P = |5 cot — ;27- tan iA ; 



n 



hence, the volume may be computed. The volumes of all 
the regular polyedrons have been computed on the supposi- 
tion that their edges are each equal to 1, and the results 
are given in the following 



NAMES. 

Tetraedron, 

Hexaedron, 

Octaedron, 

Dodecaedron, 

Icosaedron, 




TABLE. 

SO. or FAOU. T0LVME8. 

4 0.1178513 

6 1.0000000 

8 0.4714045 

12 7.6631189 

20 2.1816950 



From the principles demonstrated in Book Vll., we may 
write the following 



BULE. 



To find the volume of any regular polyedro^i^ multiphf 
the cube of its edge by tJie corresponding tabular volume / 
the product wUl be the volume required. 



184 MENSURATION. 

EXAMPLES. 

1. Wbat ui the volume of a tetraedron, whose edge is U ? 

Am. 397.75. 

2. What is the volame of a hexaedron, whose edge is 12? 

Ana. 1728. 

8. What is the volume of a octaedron, whose edge is 20? 

Ans. 3771.236. 

4. What is the volume of a dodecaedron, whose edge 
b 25? Ans. 119736.2328. 

6. What is tlie volame of an ioosaedron, whose edge 
U 20? Ans. 17453.56. 



A TABLE 



0* 



lOGARIXnMS OF NUMBEBS 



FB03I 1 TO 10,000. 



ir. 


Log. 


N. 


Log. 


N. 
5i 


Log. 


N. 

76 


hog. 


I 


0*000000 


96 


1*414973 


1*701570 
1 •716003 


1*880814 


a 


O'3oio3o 


U 


1.43 1 364 


5a 


^ 


1*886491 


3 


0*477131 


1*4471 58 


53 


1*734376 


1*893095 


4 
5 


o*6oao6o 

0*698970 


U 


1*462398 

i*477«ai 


54 
55 


1.733394 
1*740363 


^ 


1*897637 
1.903090 


6 


o*778i5i 

o*8'45o98 


3i 


1 '491363 


56 


1*748188 


81 


1*908485 


I 


3a 


1 '505150 


u 


1*755875 


8a 


l*9i38i4 


0*903090 


33 


I*5i85i4 


1*763438 


83 


1*919078 


9 

10 


0*9.54343 
1*000000 


34 
35 


1*531479 
1*544068 


u 


i*77o85a 
I*778i5i 


84 
85 


I *9a4a79 
1 *9394i9 


11 


1 -041303 


36 


i*5563o3 


61 


I* 785330 


86 


1*934498 


12 


1*079181 


U' 


I -568303 


63 


1*793393 


U 


1*939519 
I * 94448 J 


i3 


1.579784 


63 


l*do6i8i 


14 


1*146138 


39 


1*591065 


64 


89 


1*949390 


i5 


1*176091 


40 


1 •603060 


65 


1*813913 


90 


1 * 964343 


i6 


I* 304 130 


41 


1*613784 


66 


|. 819544 
1*836075 


9> 


1*969041 
I *963788 


\l 


1 • 3)0449 
1*353373 

1*378764 


43 


1*633319 
1*633468 


^ 


93 


43 


1* 833509 


93 


1*968483 


'9 


44 


1 * 643453 


69 


i*83884o 
1* 845092 


94 


l*973i38 


so 


i*3oio3o 


45 


1*6533 i3 


70 


95 


1*977724 


ai 


l*3?33IO 

i*34a43J 


46 


1*663758 


7> 


l*85i358 


96 


i«;83a7i 


33 


S 


I *67ao98 
1 -681341 


7a 


1*857333 


u 


1 .98677a 


33 


1*361728 


73 


1*863333 


1*991336 


S4 


I*3Ho3l! 


49 


1*690196 


7f 


1*860333 
1*875061 


99 


I •996635 


35 


1*397940 


5o 


1 * 698970 


75 


100 


a-oooooo 



Bemark. Jq the following table, in the nine right band 
columns of each page, where the first or leading figures 
change from 9's to O's, points or dots are introduced in- 
stead of the O's, to catch the eye, and to indicate that from 
thence the two figures of the Logarithm to be taken from 
the second colunm, stand in the next line below. 



A TABLI OF LOajUUTHKS FBOH 1 TO 10,000. 



A TABLE OF LOGARITHMS FiiOK 1 .TO 10,000. 



N. 



160 

i6i 
i6s 
i63 
164 
i65 
166 
167 
168 
169 

170 
171 

172 
173 

n4 

176 
177 
nd 

«79 

180 
181 
183 

i83 
184 
i85 
186 
I 



189 

C90 
191 
193 
193 

194 
195 
196 

19J 
198 



204130 4391 

68a6; 7006 
961 5 J 9783 
91 2 188' 3454 
4844 
7484 



330108 
2716 



5109 

7747 
0370 

2976 



5309 5568 
7887 8144 



33o440 

Iti 

8046 
340549 
30.38 
55i3 
7973 

25o420 

2853 

255273 

7679 

260071 

2431 
4818 

7172 

95i3 

271842 

4i58 

6462 

278754 

2dio33 

33oi 

5557 

7802 

390035 

2256 

4466 

6665 



199 8853 

3oio3o 
3io6 
535i 

lit 
9630 

JII754 

3867 



3 

330146 



too 

301 
302 
303 
304 

3o5 

906 

fo9 

9X0 
911 
9IS 
9l3 

914 
9x5 

9X6 

9ld 

«9 



322219 
4282 
6336 
838o 



0704 
325o 
5781 
8297 

VM 

5759 
8219 
0664 

3096 

55i4 
7Qi8 
o3io 
2688 
5o54 
7406 
9746 
2074 
4389 
6692 

8982 
1261 
3527 
5782 
8026 
0257 
2476 
4687 
6884 
9071 

1247 
3413 
5566 

9843 
1966 
4078 
6180 
8272 
o354 

2436 
4488 
6541 
8583 



33o4i4| 0617 



2438 

4454 
6460 
8456 
340444 



3640 
4655 
6660 
8656 
0649 



T 



4663 
7365 
••51 
2720 
5373 
8010 
o63i 
3236 
5826 
8400 

0060 
3304 
6o33 
8548 
1048 

3534 
6006 

8464 




3338 



5755 
8i58 
o548 
2925 
5290 
7641 

^ 

4620 
6921 

921 1 
1488 
3753 
6007 

8249 
0480 
3699 

4907 
7104 
9389 

1464 
3638 
5781 
7934 
••56 
3177 
4389 
6390 
8481 
o563 

3633 
4694 
6745 
8787 
0819 
3843 
4856 
6860 
8855 
0841 



4934 
7634 
•3 19 
3986 
5638 
8273 
0892 
3496 
6084 
8657 

I2l5 

3757 
6285 
8799 

3782 

6252 

8709 

ii5i 
3580 




07§7 
3i62 

5525 

7875 

•2l3 

3538 
485o 
7i5i 

943q 
1719 

6?J? 

8473 
0702 
2920 

5'27 
73 a3 

9507 

1681 
3844 

•268 
2389 

4499 
6f 




>9 
0769 

3839 

6930 
8991 

I033 

3o44 
5o57- 
7060 

9054 
1039 



5io4 
7004 
•586 

3353 

5903 
8536 
ii53 
3755 
6343 
8913 

X470 
401 1 

6537 
4o3o 

^* 

1395 

3833 

6237 
8637 

1025 

^^ 

8110 
•446 

5o8i 

7380 

9667 
1943 

42o5 
6456 
8696 
0925 
3i4i 
5347 
7543 
9735 

1808 
40D9 

63II 

835i 
•481 
2600 
4710 
6809 
8898 
0977 

3046 
5io5 
7i55 
9194 

1335 
3346 

535.7 
7360 
9353 
1337 



5475 
8173 
•853 
35i8 
6166 
8798 

1414 
4oi5 
6600 
9170 

1734 
4364 
6789 

9399 
1795 

4377 

6745 

16^ 
4e64 

5^77 

3636 

8344 

•679 
3ooi 
53ii 
7609 

9895 
3169 
443i 
6681 
8930 

1 147 
3363 
5567 
7761 
9943 

21 14 

4275 
6425 
8564 
•693 
3812 
4930 
7018 
9106 
1184 

3353 

53io 

731 




1437 
3447 
5458 

7459 
945i 
1435 



5746 

8441 

1131 

3783 
643o 
9060 
1675 

4374 
6868 
9436 

1079 
4317 
7041 
9550 

3044 
4535 
6991 
9443 
1881 
43o6 

6718 
9116 
i5oi 

3873 

62J2 
8578 
•912 

3233 
5542 
7838 

•I23 

2396 
46^ 
6905 
9143 
1369 
3584 
5787 

7979 
•161 

333i 

4491 
6639 

8778 
•906 
3o23 
5i3o 

7227 

9314 
1391 

3458 
55i6 
7563 
9601 
i63o 

3649 
5658 
7659 
9650 
i633 



6016 
8710 
1)88 
4049 
6694 
9323 

>9^ 
4533 

7ii5 

9682 

2234 
4770 
7292 
9800 
3393 

4773 
7337 
9687 

3135 
4548 

6958 
9355 

1739 
4109 

6467 

88i3 
1144 
3464 
5773 
8067 

•35i 
3633 
4883 
7i3o 
9366 
1 591 
38o4 
6007 
8198 
•378 

3547 
4706 
6854 

899i 
1118 

3334 
5340 
7436 
9523 
1598 

3665 
5731 

9805 
i833 
385o 
5859 
7858 

9849 
i83o 



8 



6386 

i654 
43i4 

9^85 
9196 
4793 

99J8 

3488 
5o33 
7544 
••5o 

3541 
5019 
7483 

4790 
7198 

9594 
1076 
4346 
6703 
9046 

3696 
6003 
8396 

•578 
3849 
5107 

7354 

^^ 

4035 
6226 
8416 
•595 

3764 
4921 
7068 
9204 
i33o 
3445 
5551 
7646 
9730 
i8o5 

3871 
5926 
7972 
•••8 

3o34 
4o5i 
6059 
8o5d 

3028 

8 



6556 

9247 
1921 
4579 
7221 
9846 
2456 
5o5i 
7630 
•193 

2742 
5276 

7795 
•3oo 

5266 
7738 
•176 
2610 
5o3i 

983J 
2214 
4582 
6937 
9279 
1609 
3937 
6232 
8525 

•806 
3075 
5332 
7578 
9812 
3o34 
4246 
6446 
8635 
•8i3 

3980 
5i36 

7282 

9417 
1 542 

3656 
5760 
7854 
9938 
2012 



D. 




209 

267 

366 

364 

36a 

361 

2 

20 

256 

254 

253 

252 

25o 

349 

UB 
346 
245 
943 
242 

341 



337 
235 
234 
233 

232 

23o 

229 

338 
337 
326 
225 
223 
223 
221 
220 
219 
218 

217 
316 
3l5 
3l3 
2l9 
311 
310 
309 
308 
307 



4077 I 206 
61JI I 205 
204 

2o3 

202 
202 
201 
900 

i? 

D. 



A TABLE OF LOGARITHMS FROM 1 TO lO^OOO 



a59 



342433 fl6M 

43o2 4589 

6353 6549 

83o5 65oo 

350248 0449 

a. 83 s375 

4108! 43oi 



6oa6 6317 
7935i Sia5 
9835 ••25 

6675 
7542 
9401 
1253 
3096 
49^2 

8^80 



039a 

3995 
5785 
7568 
9343 
1112 
2873 
4627 
6374 

8114 

9847 
1573 
3292 
5oo5 
6710 
8410 
•102 
1788 
3467 

5i4o 
6807 
8467 
•121 
1788 
3410 
5o45 
6674 
8297 

9914 

i5a5 
3i3o 

6322 

7909 
9491 

1066 
2637 
4201 
5760 



361728 

3612 
5488 
7356 
9216 
371068 
2912 
4748 

6*77 
8398 

38021 1 
2017 
38i5 
56o6 
73oo 
9166 

390035 
2697 
4462 
6199 

397040, 
9674 
40140: 

3l2I 

4834 
6540 
8240 
9933 
411620 
33oo 

414973 
6641 
83oi 
9956 

421604 
3246 
4882 
6511 
8i35 
9752 

43 I 364 
2969 
4569 
6i63 

9^33 
440909 
2480 
4045 
56o4 



N. 



1817 
4785 
6744 
8604 
0636 
2568 

%i93 
6408 
83i6 
•ai5 

aio5 
3988 
586a 

7729 
9*87 
1437 
3280 
5ii5 
6942 
8761 

0573 

2377 
4174 
5964 
7746 
95ao 
1288 
3048 
480a 
6548 

8a87 
••20 
1745 
3464 
5176 
6881 
8579 
•271 
1936 
3635 

5307 

8^33 
•286 
io33 
3574 
5208 
6836 
8459 
••75 



435] 
5916 



3oi4 
4981 



0829 
2761 
4685 

6599 
85o6 

•404 



0754 
2657 
4353 
6142 

9698 
1464 

3224 

4977 
6722 

8461 
•192 
1917 
3635 
5346 
705 1 

8749 
•440 

2124 
38o3 

5474 
7139 
6798 

•4D1 

2007 
3337 
537^1 
6999 
8621 
•236 

1846 
345o 
5048 
6640 
8226 
0806 

29^0 
43i3 
6071 



3212 

5178 
7135 
9083 

1023 

2954 

48/0 
6790 
8696 
•593 




3409 

5374 
7330 
9278 
1216 

3147 
5o6S 
6981 
8886 
•783 



iii5 

2917 
4712 
6499 
8279 
••51 
1817 
3575 
5326 
7071 



2167 

511-! 
6o57 
8642 
•122 
1695 
3263 
4825 
6382 



9295 
•945 
2690 
4228 
586o 
7486 
9106 
•720 

23a8 
3930 
5526 
7116 
8701 

i852 

3419 
4981 

6537 



2488 



•437 
2000 
3576 
5i37 
6692 



8 



?999 
696a 

79]} 
9860 

1796 

3724 

5643 

7554 

9456 

i35o 



8 



4196 
6i57 
8110 
••54 

5834 
7744 
9646 
1 539 

342i 
53oi 
7169 
9o3o 
•883 
2728 
4%5 

6J94 
8216 
••30 

1837 
3636 
5428 

J 212 
989 

•759 

2521 

4277 

602 5 
7766 

9501 
1228 

2S 

6370 
8070 
9764 
1451 
3i33 
4806 

6474 
8i35 

9791 
1439 

3083 
4718 
634c 
7973 
9591 

1203 

2809 

4409 

6004 

759; 
0175 

•752 

2)23 

3889 

544Q 
7oo3 



167 



A TABLE or LOGABITHMS FBOK 1 TO 10,000. 



N. 

980 
281 
^2 
283 
384 
a85 
986 
287 
28d 
289 

290 
291 
292 
293 
294 
295 
296 

298 
299 

3oo 
3oi 
3o2 
3o3 
3o4 
3o5 
3d6 
3o.7 
3o8 
3o9 

3io 
3ii 

3l2 

3i3 
3i4 
3i5 
3i6 

3id 
3i9 

320 
321 
322 

323 
324 
325 
326 
327 
328 
329 

33o 
33 1 
333 
333 
334 
335 
336 
337 

339 



K. 



447' 58 
8706 

450249 
1786 
33 18 
4845 
6366 
7882 
9392 

460898 

462398 
3893 
5383 
6868 

8347 
9822 

47 I 202 
2736 
4216 
5671 

477HI 

8566 
480007 
1443 
2874 
43oo 
5721 
7i38 
655i 
9958 

491362 
2760 
4i55 

5544 
6930 
83ii 

.■^?^ 
5oio59 

2427 

3791 

5o5i5o 
65o5 
7856 
9203 

5io545 
1 883 
3218 
4548 
5874 
7196 

5i85i4 

9828 

&2II38 

2444 
3746 
5o45 
6339 
7630 
8917 
53o2oo 



73i3 
^861 
o4o3 
1940 

347 > 

8o33 
9543 
1048 

2548 

4043 
5532 

7016 

849^ 

2903 

4^62 
58i6 

.7266 
871 1 
oi5i 
1 586 
3oi6 

444a 

5863 
7280 
8692 

••99 

i5o2 
2900 

4294 

5683 
7068 
8448 
9824 
1196 
2564 
3927 

5286 
6640 

9337 
0679 
2017 
335i 
4681 
6od6 
7328 

8646 
9959 
1269 
2575 
3876 

5174 
6469 

775 

904 
0328 



7468 
901 5 
0557 
2093 

3624 
5i5o 
6670 
8184 
9694 
1198 

2697 
4191 
568o 
7164 
8643 
•116 
1 585 

3o4 
45o 
5962 

741 1 
6855 

0294 

3f59 
4585 
6oo5 
7421 
8833 
•239 

1642 
3o4o 
4433 

5822 

7206 
8586 

2700 

4o63 
5421 

8126 

o8i3 

2l5l 

3484 
48i3 
6139 
7460 

8777 
••90 

1400 
2705 
4006 
53o4 
6598 
7888 

0456 



7623 
9170 
0711 

2247 

3777 
53o2 

6821 

8336 

9845 

i348 

2847 
4340 
5829 
73i2 
8700 
•263 
1732 
3195 
4653 
6107 

7555 

690 

043 

1872 

33o2 

4727 
6147 
563 



^ 



1782 

3179 

4572 

5o6o 
7^44 
8724 

••99 
1470 
2837 

4199 

5557 
6911 
8260 
9606 

0947 
2284 
3617 
4946 
6271 
7592 

8909 
•221 
i53o 
2835 
4i36 
5434 

8016 
9302 
o584 



7778 
9324 
0865 
2400 
3930 
5454 

8487 
9995 
1499 

'997 
4490 

^977 

7460 

8938 
•410 
1878 
3341 

6232 

7700 

9»43 
o582 
2016 
3445 
4869 
6289 
7704 
9114 

•520 

3319 

4711 

8863 

•236 
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9a 
93 


900055 1 . 
908964 I 
908873 I 


53 

.53 


4-44 
4*44 


la 
II 


5c 


767475 


3' 


91 


'53 


858603 


4-43 


141398 


10 


5i 


9 767649 


3' 


91 


9*908781 I 


.53 


9*858868 


4.43 


io*i4n33 


8 


53 


767324 


3' 


9* 


908090 I 


.53 


859184 


4.43 


140866 


53 


767999 


3 


91 


908599 I 


.53 


859400 


4.43 


140600 


I 

5 


54 
55 


768173 
768348 


3 
3 


9« 
.90 


908507 1 
908416 I 


53 

.53 


859666 
859983 


4.43 
4-43 


140884 
140068 


56 


768523 


3 


.90 


908334 I 


.53 


860198 
860464 


4.48 


189803 


4 


u 


768697 


3 


.90 


908333 I 


.53 


4.43 


189336 


3 


768871 


3 


.90 


90814I I 


.53 


860780 


4.43 


189370 


a 


i 


769045 
769219 


3 
3 


.90 
.90 


908040 I 
907958 I 


.53 
.53 


860995 
861361 


4.43 
4 43 


i3qoo5 
138789 


1 


lie. 


Co«ine 


D. 


Sine I 


). 


Cotanir. 


D. 


Tang. 
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(36 DSGItKKS.) A TABLE Or LOGABITmiia 



M. 



1 


Bine 


D. 


Cosine 


D. 


Tfcng. 


D. 


Cotang. 


60 


9.769210 
769393 


2 

2 


■?? 


9.907958 
907866 


1.53 
1.53 


9.S61261 
36i527 


4-43 
4-43 


10 138739 
i3847i 


s 


769566 


2 


89 


907774 
907682 


1.53 


861792 
862068 


4'42 


138208 


3 


769740 


2< 


89 


1.53 


4-42 


137942 
137677 


u 


4 


769913 


2 


89 


907590 


1.53 


862323 


4-42 


5 


770087 


2- 


^ 


907498 


1.53 


862589 


4-42 


137411 


55 


6 


770260 


2< 


88 


907406 


1.53 


862854 


4-42 


137146 


54 


2 


770433 


2 


88 


907314 


1.54 


863119 
863385 


4-42 


i3688i 


53 


770606 


2' 


88 


907222 


1.54 


4-4y 


i366i5 


52 


9 


770779 
770952 


2< 


88 


907129 


1.54 


863650 


4.4'« 


i3635o 


5i 


10 


2< 


88 


907037 


1.54 


863915 


4-4. 


i36o85 


5e 


11 


9.771125 


2- 


88 


9.906045 
906852 


1.54 


9.864180 


4-4i 


10*135820 


% 


12 


771298 


2< 


87 


1-54 


864445 


4-42 


135555 


i3 
14 


771470 
771643 


2< 
2< 


87 


906760 
906667 
906575 
906482 


1.54 
1.54 


864710 
864975 


4 42 

4-41 


135290 
i35o25 


U 


i5 


771815 


2< 


87 


1.54 


865240 


4-41 


134760 


45 


i6 


771987 


2< 


87 


1.54 


8655o5 


4-41 


i344o5 
I342J0 


44 


\l 


772159 


2- 


u 


9o638o 
906296 


1.55 


865770 


4-41 


43 


772331 


2- 


1.55 


866035 


4-41 


133965 


42 


19 


7725o3 


2' 


86 


906204 


1.55 


866300 


4-41 


133700 


41 


20 


772675 


2- 


86 


906111 


1.55 


866564 


4-41 


133436 


40 


21 


9-772847 
773018 

773533 


2- 


86 


9.906018 


1.55 


9866829 


4-41 , 


J'i33i7i 


35 


22 

23 

24 
25 


2- 
2' 
2' 
2- 


86 
86 
85 
85 


9o5025 
905832 
905730 
905645 


1.55 
1.55 
1.55 
1.55 


• 867004 
867358 
867623 

867887 
868i52 


4 41 
4-41 
4-41 
4*41 


132006 
132642 
132377 
i32ii3 


26 


773704 


2' 


85 


905552 


1.55 


4.40 


131848 


34 


u 


773875 


2< 


85 


905459 
905366 


1.55 


868416 


4.40 


13 I 584 


33 


774046 


2< 


85 


1.56 


868680 


4.40 


i3i32o 


32 


29 


774388 


2- 


85 


905272 


1.56 


868945 


4.40 


i3io55 


3i 


3o 


2< 


84 


9o5i79 


156 


869209 


4*40 


130794 


3o 


3i 

32 


9*774558 

774729 
774899 


2< 
2' 


84 
84 


9 905085 

904992 
904898 


1.56 
1*56 


'•W 


4-40 
4.40 


io.i3o527 
I 30263 


n 


33 


2< 


84 


1.56 


870001 


4.40 


129999 
129735 


V, 


34 


775070 


2- 


84 


904804 


1.56 


870265 


4.40 


35 


775240 


2- 


84 


9047 I I 
904617 
904523 


1.56 


870529 


4.40 


129471 


25 


36 


775410 


2< 


83 


1.56 


870793 


4.40 


129207 
12894J 


24 


^ 


775580 


2- 


83 


1.56 


871057 


4.40 


23 


775750 


2' 


83 


904420 
904335 


1.57 


871321 


4.40 


128670 
12841$ 


22 


39 


775920 


2- 


83 


1.57 


87 I 585 


4-40 


21 


4o 


776090 


2< 


83 


904241 


1.57 


871849 


4-39 


i28i5i 


20 


41 


9 '776250 


2< 


83 


9 904147 
904053 


1.57 


9.872112 


4.39 


10.127888 


\l 


42 


776425 
7765o8 
776708 


2- 


82 


1.5- 

1 


872376 


4.39 


127624 


43 


2- 


82 


9o3o59 
903864 


1.5- 


872640 


4.39 


127360 


\l 


44 


7' 


82 


1-57 


872903 


4.39 


127097 
126833 


45 


776937 
777106 


2< 


82 


903770 
903076 
9o35di 
903487 


1.57 


873167 


4.39 


i5 


46 


2< 


82 


1.57 


873430 


4.39 


126570 


14 


il 


777275 
777444 


2< 

2< 


81 
81 




873604 
873957 


4.39 
4-39 


i263o6 
126043 


i3 
12 


49 


777613 


2< 


81 


903392 


874220 


4.39 


125780 


II 


5c 


777781 


2< 


81 


903298 


1.58 


874484 


4.39 


I255i6 


10 


5i 


9.777950 


2< 


81 


9.903203 


1.58 


9.J74747 


4.39 


io< 125253 


I 


52 


778119 


2 


•81 


9o3io8 


1.58 


875010 


4-3o 
4-38 
4-38 


124990 


53 

54 


778455 


2 
2 


80 
80 


9o3oi4 
902019 

902824 


1.58 
1.58 


875273 
875536 


124727 
124464 


I 


55 


778624 


2 


•80 


:.58 


875800 


4-38 


124200 


5 


56 


778702 
778960 


2 


-80 


902729 


1.58 


876063 


4-38 


123937 


4 


U 


2 


•80 


902634 


1. 58 


876326 


4-38 


123674 


3 


779128 


2 


• 80 


902539 


1.59 


fT^JS^ 


4-38 


I 23411 


s 


^ 


779205 
779463 


2 


•79 


902444 


1.59 


876851 


4-38 


123140 

122886 


1 


6o 

1 


2.79 


902349 


1.59 


877114 


4-38 





Coeias 


D, 


Sine 


D, 


Coteng. 


1). 


Taiig. 


M. 
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BNIBS AND TANOSNTSL (37 DEOaSSfl.) 





1 


Sine 


D. 


CkMine 


D. 


Tang. 


D. 


Couuig. 




9.779463 
7796:1 


919 

a-79 


9'9oa34o 

- 90225J 


1:^ 


9-877114 

877377' 


4*38 
4.38 


10.133886 
133633 


60 


! 


7doi33 


2-79 


902i58 


1.59 


877640 


4-38 


133360 


3 

4 


a. 79 


902063 
901067 
901872 


1.59 
1.59 


872?65 


4*38 
4*38 


133097 

131835 


U 


9 


780300 


1.59 


878438 


4*38 


121573 


55 


6 

2 


780467 
780634 


- 


901726 
901681 


,.59 
1.59 


878691 
878953 


4.38 

4-37 


i3i3o9 

131047 


54 
S3 


780801 


a.78 


901585 


1.59 


879216 


4-37 


120784 

120322 


5a 


9 


780968 


a.78 


901490 


1.59 


879478 


4-37 


5i 


10 


781134 


2.78 


901394 


1.60 


879741 


4-37 


ISO259 


So 


II 
n 


o«78i3oi 
781468 


a.77 
a. 77 


9.901298 
901203 


1.60 
1. 60 


9.880003 
680265 


4-37 
4-37 


10.119997 
1 19735 


S 


i3 


781634 


a.77 


901106 


160 


e8o5»8 


4-37 


119472 


S 

45 


14 
i5 


781800 
781966 


a.77 
a.77 


901010 
900818 


1.60 
1.60 


880790 
881053 


4-37 

4-37 


1 19210 
1 18948 


i6 


782131 


li 


160 


88i3t4 


4-37 


118686 


44 


\l 


782298 
782464 


900722 
900626 


1.60 
|.6o 


881576 
8S1839 


4.37 
4-37 


118434 
118161 


43 
4a 


«9 
so 


•782630 
782796 


« 


9oo5ao 
900433 


|.6o 
161 


882 !ni 
88a363 


i:S 


\^i 


41 
40 


21 


9 '782961 


a.76 


9.900337 


|.6i 


9.881635 


4.36 


io«ii7375 


U 


aa 


783127 


a.76 


900240 


l.6i 


683887 
883148 


4*36 


117113 

116853 


a3 


783292 
783458 


a.75 


. 900144 


1-6? 


4*36 


U 


H 


a.75 


900047 


i.6i 


883410 


4.36 


116590 


a5 


783623 


a.75 


099951 


161 


883678 
883934 


4*36 


116338 


35 


a6 


783788 


a.75 


899854 


161 


436 


116066 


34 


\l 


783953 
7841 18 


a.75 
a.75 


899660 


161 

1. 61 


884106 
884457 


4-36 
4*36 


li58o4 
II 5543 


33 
3a 


?9 


784282 


a.74 


899564 


1.61 


884719 


4*36 


]i538i 


3i 


3o 


784447 


a.74 


899467 


1.6a 


884980 


436 


ll5o20 


3o 


3i 


9*784612 


a.74 


9-899370 


1. 6a 


9.885343 


4*36 


10.114758 


'?, 


3a 


784776 


a.74 


899*73 


1.63 


8855o3 


4*36 


I 14407 
114235 


33 


784941 


a.74 


899176 


1. 6a 


685765 


4-36 


U 


34 


785 io5 


a.74 




1.6a 


6H6oa6 


4-36 


1 13974 


35 


785269 
785433 


a.73 


890981 


1.6a 


886388 


4*36 


113712 


35 


36 


a.73 


898084 


1.63 


686549 


4*35 


li345i 


34 


u 


785597 
785761 


a.73 
a.73 


» 


1. 6a 
1.6a 


R868to 
887073 
667333 


4-35 
4*35 


113190 
II 2028 
112667 
112406 


33 , 

32 '' 


39 


785925 


a.73 


89859a 


1. 6a 


4*35 


31 


40 


786089 


a.73 


898494 


1.63 


867594 


4*35 


30 


41 


9-786252 


a.7a 


9898397 


1.63 


9.867855 
688116 


435 


10*112145 


:?, 


4a 


786416. 


^a.72 


898299 


1.63 


4.35 


111884 


43 


786579 


a. 7a 


898209 


1.63 


888377 
688639 


4-35 


111623 


\i 


44 


786742 


2.71 


898104 


1.63 


4.35 


lii36i 


45 


786906 


2.79 


898006 


.63 


888900 


4.35 


IIIIOO 


i5 


46 


787069 
787232 


,9'V 

a. 71 


§97908 
897810 


1.63 
1.63 


889160 
689421 


4.35 

4.35 


110840 
110570 
iio3id 


14 
»3 , 


787395 
787557 


a.71 


897614 


1.63 


889682 


4.35 


13 ' 


49 


2.71 


1. 63 


689943 


4.35 


II0057 

109796 


>i ; 


So 


787720 


a.71 


897516 


163 


690204 


4-34 


10 ! 


Si 


9.787883 
7ft^45 


a.71 


9-897418 


164 


9.690465 


4-34 


10.109535 


I 


5a 


2.71 


897330 


1.64 


690735 


4.34 


109275 


S3 


788208 


a.71 


697333 


1.64 


890986 


4.34 


109014 
108753 


I 


54 


788370 
788532 

788856 


a. 70 


897133 


164 


891347 


4.34 


S5 

56 


a.7o 
a.70 
a.70 


897035 
896936 
896838 


1.64 
1.64 
1.64 


891507 
691768 
693028 


4*34 
4.34 
4.34 


io84o3 
1082J2 
10797a 


s 

1. 


789018 


a.70 


» 


1. 64 


692289 


4.34 


107711 


a 


59 


789180 


IZ 


1. 64 


892549 


4*34 


107451 


t 


60 


789342 


89653a 


1.64 


892810 


4.34 


107190 




1 




Cosine 


D. 


Sine 


D. 


Cotang. 


D. 


Tatig. 


K. 
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56 



(38 OXGBBBS.} A TASfLIt Of JJOQASOaXia 



M. 

o 


• 6iiio 


I>. 


OOtttiM 


B. 


Tanif. 


D. 


Cot«ii|^. 




9.789342 


f.69 


9.896532 


164 


9.892810 


4-34 


10-107190 


fo 


1 

9 


% 


'•§ 


896433 
896335 


1.66 
1.65 


893070 
893331 




34 
34 


I^ 


IS 


3 

4 
6 


790149 


let 

2-68 
2-68 
2-68 


896236 
896137 
89603d 


1.66 
1.66 
165 


1^; 

894111 




.34 
34 
34 


106409 
106 149 
106889 


55 


6 

I 

9 


79o3io 

790632 
790793 
790954 


895840 


1.65 
165 
1.65 
1.66 


894371 
894632 
894802 
896162 




.34 
.33 
.33 
33 


106620 
lo636S 
106108 
104848 


54 
53 

52 

5i 


lO 


2-68 


895542 


1.65 


896412 




•33 


104688 


5o 


II 

12 


9*791 1 15 
791275 
791436 
79i5a6 

79n57 


2-68 
2 -6-1 


9.895443 
895343 


166 
1.66 


'•® 




•33 
.33 


10*104328 
104068 


H 


i3 


2.67 
2.67 


896244 
896146 


1.66 
1.66 


896192 
896462 




•33 
.33 


io38o8 
103648 


S 


i5 


2.67 


896045 


1.66 


896712 




•33 


103288 


45 


|6 


791917 

79ao77 
79*2^7 


2.67 


894945 
894846 
894746 


1.66 
1.66 
1.66 


896971 
897231 

8?7^I 
896010 




•33 
.33 
.33 


io3o29 
102769 
102609 


44 
43 
42 


>9 
ao 


79»3o7 
792557 


2.66 
2.66 


894646 
894646 


1.66 
1.66 




•33 
.33 


102249 
101990 


41 
40 


91 
32 


9-792716 

792676 


2.66 
2.66 


9. 894446 
894346 


1.67 
1.67 


'•|^I3S 




.33 
33 


10' 101730 
101470 


^ 


23 




2.66 


894246 


1.67 


898789 




•33 


tOI2II 


u 

35 


24 
25 


793354 


265 
2.65 


894146 
894046 


,.67 
1.67 


^ 




•32 

•32 


io^nl 


26 


793514 


2.65 


893046 
893846 


1.67 


899968 




-32 


rooAi' 


34 


1 28 

39 


793673 
7938:2 

7941 3o 


2-65 
265 
265 


1.67 
1.67 
1.67 


900346 




•32 

32 

•32 


itx>i73 

o99?l4 
099654 


33 

32 

5 


1 3o 


2.64 


893544 


1.67 


900606 




•32 


099395 


3» 


3i 


9.794308 


2.64 


9893444 


l«68 


9.900864 




32 


10*090136 


U 


32 


794467 
794626 


2-64 


893343 


n68 


901124 




•32 


09*76 


33 


2.64 


893243 


1.68 


901383 




•32 


098368 


u 


34 


794784 


2.64 


893142 


1*68 


901642 




•32 


35 


794942 


2.64 


893041 


1.68 


901901 




32 


098099 


25 


36 


795101 


2-64 


892940 
892839 


1. 68 


902160 




•32 


097840 


24 


ll 


796269 


263 


1.68 


902419 




32 


097681 


s3 




2-63 


892536 


1.68 


903197 




32 


097321 


29 


39 
40 


263 
263 


168 
1. 68 




32 

3i 


^ 


21 
9D 


41 


9-795891 


2.63 


9.892435 


1.69 


9*903466 




31 


10.096646 


:i 


42 


796049 
796206 

796364 


2.63 


892334 


169 


903714 




31 


096286 


43 
44 


2.63 
2-62 


892233 
892132 


\t 


903973 
904232 




-3i 
3i 


096027 
096768 


\i 


45 


796521 


262 


892030 


1.69 


904491 
904750 




•3i 


096309 


i5 


46 


» 


2.62 


8.>i029 

891827 
891726 
891624 


1.69 




3 1 


096260 


M 


49 


2-62 


1.69 


906008 




-3i 


094992 
094733 

094474 


»3 


796993 
797 I 5o 


2.62 
2-61 


1.69 


906267 
906626 




>3i 
-3i 


12 
11 


5o 


797307 


2.6| 


891623 


1.70 


906784 




•3i 


094216 


to 


5i 


9.797464 


261 


9.891421 


1.70 


9*906043 




31 


'"■^ 


I 


52 


797621 


261 


891319 


1.70 


9063o2 




•3i 


53 


797777 
7979*4 
798091 


261 


8912TJ 
891 1 15 


1.70 


906660 




.3i 


093440 


I 


54 


2-6l 


1.70 


906819 




•3i 


093181 


55 


2. 61 


891013 


1.70 


9073^6 
907604 




• 3i 


092923 


5 


66 

% 

59 


798247 
798403 


2-6l 
2.60 


a 


1.70 
1. 70 




• 3i 
31 


092664 
092406 


4 
3 


798560 


260 
2.60 


Zl^ 


1. 70 

1. 70 


907862 
90B111 




-3i 

30 


093148 
091889 


2 
1 


60 


2'50 


890603 


1. 70 




430 


091631 





1 


CotkM 


D. 


Sine 


D. 


Cotang. 
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